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THE  EFFECT  OF  REVERBERATION  TIME  IN  THE 
REPRODUCTION  OF  SOUNDS 

Bv  E.  A.  Johnson* 

In  this  paper  the  effect  of  reverberation  on  the  reproduction  of 
sound  is  considered. 

W.  C.  Sabine'  has  shown  that  there  is  an  optimum  reverbera¬ 
tion  time  for  certain  types  of  music.  If  the  reverberation  time  is 
greater  than  this  value  the  music  sounds  blurred,  and  lacks 
distinctness;  if  the  reverberation  time  is  less  than  this  value  the 
music  sounds  “dead.” 

When  a  sound  is  reproduced,  as  in  broadcasting  of  radio  pro¬ 
grams  or  as  in  victrola  reproduction,  it  is  desired  to  give  a  person 
listening  to  this  reproduced  sound  the  impression  that  he  is 
listening  to  the  original  sound  in  a  room  with  the  proper  acoustics. 

In  any  scheme  which  invojves  the  reproduction  of  sound,  it  is 
necessary  to  consider  the  effect  of  both  the  room  in  which  the 
Sound  originates,  and  the  room  in  which  it  is  reproduced  on  the 
reverberation  time  of  the  reproduced  sound. 

The  purpose  of  the  following  paper  is  to  determine  from  a 
consideration  of  the  acoustical  constants  of  two  such  rooms  the 
apparent  reverberation  time  in  the  room  where  the  sound  is  being 
reproduced.  By  such  an  analysis  it  should  be  possible  to  indicate 
what  factors  ought  to  be  considered  in  the  design  of  recording 
rooms  and  broadcasting  studios. 

We  shall  make  the  same  assumptions  that  are  made  in  obtaining 
the  classical  reverberation  equation  of  a  single  room,  namely; 
that  the  sound  energy  is  uniformly  distributed  in  both  rooms  and 
that  the  absorption  coefficient  is  independent  of  amplitude.  In 

'Contribution  from  Round  Hilla  Research  Laboratory. 

'  W.  C.  Sabine,  Collected  Papers. 
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addition  we  shall  assume  that  reflection  causes  no  reaction  on  the 
reproducing  device. 

In  accordance  with  the  principle  of  the  conservation  of  energy, 
the  sound  energy  contained  in  a  room  at  a  given  time  must  equal 
the  amount  of  sound  energy  that  has  been  supplied  minus  the 
sound  energy  that  has  been  absorbed,  i.e., 

Knergy  —  Income  —  Absorption.  (1) 

Or  differentiating: 

Rate  of  change  of  energy  »  Rate  of  supply  —  rate  of  absorption. 

(2) 

In  the  following  discussion  we  shall  use  intensity  as  in  the 
following  definition: 

Sound  intensity  of  a  complex  wave  is  defined  as  the  amount 
of  sound  energy  which  would  pass  a  unit  area  in  unit  time  for  a 
plane  wave  with  the  same  sound  pressure.* 

The  notation  below  will  be  used. 

The  subscript  (1)  will  refer  to  quantities  having  to  do  with  the 
originating  room. 

The  subscript  (2)  will  refer  to  quantities  having  to  do  with  the 
room  in  which  the  sound  is  reproduced. 

The  subscript  (0)  will  refer  to  steady  state  conditions 

And 

p  ■*  sound  energy  density 
E  —  sound  intensity 
c  “  velocity  of  sound 
^  "Las  —  open  window  equivalent  of  room 
V  —  volume  of  room 
.  cZas 

/  ■  time  from  t  —  0 

T  »  Reverberation  time  «  Time  for  a  sound  to 
reach  10^  of  its  original  intensity. 

*  This  definition  does  not  define  the  intensity  in  terms  of  the  actual  flow  of 
energy  in  the  case  of  a  complex  wave.  It  is  adopted  because  both  the  rar  and 
the  microphone  are  pressure  instruments,  and  therefore  do  not  distinguish 
between  different  rates  of  energy  flow,  provided  the  pressures  are  equal. 
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Upon  the  assumption  that  the  sound  energy  is  uniformly  dis* 
tributed  throughout  the  room,  we  have  the  following  relation 
between  the  sound  intensity  and  energy  density,  for  plane  waves: 


Whence 


£  —  pc. 


,(3) 


We  see  that  in  order  to  set  up  a  differential  equation  for  the 
energy  we  must  know  the  rate  of  supply  and  the  rate  of  absorption 
of  energy. 

Consider  a  broadcasting  or  public  address  system,  in  which  the 
original  sound  energy  is  converted  into  electrical  energy  by  means 
of  a  microphone,  and  reconverted  into  sound  energy  by  a  loud 
speaker.  We  shall  assume  that  these  instruments  and  the  con¬ 
necting  transmission  system  give  a  linear  response  for  a  single 
frequency. 

The  action  of  a  microphone  is  just  the  inverse  of  that  of  a  loud 
speaker.  The  first  produces  a  voltage  proportional  to  the  excess 
pressure  at  its  diaphragm,  while  the  second  produces  an  excess 
pressure  at  its  diaphragm  proportional  to  the  voltage  impressed 
upon  it.  Therefore  the  action  of  a  microphone  and  loud  speaker, 
located  in  two  different  media  and  connected  by  a  suitable  trans¬ 
mitting  system,  is  to  produce  at  the  diaphragm  of  the  loud  speaker 
a  pressure  proportional  to  the  pressure  at  the  diaphragm  of  the 
microphone.* 

Rayleigh  has  shown  that,  for  a  plane  wave,  the  intensity  is 
proportional  to  the  square  of  the  excess  pressure.  Therefore  it 
follows  that  the  intensity  at  the  diaphragm  of  the  loud  speaker 
will  be  proportional  to  the  intensity  of  a  plane  wave  having  the 
same  pressure  as  that  which  exists  at  the  diaphragm  of  the  micro¬ 
phone. 

Then  the  rate  at  which  energy  will  be  supplied  by  the  loud 

'  It  mint  be  understood  that  this  is  only  approximately  true  since  we  have 
not  considered  the  effect  caused  by  the  relative  sizes  of  the  diaphragm  compared 
to  the  wave  length,  standing  wave  patterns  in  the  room,  etc. 
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speaker  will  be 
Where 

Sl  - 
El  - 
But 

Where 

Em  « 
If  ■ 


A  -  SlEl. 

effective  radiating  surface  of  speaker, 
intensity  at  surface  of  speaker. 


El,  —  ihEm- 

intensity  at  microphone, 
proportionality  factor  of  system. 


Therefore  the  rate  at  which  energy  is  being  supplied  by  the  loud 
spieaker  is  given  by 

A  -  Sui^M.  (4) 


By  the  same  line  of  reasoning  we  can  obtain  this  equation  for 
other  reproducing  systems  such  as  phonograph  recording,  and 
similar  sound  reproducing  methods.  We  note  that  in  general  the 
proportionality  factors  will  be  a  function  of  frequency  and 
therefore  the  equations  we  derive  will  hold  only  for  a  single 
frequency,  or  a  small  range  of  frequencies. 

Now  consider  the  case  where  the  microphone  is  located  in  one 
room  and  the  reproducer  in  another  room.  We  desire  to  find  the 
reverberation  time  (T)  in  the  second  room,  i.e.,  the  time  required 
for  a  reproduced  sound  to  die  to  1&~*  of  its  original  value,  where 
/  "  0  is  the  time  referred  to  the  original  sound. 

We  assume  that  the  sound  intensity  in  the  first  room  follows 
the  classical  growth  and  decay  equations 

El  —  E%i[\  —  ]  Growth  (5) 

El  -  Enf'*'*  Decay.  (6) 


The  rate  of  supply  to  the  second  room  in  the  case  of  growth  is 
from  (4)  and  (5) 

A  -  5ui#£«[l  - 


Or  if 


M  -  SufEn, 

A  ~  ii[\  -  «-•“]. 


(7) 
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And  similarly  in  the  case  of  decay 

A  -  (8) 

Buckingham*  has  shown  that  the  rate  at  which  energy  is  ab¬ 
sorbed  in  a  room  is  given  by 


where 


Zas  «  open  window  equivalent. 


(9) 


But,  from  (1),  the  energy  in  the  second  room  at  any  time  is 
given  by 


energy 


(10) 


We  are  now  in  a  position  to  write  the  differential  equations  of 
growth  and  decay  in  the  second  room. 

From  (3),  (7),  (9)  and  (10)  the  growth  equation  becomes 


Or 

Letting 


and  since 


^  I  1  n  tr 


dt  Vt^  ^  4r, 


Ji£ 

V, 


dE, 

dt 


.  cZtas 

m[l  —  —  btEt. 


(11) 

(12) 


(13) 


The  solution  of  (13)  is 

^  m  mer^*  (  m  m\  .  . 
bt~  iH-  bi'^\bt-  bi~b,)^  ’ 


(14) 


*  Scientific  Papers  of  the  Bureau  of  Standards  No.  506, 
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which  may  be  written 


^  IH 


g-itt  g-kfi 

1 - r-  + 


1  - 


bi 


Or 


Where 


And 


When 


[e-^t  Ke-^*  1 

'-r^+T^TeJ 


m  fic  4n 
^  “  A*  “  2<m 


(15) 


(16) 


bi  —  bt,  i.e., 

The  solution  of  (13)  becomes 


1. 


-  £,,[1  - 


(16a) 


We  see  from  these  equations  that  the  growth  of  the  sound 
intensity  will  be  slower  in  the  second  room  than  in  the  first. 

The  equation  we  are  most  interested  in  is  the  decay  equation  of 
intensity  in  the  second  room,  since  the  rate  of  decay,  which 
determines  the  reverberation  time,  indicates  the  confusion  to  be 
exF>ected  between  successive  sound  impulses. 

For  decay  we  obtain  from  (3),  (8),  (9)  and  (10) 


Or 


Where  m  and  bt  are  the  same  as  in  (12).  The  solution  of  this 
equation  is 


[¥■] 

-  -  ^Et. 

(17) 

dEt 

dt 

—  btEt- 

(18) 

g-hti  _ 


bx-b,' 


(19) 
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If  it  is  assumed  that  Em  is  the  steady  state  value  as  indicated 
by  equation  (16),  we  can  write  (19)  as 

£.  -  -  «-*•*].  (20) 

When 

6i  —  6i,  i.e.,  iC  —  1. 

The  solution  of  (18)  becomes 

-  £«[1  +  (20a) 

In  practice,  the  experimental  error  in  determining  the  optimum 
reverberation  time  is  about  five  percent.  We  shall  assume  that 
an  error  of  one  percent  will  give  a  sufficiently  accurate  formula. 

Upon  this  assumption  we  find  that  we  can  neglect  the  ’effect 
of  the  second  room  in  (20)  for  the  region  .75  >  /C  >  0. 

And  (20)  becomes 

(21) 

Or  solving  for  the  reverberation  time 

Where  T  is  the  apparent  reverberation  time  and  T\  is  the  reverber¬ 
ation  time  of  the  first  room  alone. 

We  also  find  that  we  can  neglect  the  effect  of  5i  for  the  region 
00  >  iC  >  1.32  and  (20)  becomes 

(23) 

Solving  for  T 

^-^■['  +  13:8'”^] 

We  note  that  we  can  write  K  as 
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Finally  we  have  left  the  region  \.32  >  K  >  .75  for  which  no 
exact  solution  can  be  given  except  when  Tt  »  Tt,  and 

r  -  1.21  r,  -  1.21  r,.  (25) 

We  can  draw  some  very  important  conclusions  from  these 
equations.  Sabine  and  later  authorities  have  found  that  music 
sounds  best  in  a  room  with  a  fairly  high  reverberation  time. 
One  second  is  usually  taken  as  being  a  good  value  for  music 
rooms  of  ordinary  size,  i.e.  of  about  5000  cubic  feet  volume. 
The  reverberation  time  of  an  ordinary  parlor  lies  between  .1  to  .5 
seconds.  Therefore,  if  sounds  originating  in  a  room  with  a 
reverberation  time  of  1  second  are  to  be  reproduced  in  such  a 
parlor,  we  find  that  the  reverberation  time  of  the  combination 
will  be: 

»  1.05  seconds. 

The  effect  of  the  second  room  is  so  small  as  to  be  ignored.  Our 
conclusion  is  that  for  reproduction  of  music,  at  least,  the  broad¬ 
casting  studio  or  recording  room  should  be  designed  to  give  the 
proper  reverberation  alone,  when  the  reproducing  room  is  to  have 
a  much  lower  reverberation  time. 

However,  in  the  case  where  the  reproducing  room  has  a  rever¬ 
beration  time  greater  than  three  quarters  of  the  reverberation 
time  of  the  recording  room,  the  reverberation  time  of  the  com¬ 
bination  will  be  increased  to  an  appreciable  extent.  For  instance, 
if  a  reverberation  time  of  one  second  is  desired  and  the  reproduc¬ 
ing  room  has  a  reverberation  time  pf  .75  seconds,  then  the  record¬ 
ing  room  should  have  a  reverberation  time  of  about  .87  seconds 
in  order  to  give  the  apparent  reverberation  time  of  1 .0  seconds. 

For  reproduction  in  theatres,  etc,,  which  have  a  suitable  rever¬ 
beration  time  alone,  the  reverberation  time  of  the  recording  room 
should  be  very  small  compared  to  this  reverberation  time. 

Figures  (1)  and  (2)  indicate  how  the  design  problem  may  be 
attacked.  From  the  equations  we  have  developed,  if  two  of  the 
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reverberation  times  are  known,  the  third  can  be  found.  Figure 
(1)  is  a  plot  of  TjTx  versus  TtITx  and  if  Tx  and  7*  are  known, 
TITx  can  be  found  from  the  curve,  and  this  value  multiplied  by 
Tx  will  give  the  apparent  reverberation  time. 

Usually  we  would  be  interested  in  finding  the  proper  rever¬ 
beration  time  for  the  recording  room  when  the  optimum  reverbera¬ 
tion  time,  i.e.,  the  desired  apparent  reverberation  time,  and  the 
reverberation  time  of  the  reproducing  room  are  known.  This 
can  be  done  by  means  of  figure  (2).  TxIT  can  be  read  from 
the  curve,  knowing  Tt  and  T,  and  then  Tx  is  found  by  multiplying 
Tx/T  by  T.  The  intercept  of  the  curve  at  Tt/T  ■■  1  indicates 
that  the  reverberation  time  T  can  never  be  less  than  Tt- 


In  conclusion,  we  can  say  that  by  using  the  analysis  indicated 
above,  it  will  be  possible  to  design  studios  and  recording  rooms 
to  meet  any  reproducing  conditions.  These  reproducing  condi¬ 
tions  will  come  in  one  of  the  three  regions  mentioned  in  the 
derivation  of  the  reverberation  equations,  and  the  recording  room 
acoustics  can  be  designed  accordingly. 
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OF  AMMONIA* 


II.  The  Joule-Thomson  Effect  and  the  Heat  Capacity  at 
Constant  Pressure 

By  James  A.  Beattie 
1.  Introduction 

The  calculation  of  the  Joule-Thomson  coefficient  m  and  the 
heat  capacity  at  constant  pressure  C,  or  at  constant  vdume  Cy 
of  a  gas  can  be  made  if  either  heat  capacity  is  known  as  a  function 
of  the  temperature  for  some  pressure  or  density  and  if  a  suitable 
equation  of  state  for  the  gas  is  available. 

The  Joule-Thomson  coefficients  of  air  and  carbon  dioxide,  and 
the  heat  capacities  at  constant  volume  of  air,  carbon  dioxide  and 
nitrogen  have  been  evaluated  by  Keyes  *  from  the  Keyes  equa¬ 
tion  of  state  and  compared*  with  the  experimental  data  with 
good  success. 

Bridgeman  *  has  used  the  Beattie- Bridgeman  equation  of 
state  *  to  compute  n  and  the  (>ressure  variation  of  C,  for  air.  The 
calculated  values  agree  well  with  the  values  obtained  by 
Roebuck  *  from  his  Joule-Thomson  measurements,  which  extend 
from  0*  to  280®  C.  and  from  1  to  220  atmospheres.  The  curve 
which  represents  the  inversion  tempierature  of  the  Joule-Thomson 
effect  as  a  function  of  the  pressure  is  also  well  reproduced  by  the 
values  calculated  from  the  equation  of  state. 

The  heat  capacity  and  Joule-Thomson  effect  of  ammonia  have 

*  Contribution  from  the  Research  Laboratory  of  Physical  Chemistry  of 
the  Massachusetts  Institute  of  Technology,  No.  228. 

*  Keyes,  Jour.  Amer.  Ckom.  Soc.,  43,  1452  (1921);  ibid.,  46,  1584  (1924); 
ibid.,  49,  896  (1927). 

*  Bridgeman,  PAys.  Reo.,  34,  527  (1929). 

*  Beattie  and  Bridgeman,  Jour.  Amer,  Chem.  Soc.,  49,  1665  (1927);  ibid., 
50,  3133  (1928);  Proc.  Amer.  Acad.  Arts  and  Sci.,  63,  229  (1928). 

*  Roebuck,  Proc.  Amer.  Acad.  Arts  and  Sci.,  60,  537  (1925). 
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been  studied  at  the  Bureau  of  Standards  by  Osborne,- Stimson, 
Sligh  and  Cragoe  *  and  these  measurements  correlated  by  means 
of  an  equation  of  state  with  the  compressibility  data  of  Meyers 
and  Jessup*  which  extend  from  —  35*  to  300"  C.  and  from  a 
specific  volume  of  1300  to  85.5  ccm.  per  gram. 

Recently  the  compressibility  of  ammonia  has  been  measured  ^ 
from  75"  to  325*  C.  and  from  95  to  20  ccm.  per  gram,  and  the 
constants  of  the  Beattie- Bridgeman  equation  of  state  determined 
from  these  data.  A  second  set  of  constants  were  determined 
from  the  Meyers  and  Jessup  measurements.  These  two  groups 
are  given  in  Table  I.  It  will  be  noted  that  the  equation  of  state 
based  on  the  Beattie  and  Lawrence  data  also  represents  the 
Meyers  and  Jessup  data  fairly  well,  indicating  that  the  two  sets 
of  measurements  agree  to  0.1  per  cent,  or  better.  The  great 
difference  in  the  values  of  the  constants  determined  from  the 
Meyers  and  Jessup  measurements  is  probably  due  to  two  causes; 


TABLE  I 

Constants  of  the  Bbattib-Beidgeman  Equation  or  State 
OF  Ammonia 

Units:  atmospheres,  ccm.  per  gram,  degrees  K  (T*  K  —  I*  C  -f-  273.13) 


Beattie  and  Lawrence  Data 

Meyeri  and  Jeaiup  Data 

Mol.  Wt . 

17.0311 

4.81824 

8250. 

10. 

2.005 

11.222 

280X10* 

17.0311 

4.81824 

3000. 

51.5 

0.45 

131. 

360X10* 

R . 

A, . 

B . 

b . 

0.077% 

Average  deviation  for 

0.155% 

0.043% 

*  Oabome,  Stimson,  Sligh  and  Cragoe,  Scientific  Papers  of  the  Bureau  of 
Standards,  dO,  65  (1924-1926).  See  also  Cragoe,  R^rigerating  Engineering, 
12,  131  (1925). 

*  Meyers  and  leasup.  Refrigerating  Ennneering,  11,  345  (1925). 

^  Beattie  and  Lawrence,  Jour.  Amer.  Chem.  Soc.,  52,  6  (1930). 
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a  slight  difference  in  the  trend,  which  would  have  a  great  effect 
on  the  constants  since  the  data  are  at  low  pressures;  and  the 
failure  of  the  equation  of  state  to  represent  the  data  near  satu¬ 
ration  within  the  experimental  error,  when  the  constants  are 
determined  from  measurements  at  higher  temperatures  and 
pressures. 


2.  The  Equation  of  State 


The  calculations  made  in  the  later  sections  involve  the  use  of 
the  Beattie- Bridgeman  equation  of  state: 


P 


RTd  -  c) 


A  -  ^,(1  -  a/V), 
B  -  B,(l  -  b/V), 
.  =  c/v-n. 


(1) 


where  R  is  the  gas  constant  and  At,  a,  Bt,  b  and  c  are  constants 
characteristic  of'  each  gas.  The  volume  V  relates  to  unit  mass, 
one  gram  or  one  mole,  of  gas  depending  upon  the  units  in  which 
the  constants  are  expressed. 

The  virial  form  of  the  equation  is 

pV^  RT  +  0/V  +  y/V^  -I-  i/V*,  (2) 

/3  -  RTBt  -  Ao-  Rc/T*, 

,  T  “  ~  RTBfb  "I"  Ayu  —  RBo  cIT^, 

6  -  RBJkIT, 

in  which  /3,  y,  and  6  are  functions  only  of  the  temperature  and 
the  equation  of  state  parameters. 

For  the  evaluation  of  quantities  which  require  differentiation 
with  respect  to  volume,  the  following  arrangement  of  the  terms 
of  the  equation  is  convenient: 

p^^T-p-  r/r», 

P  «  R/V  -f  RBt/V^  -  RBtblV*, 
p  -  At/V*  -  A^IV*,  (3) 

r  -  ci/v, 

-  Rc/V^  -f  RBtcIV*  -  RBJkIV*. 


I 


1-'- 

i-' 
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i 

i 


& 
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Thus  0  and  F  are  functions  only  of  the  volume  and  the  pa¬ 
rameters.  Differentiation  of  these  functions  with  respect  to 
volume  will  be  represented  by  0',  0'  and  F'  respectively. 

The  independent  variables  of  the  equation  of  state  are  V  and 
T.  Usually  thermodynamic  quantities  are  listed  for  given 
values  of  p  and  T.  In  order  to  compare  the  calculated  with  the 
observed  values,  the  thermodynamic  quantity  under  consider¬ 
ation  was  evaluated  at  the  appropriate  temperatures  for  a  series 
of  specific  volumes.  The  corresponding  pressures  were  computed 
from  the  values  of  0,  y  and  6  which  were  already  available.  The 
thermodynamic  quantity  was  then  plotted  against  the  pressure 
for  each  isotherm,  and  the  values  read  off  at  the  desired  even 
pressures.  If  more  accurate  values  are  wanted,  a  linear  equation 
through  the  extreme  values  and  a  deviation  plot  may  be  used. 

3.  The  Heat  Capacity  at  Constant  Pressure 

The  equations  developed  in  this  and  the  following  sections 
are  the  same  as  those  obtained  by  Bridgeman  and  applied  to  air. 
The  heat  capacities  at  constant  pressure  and  at  constant  volume 
are  related  by  the  equation : 

The  relation 

KdVfr 

can  be  integrated  between  the  limits  K  =  «  and  the  variable 
finite  volume  V,  giving 

Cr-Cr‘+£  t(^)/V.  (6) 

Evaluating  the  partial  derivative  in  equation  (4)  from  the 
equation  of  state  (1)  and  F>assing  to  the  limit  V  ^  co,  we  obtain 


(4) 

(5) 


Cy*  «  Cp*  -  R. 


(7) 
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Substitution  of  (6)  and  (7)  into  (4)  gives: 


C,  -  C,*  -  + 


r 


m 


dv  +  r 


By  use  of  the  equation  of  state  in  the  form  (3),  we  obtain  from  (8) 

X''  TU  +  2r/P)* 

6r/PdK  -  ’  (9) 


-  C,*  -  /?  + 


Fr» 


6  + 


3Bo 

V 


2Bo5\ 


/?[1  +  (B*  +  2c/P)/F  +  (-  Bo5  +  2Boc/P)/P 
-  2Bo5c/PV*]*. 

1  +  2^/BrK  +  37/BrK*  +  UIRTV* 


(10) 


The  quantities  Cy*  and  C,*  are  the  values  Cy  and  C,  at  zero 
pressure.  They  are  functions  of  temperature  only  and  can  be 
evaluated  from  data  on  either  Cy  or  C,  for  finite  densities  or 
pressures  by  use  of  one  or  more  of  the  equations  (6),  (7)  and  (10). 


4.  The  Joule-Thomson  Coefficient 
Substituting  the  equation  of  state  (3)  into  the  general  thermo- 
*  dynamic  relation 

we  obtain ; 


nCy  =  — 


+2r/r* 

-  rvr* 


-  V 


(-  Bo  +  2A.IRT  +  4c/r») 

+  (2Bo5  -  3A  «a/RT  +  BBtcIT)*!  V- bB^l'TV' 
1  +  IfilRTV  +  iyIRTV'  +  UIRTV* 


(12) 


(13) 


from  which  nC,  can  be  evaluated  for  any  desired  volume  and 
temperature.  By  use  of  C,  calculated  from  equation  (10),  the 
JoulerThomson  coefficient  m  can  be  obtained. 

At  zero  pressure,  equation  (13)  reduces  to 

-  B,  +  2^o/Br  +  4c/r» 

MO  =  - - (14) 
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For  the  calculation  of  C,  and  tiC„  the  quantities 
AjRT,  A^IRT,  c/T*,  B^jT*  and  BJkjT*  are  listed  for  each 
isotherm  at  which  the  computations  are  to  be  made.  These 
quantities  are  multiplied  by  the  profier  coefficient  and  combined 
so  as  to  give  the  various  coefficients  of  1/K,  l/V*  and  1/V*  which 
are  listed  for  each  isotherm.  These  coefficients  are  then  mul¬ 
tiplied  by  the  values  of  XjV,  l/V*  and  1/F*  for  each  selected 
specific  volume  and  C,  or  tiCp  calculated,  the  corresponding 
pressure  being  also  computed.  The  time  required  for  the 
calculations  is  not  great  if  the  work  is  done  in  a  systematic 
manner. 

The  various  terms  of  equations  (10)  and  (13)  which  involve 
the  equation  of  state  parameters  were  first  computed  using  the 
values  of  the  parameters  in  compressibility  units.  These  results 
were  then  multiplied  by  the  appropriate  factors  to  reduce  them 
to  the  units  in  which  the  thermal  data  are  given.  In  Table  I 
the  constants  for  ammonia  are  given  in  units  of  atmospheres, 
ccm.  per  gram  and  degrees  Kelvin.  The  units  of  the  experi¬ 
mental  data  are:  Cp  in  20**  calories  (»  4.183  international 
joules  (r))  per  degree  centigrade  per  gram  and  iiCp  in  inter¬ 
national  joules  (p)  per  meter  of  mercury  per  gram.  The  cor¬ 
responding  factors  derived  from  constants  given  in  International 
Critical  Tables  are  0.024215  for  the  terms  of  equation  (10)  and 
0.13328  for  equation  (13). 

5.  Comparison  with  the  Experimental  Data 

Bridgen)an  has  shown  that  equations  (10)  and  (13)  reproduce 
the  properties  of  air  very  satisfactorily  over  the  range  experi¬ 
mentally  investigated  by  Roebuck.  In  Table  II  is  given  a  com¬ 
parison  of  the  values  of  iiCp  and  m  calculated  by  use  of  equations 
(10)  and  (13)  with  those  experimentally  determined  at  the 
Bureau  of  Standards.  The  agreement  is  satisfactory  at  and 
above  30**  C.  but  is  not  good  at  the  three  lowest  temperatures. 
The  calculated  values  given  in  Table  II  were  obtained  by  use  of 
the  equation  of  state  constants  determined  from  the  compressi- 


«  % 


COMrASISONS  OF  THE  JoULE-ThOMSON  COEFFICIENTS  FOE  GASBOUS  AmMONIA  CALCULATED  FROM  THE  BeATTIE-BeIDUEMAN 

Equation  of  State  with  those  Obtained  from  the  Experimental  Data  of  the  Bureau  of  Standards 
The  values  of  the  constants  of  the  equation  of  state  used  are  given  in  Table  I ;  they  were  obtained  from  the  p-  V-T  data 
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bility  measurements  of  Meyers  and  Jessup;  when  the  constants 
derived  from  the  Beattie  and  Lawrence  p-V-T  data  are  used, 
the  deviations  are  larger. 

The  Meyers  and  Jessup  constants  were  used  in  computing 
the  values  given  in  Table  II  because  their  measurements  have 
already  been  correlated  with  the  Joule-Thomson  data  by  Osborne, 
Stimson,  Sligh  and  Cragoe,*  who  use  an  equation  of  state  which 
contains  nine  characteristic  constants  and  which  they  state  is  in 
agreement  with  the  experimental  results  of  Meyers  and  Jessup 
within  their  estimated  limits  of  accuracy.  Their  equation  is 
based  partly  on  the  p-V-T  and  partly  on  the  thermal  data.  The 
relation  for  nCp  obtained  from  their  equation  of  state  represents 
the  experimental  values  about  as  well  as  equation  (13)  at  and 
above  30“  C.,  the  average  deviation  being  somewhat  greater 
than  that  shown  in  Table  II  for  this  range.  At  the  three  lower 
temperatures  their  relation  reproduces  the  measured  values 
much  better  than  equation  (13). 

It  seems  reasonable  to  conclude  that  the  Joule-Thomson  coef¬ 
ficients  for  ammonia  calculated  from  the  Beattie- Bridgeman 
equation  of  state  agree  with  measured  values  within  the  con¬ 
sistency  of  the  compressibility  data  with  'the  Joule-Thomson 
measurements.  This  statement  may  not  apply  to  the  region 
close  to  the  saturation  line. 

In  Tables  III  and  IV,  the  values  of  C,  of  ammonia  calculated 
from  equation  (10)  are  compared  with  the  experimental  results. 
For  Table  III  the  equation  of  state  constants  derived  from  the 
Meyers  and  Jessup  p-  V-T  data  were  used  and  for  Table  IV  those 
from  the  Beattie  and  Lawrence  data.  Below  100*  C.  neither 
equation  is  satisfactory  but  above  100*  C.  the  results  are  fairly 
satisfactory  in  both  cases.  Above  the  critical  temperature — 
about  133*  C. — the  equation  based  on  the  Beattie  and  Lawrence 
data  gives  a  good  representation  of  the  experimental  measure¬ 
ments. 

The  results  exhibited  in  Tables  II  to  IV  are  a  very  severe  test 
of  an  equation  of  state.  The  data  are  mostly  below  the  critical 
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temperature  and  near  the  saturation  curve.  Moreover  the 
isometrics  of  ammonia  deviate  more  from  linearity  than  those  of 
any  of  the  eleven  other  gases  for  which  the  equation  of  state 
constants  have  been  obtained.  And  the  success  of  the  calculation 
of  C,  and  n  from  an  equation  of  state  depends  largely  on  the 
exactness  with  which  the  curvature  of  the  isometrics  is  repwe- 
sented  both  as  a  function  of  temperature  and  of  volume. 

6.  Summary 

Values  of  the  Joule-Thomson  coefficient  and  pressure  variation 
of  the  heat  capacity  at  constant  pressure  of  ammonia  have  been 
calculated  from  the  Beattie- Bridgeman  equation  of  state  and 
compared  with  the  experimental  measurements.  The  represen¬ 
tation  of  the  Joule-Thomson  data  above  30**  and  of  the  heat 
capacity  above  100®  C.  is  satisfactory.  At  lower  temperatures 
the  deviations  become  large  and  may  be  explained  as  being  due 
partly  to  inconsistency  between  the  compressibility  and  thermal 
data  and  p>artly  to  the  failure  of  the  equation  to  represent  all 
trends  in  the  compressibility  data  in  the  region  close  to  the 
saturation  line. 

This  comparison  is  a  severe  test  of  an  equation  of  state  because 
of  the  large  deviations  from  the  ideal  state  exhibited  by  ammonia, 
and  because  the  greater  part  of  the  thermal  data  for  the  present 
comparison  is  below  the  critical  temperature  of  ammonia. 


SYSTEMS  OF  LINEAR  PARTIAL  DIFFERENTIAL 
EQUATIONS » 

By  P.  Franklin  and  C.  L.  E.  Moore 

1.  Introduction.  In  a  discussion  of  surfaces  in  n-space  whose 
homogeneous  coordinates  satisfy  one  or  more  linear  partial 
differential  equations  of  the  second  order,  Segre  *  proved  that 
when  the  coordinates  satisfy  two  such  equations,  the  surface  is 
either  contained  in  a  linear  space  of  three  dimensions,  or  is  the 
developable  surface  of  a  twisted  curve,  including  the  special 
limiting  cases  of  cones  and  cylinders.  Segre’s  argument  is 
largely  geometrical,*  and  his  classification  proceeds  from  the 
solutions,  rather  than  from  the  differential  equations.  Similar 
methods  have  been  applied  by  Sisam  •  to  the  study  of  three- 
spreads  whose  coordinates  satisfy  four  or  more  linear  partial 
differential  equations  of  the  second  order. 

In  this  i>aper  we  shall  study  systems  of  linear  partial  differen¬ 
tial  equations  by  analytic  methods.  Our  classification  depends 
on  properties  of  the  differential  equations,  and  thus,  to  some 
extent,  is  applicable  to  a  system  of  equations  whose  solution  is 
not  obtainable  explicitly.  It  is  found  that  the  number  of 
parabolic  equations  implied  by  a  given  system,  either  as  algebraic 
consequences  or  through  the  integrability  conditions,  is  a 
decisive  fsfctor  in  the  classification.  In  order  to  investigate 
when  all  the  solutions  of  a  system  are  linearly  dependent  on  a 
finite  number  of  functions,  we  develop  a  lemma  on  linear  de¬ 
pendence  of  functions  of  several  variables.  This  lemma  is  a 
generalization  of  the  well-known  Wronskian  condition  for 
functions  of  one  variable,  and  is  related  to  a  theorem  of  Kellogg,^ 

'  Preaented  to  the  American  Mathematical  Society,  October  26,  1929. 

*  C.  Sej^,  Torino  Atti,  vol.  42,  p.  571  (1907). 

*C.  H.  Siaam,  American  Journal  of  Mathematics,  vol.  33  (1911),  p.  97. 

«0.  D.  Kellogg.  ZU.f.  Math.  «.  Phys.,  vol.  S3  (1914),  p.  159. 
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though  slightly  more  precise  in  its  result,  and  somewhat  weaker 
in  its  restrictions  on  the  functions. 

With  the  analytic  machinery  which  we  set  up,  we  are  able  to 
give  a  complete  discussion  of  the  result  of  Segre  quoted  above, 
as  well  as  some  of  the  analogous  results  of  Sisam,  and  some 
less  complete  results  for  systems  of  linear  partial  differential 
equations  of  higher  order  than  the  second. 

2.  Linear  Dependence.  We  begin  with  a  test  for  linear 
dependence  applicable  to  a  set  of  functions  of  two  variables. 
Let  s',  s*.  •  •  *,  s*  be  5  functions  of  two  variables  u  and  v,  and 
denote  partial  differentiation  with  respect  to  these  variables  by 
the  subscripts  1  and  2.  We  define  a  generalized  Wronskian 
matrix  «,  by  the  equation 

s>  s»‘  ...  f 

Si‘  Ii*  •  •  •  Si* 

S|*  Si»  .  •  •  s,* 


Each  column  of  this  matrix  contains  as  its  terms  one  of  the 
functions,  then  the  two  first  partial  derivatives  of  this  function, 
the  three  second  partial  derivatives,  and  so  on  down  to  the 
(m  -|-  1)  partial  derivatives  of  the  mth  order.  Thus  the  matrix 
has  (m  +  l)(m  +  2)/2  rows. 

We  formulate  our  test  for  dependence  in  terms  of  this  gener¬ 
alized  Wronskian  in 

Theorem  I.  If,  throughout  some  u,  v  region  R  the  partial 
derivatives  of  the  s  functions  s*  up  to  and  including  those  of  the 
nth  order  exist  and  are  continuous,  and  the  two  matrices  •  and 
W*,,  •_!  are  of  the  same  rank  k,  there  being  in  particular  some 
determinant  of  the  kth  order  in  W^,  which  never  vanishes  in  R, 
then  the  s  functions  s*  are  linearly  dependent  on  precisely  k  of  them. 

To  prove  this,  we  begin  by  selecting  a  determinant  of  the  /^th 
order  in  W],  ,_i  which  does  not  vanish  in  R.  This  can  be  done 
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by  our  hypothesis.  Let  the  rows  of  this  determinant  be  ri,  ft, 
•••,  ft,  and  for  simplicity,  renumber  the  variables  so  that  its 
columns  are  the  first  k  of  ,_i  or  Now  write  down  the 

n(n  l)/2  equations 

-  2;  cV, 

/-I 

k 

(2.2) 


where  i  is  an  integer  >  k,  and  ^  .s.  The  equations  of  this  set 
corresponding  to  the  rows  r,,  ft,  -  ri,  have  a  non-zero  deter¬ 
minant,  and  accordingly  may  be  solved  for  the  as  functions  of 
u  and  V.  Moreover,  as  W],  n-i  is  of  rank  k,  the  same  will  be  true 
of  the  matrix  obtained  from  it  by  deleting  all  but  the  first  k  and 
the  tth  columns.  Thus  all  the  rows  of  this  deleted  matrix  are 
linearly  dependent  on  any  k  independent  ones,  in  particular  the 
rows  fj,  fi,  •  • fk  and  consequently  the  values  of  c>  found  above 
will  satisfy  all  the  equations  (2.2). 

But  W^,  n  is  also  of  rank  k,  and  the  argument  just  used  shows 
that  the  c’  will  also  satisfy  the  (n  -|-  1)  equations 

-  L  cM  -.i, 


/-I 


formed  analogously  to  equations  (2.2)  from  the  last  (n  +  1) 
rows  of  W^., «.  Now  differentiate  each  of  the  equations  (2.2) 
with  respect  to  u.  The  terms  involving  the  undifferentiated  c* 
will  cancel  with  the  derivatives  of  on  the  left,  either  because 
of  a  following  equation  of  the  set  (2.2),  or  one  of  the  equations 
(2.3).  Thus  the  differentiated  equations  reduce  to 

0  -  L 
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As  the  equations  of  this  set  corresponding  to  the  rows  ri,  ft. 
•  •  •,  fk  have  a  non-zero  determinant,  it  follows  from  them  that 
the  Ci^  are  all  zero.  By  differentiating  the  equations  (2.2)  with 
respect  to  r,  and  reasoning  similarly,  we  may  show  that  the  ct* 
are  all  zero.  Hence  the  c‘  are  constant,  and  z*  is  linearly  depend¬ 
ent  on  z‘,  z*,  •  •  • ,  z*.  As  z*  was  any  function  after  the  first  k,  ail 
the  z*  are  linearly  dependent  on  the  first  k. 

The  z*  could  not  be  dependent  on  less  than  k  of  them,  as  then 
the  coiums  of  Wl,  n  would  also  be  so  dependent,  and  its  rank 
could  not  be  k. 

Corollary.  Conversely,  if  the  s  functions  z*  are  linearly  dependent 
on  precisely  k  of  them,  and  we  restrict  ourselves  to  regions  in  which 
the  minors  of  the  generalized  Wronskians  either  vanish  everywhere, 
or  never  vanish,  there  will  be  some  consecutive  pair  (n  ^  k) 
Wl,  ,_i  and  W],  .  each  of  rank  k. 

For,  as  the  columns  of  all  the  Wl,  m  are  linearly  dependent  on 
k  of  them,  their  ranks  can  not  be  greater  than  k.  As  the  ranks 
increase  with  m  and  Wl,  o  is  of  rank  one,  when  we  increase  m 
from  1  to  k,  we  shall  either  come  to  two  consecutive  ones  of  rank 
k,  as  stated  in  the  corollary,  or  to  two  consecutive  ones  with  the 
same  rank,  less  than  k.  But  in  this  case,  with  the  restriction  on 
regions  mentioned,  the  theorem  would  require  our  s  functions  to 
be  dependent  on  less  than  k,  contrary  to  the  hypothesis. 

To  illustrate  the  force  of  our  restrictions  in  the  theorem  and 
corollary,  we  recall  the  classical  examples  of  functions  of  one 
variable.  Thus,  if 

(25)  “>»•  • 

'  '  «•  -  2e-‘'-',  u  <  0,  «•  -  0,  »  a  0, 

the  generalized  Wronskians  are  all  of  rank  one,  but  in  a  region 
including  a  portion  of  the  line  u  »  0,  the  functions  are  not 
dependent  on  less  than  two.  Neither  our  theorem  nor  our  corol¬ 
lary  apply  here,  since  no  non-vanishing  determinant  of  the  first 
order  exists  for  the  region,  and  the  region  is  of  the  type  ruled  out 
in  the  corollary.  In  a  region  not  including  the  line  u  «•  0,  the 
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generalized  Wronskians  are  of  rank  one,  and  the  functions  are 
linearly  dependent  on  one,  since  one  of  them  is  zero.  This  is  in 
agreement  with  the  general  result. 

As  an  illustration  of  the  corollary  for  which  no  pair  of  con¬ 
secutive  Wronskians  before  W,,  *_i  and  W,,  *  are  each  of  rank 

k,  we  may  mention  the  set  composed  of 

(2.6)  -  1,  z*  ~  u,  •••,  **-«*-» 

and  {s  —  k)  functions,  each  a  polynomial  in  u  of  the  {k  —  l)st 
degree.  For  this  set  the  rank  of  Wg, is  (m  -|-  1)  for  m  —  0, 

l,  2.  (*  -  1). 

For  s  functions  of  p  variables,  ui,  Ms,  •••,  Up,  we  define  a 
generalized  Wronskian  matrix  formed  analogously  to 

(2.1).  Here  each  column  contains  as  its  terms  one  of  the 
functions,  then  the  p  first  partial  derivatives  of  this  function, 
the  pip  -{=  l)/2  second  partial  derivatives,  and  so  on  down  to 
the  PiP  ip  m  —  l)/m!  partial  derivatives  of  the 

mth  order.  Thus  the  matrix  has  ip  -|-  1)(^  +  2)*  •  -  (p  -1-  m)lm\ 
rows.  The  test  for  linear  dependence  in  this  case  is  given  by 

Theorem  II.  If,  throughout  some  p-dimensional  region  R,  the 
partial  derivatives  of  the  s  functions  <*(mi,  mi,  •  •  •,  u,)  up  to  and 
including  those  of  the  nth  order  exist  and  are  continuous,  and  the 
two  matrices  IFJ.  •  and  W*,,  ,_i  are  of  the  same  rank  k,  there  being 
in  particular  some  determinant  of  the  kth  order  in  HT,  a-i  which 
never  vanishes  in  R„  then  the  s  functions  z*  are  linearly  dependent 
on  precisely  k  of  them. 

This  may  be  proved  by  the  same  reasoning  used  for  theorem  I 
above,’  an<i  here,  too,  we  have  the 

Corollary.  Conversely,  if  the  s  functions  *‘(mi,  Ms,  •  •  u,)  are 

linearly  dependent  on  precisely  k  of  them,  and  we  restrict  ourselves 
to  regions  in  which  the  minors  of  the  generalized  Wronskiaru  either 
vanish  everywhere,  or  never  vanish,  there  will  be  some  consecutive 
pair  (n  ^  k)  W^,  «_i  and  WT,  ,  each  of  rank  k. 

3.  Two  Second  Order  Equations  with  Two  Independent 
Variables.  We  shall  now  discuss  the  possible  solutions  of  two 
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linear  partial  differential  equations  of  the  second  order  with 
two.  independent  variables.  We  assume  our  equations  are  not 
both  consequences  of  a  single  second  order  equation  of  similar 
type.  Written  out  explicitly,  our  equations  are 

Y,  +  51  -|-  rs  —  0,  (a*f  ^  a**) 

E  ~  0.  {A*i  ~ 

< 

Here  the  coefficients  A**,  6‘,  B*,  c,  C  are  functions  of  the 
two  independent  variables  u  and  v,  the  subscripts  on  t  denote 
differentiation  with  respect  to  these  variables,  and  the  sum¬ 
mations  for  i  and  j  each  run  from  1  to  2. 

Our  method  consists  in  the  reduction  of  our  equations  to  a  set 
of  canonical  forms  by  a  series  of  transformations  of  the  dependent 
and  independent  variables.  The  given  pair  of  equations  may 
have  no  solution  except  the  trivial  one  s  »  0.  If  it  has  any 
non-zero  solution,  z  «■  x(«,  v),  we  may  effect  the  transformation 
%  >■  Zx.  As  the  new  equations  will  be  satisfied  by  Z  »  1,  they 
will  each  lack  the  term  in  t.  Accordingly,  we  may,  without  loss 
of  generality,  assume  r  »  C  0,  and  shall  do  so  from  now  on. 

We  next  try  to  obtain  parabolic  second  order  equations  which 
are  consequences  of  the  given  pair  by  taking  suitable  linear 
combinations: 

(3.02)  L  +  PA  ‘0*.  +  L  (/»**  +  PB^Zi  -  0. 

i.i  * 

This  equation  will  be  parabolic,  provided  the  discriminant  is 
zero: 

/ 

(3.03)  (/w“  +  Pi4»)(/w**  +  PA»)  -  {pa»  +  PA»y  -  0. 

As  this  condition  is  quadratic  in  the  ratio  p/P,  there  will  be  two 
(possibly  coincident)  values  of  pJP  satisfying  it.  These  values 
will  make  equation  (3.02)  a  parabolic  equation,  satisfied  by  all 
solutions  of  the  set  (3.01). 

If  the  characteristics  of  these  parabolic  equations  are  distinct, 
we  may  take  them  as  new  coordinate  lines  L  >■  const., 
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V  «  const.,  and  thus  reduce  them  to  the  form 


(3.04) 


*11  *  ^>**1  -f  ^*t, 
tft  “  5*Si  "f"  B^Zi. 


These  equations  show  that  all  the  solutions  of  the  system  are 
linearly  dependent  on  four,  or  fewer,  linearly  independent 
functions.  For,  if  Wl,  t  be  formed  for  any  s  solutions,  equations 
(3.04)  show  that  two  of  its  rows  will  be  linearly  dependent  on 
the  remaining  four,  so  that  its  rank  r  can  not  be  greater  than 
four.  Furthermore,  the  equations  obtained  from  (3.04)  by 
differentiation  show  that  all  the  derivatives  of  order  higher  than 
the  second  are  linearly  dependent  on  those  of  the  first  and 
second  orders,  so  that  the  ranks  of  IF?,  k,  k  >  2,  will  be  equal  to 
r,  the  rank  of  fF?,  t.  If,  now,  all  the  solutions  are  not  linearly 
dependent  on  fewer  than  four  solutions,  we  may  find  some  four, 
r‘,  s*,  r*,  z*,  which  are  linearly  independent.  By  the  corollary  to 
theorem  I,  at  least  in  a  suitably  restricted  region,  some  con¬ 
secutive  pair  of  the  series  Wl,  k  will  be  of  rank  4.  Consequently, 
by  the  argument  just  given,  the  rank  of  Wl,  t  and  that  of  Wl,  t 
will  each  be  four,  and  the  same  will  be  true  of  Wt,  j  and  Wl,  t 
formed  for  the  four  piarticular  solutions,  and  any  fifth.  Thus, 
by  theorem  I,  any  (fifth)  solution  of  the  system  is  linearly  de¬ 
pendent  on  the  four  particular  ones. 

The  parabolic  equations  which  we  transformed  to  (3.04) 
were  found  from  our  original  equations  by  algebraic  operations. 
If  there  were  only  one  parabolic  equation  in  the  pencil  (3.02), 
but  a  secopd  one  could  be  found  by  setting  up  the  integrability 
conditions,  and  then  taking  linear  combinations,  our  argument 
would  still  apply  and  show  linear  dependence.  Thus  the  next 
case  to  be  considered  is  that  in  which  the  parabolic  equations 
obtained  from  (3.02)  have  the  same  characteristics,  and  no 
further  parabolic  equations  are  consequences  of  the  system. 
As  before,  by  a  change  of  coordinates,  we  may  reduce  the  para¬ 
bolic  equation  to  the  form 


(3.05) 


*11  **  ^**1  +  ^**- 
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The  Xii  term  may  be  removed  from  the  second  equation  by  the 
use  of  (3.05),  and  the  presence  of  a  Zn  term  would  lead  to  a 
second  parabolic  equation.  Consequently,  unless  the  system 
implies  a  first  order  equation,  the  second  equation  will  be  reduc¬ 
ible  to  the  form 

(3.06)  +  B^z,. 

The  condition  of  integrability 
(3.07)  Ziij  *  Ziji 

leads  to  the  relation 

(3.08)  -I-  -I- 

-  B'zu  -b  B'zu  +  B,%  -H 


This  will  lead  to  a  second  parabolic  equation  unless  5*  »  0. 
The  remaining  derivatives  of  the  second  order  may  be  eliminated 
by  using  (3.05)  and  (3.06),  and  unless  the  system  implies  a  first 
order  equation,  the  coefficients  of  the  resulting  equation  must 
vanish. 

,  We  shall  simplify  the  calculation  by  a  change  of  variable.  We 
have  already  shown  that  5*  —  0,  so  that  equation  (3.05)  is  linear 
with  respect  to  u,  and  its  solution  is  a  linear  combinaition,  with 
coefficients  functions  of  v,  of  1  and  some  function  of  u  and  v. 
Consequently,  if  we  take  this  function  as  a  new  u,  the  trans¬ 
formed  equation  will  have  1  and  u  as  solutions,  and  will  reduce  to 

(3.09)  z,i  -  0. 

The  terms  on  the  left  of  (3.08)  are  now  all  zero,  and  the  first 
order  equation  obtained  by  elimination  is 

(3.1)  (5,>  +  5»J5>)*i  +  (5,*  +  |5*|*)z,  -  0. 

Thus,  when  no  first  order  equation  is  implied  by  the  system,  we 
must  have 


(3.11) 


-I-  -  0, 


5.*  -f  (5*)*  -  0. 
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If  B*  »  0,  we  see  that  B'  must  be  a  function  of  r  alone,  and 
we  may  assume  B*  —  f(v).  Our  pair  of  equations  is  now 

(3.12)  *11-0,  *it -/(»)*!. 

The  second  of  these  shows  that 

(3.13)  *,  -  ^(tt)e/‘*>, 

and  the  hrst  one  shows  that  A  (u)  is  a  constant.  The  solution 
of  the  system  (3.12)  is  accordingly 

(3.14)  z  -  +  B(r). 

By  taking  as  a  new  variable  u,  this  may  be  simplified  to 

(3.15)  *  -  /!«  -I-  B(r). 

When  B*  ^  0,  the  second  equation  (3.11)  may  be  written 


-B.« 

(B*)* 


1, 


(3.16) 

whose  integral  is  ^ 

(3.17)  l/B*-«+/(r). 

By  using  this,  the  first  equation  (3.11)  may  be  integrated  to  give 

gjv) 


(3.18) 


B* 


«+/(r) 

In  view  of  the  last  two  equations,  equation  (3.06)  becomes 
(3.19)  |«  + /(»)}*!!  -  g(e)s,  +  **. 

If  the  functions  /(r)  and  g(v)  art  such  that 
(3.2)  m  -f  g(v)  -  0, 

we  may  take  as  new  variables,  1/  —  «  /(v),  V  ^  v,  and  the 

system  composed  of  (3.09)  and  (3.19)  is  transformed  into 

(3.21)  Zit  »  0,  uzit  »  **.  . 

The  solution  of  this  pair  of  equations  is  found  to  be 

(3.22)  t  -  .4  +  uB(v). 
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When  (3.2)  is  not  satished.  we  may  take  as  new  variables 

j  u^u+m 

and 

:  v~  -  /\nv)  +  *(r)}dr  -  -  /(t)  -  fg{v)dv, 

which  transforms  the  system  composed  of  (3.09)  and  (3.19)  into 
i  (3.23)  Sii  -  0,  utit  *  **  —  *1. 

i  The  solution  of  this  pair  of  equations  is 

(3.24)  X  -  B{v)  4-  uB'{v). 

i  It  may  happen  that  the  roots  of  (3.03)  are  coincident,  and  when 

the  equation  (3.02)  corresponding  to  them  is  set  up,  all  the  terms 
containing  second  derivatives  vanish.  This  will  happen  when- 
e\-er  the  a**  and  A  **  of  (3.01)  are  proportional,  and  these  equations 
are  not  themselves  parabolic.  If  the  b*  and  B*  were  proportional 
i  in  the  same  ratio,  our  equations  would  be  consequences  of  one 
of  them,  and  this  case  has  been  excluded.  If  not,  our  system 
implies  a  first  order  equation.  This  case,  which  has  been  dis- 
regarded  in  the  previous  discussion,  must  now  be  treated. 

*  If  a  first  order  equation  is  implied  by  the  system,  its  charac¬ 
teristics  may  be  taken  as  one  of  the  new  variables,  so  that  it  may 
be  written  as 

(3.25)  Si  -  0. 

The  system  may  be  satisfied  by  the  general  solution  of  this 
equation, 

(3.26)  s  -  S(r). 

We  note  that  here  there  is  one  parabolic  equation, 

(3.27)  s„  -  0, 
implied  by  the  system. 

If  the  system  is  not  satisfied  by  all  sdutions  of  (3.25)  there  will 
be  an  additional  equation,  which,  in  view  of  (3.25),  will  reduce  to 


ii 

J! 

■ir 

J; 

i. 


(3.28) 


a”ztt  +  ft***  -  0. 
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When  a**  ^  0,  we  have  a  second  parabolic  equation;  while 
when  a**  »  0,  and  hence  6*  ^  0,  we  obtain  a  second  parabolic 
equation  by  differentiation.  Hence  these  are  cases  of  linear 
dependence.  In  fact,  when  o”  *  0,  or  the  ratio  6*/a**  involves 
H,  the  function  B(r)  of  (3.26)  must  reduce  to  a  constant,  so  that 
all  the  solutions  are  linearly  dependent  on  one.  W’hen  the 
ratio  is  a  function  of  v  alone,  equation  (3.28)  has  as  its 
solution  a  linear  combination  of  /  and  some  function  of  r,  the 
coefficients  being,  possibly,  functions  of  u.  But  by  equation 
(3.25),  these  coefficients  must  be  constants,  and  we  have  linear 
dependence  on  two  functions. 

In  addition  to  the  case  of  linear  dependence,  we  have  found 
four  types  of  solutions,  namely,  (3.15),  (3.22),  (3.24),  and  (3.26). 
We  may  transform  (3.22)  into  (3.15)  by  putting  Z  —  tju, 
U  ^  \lu,  V  ^  V.  As  the  only  transformations  on  the  inde¬ 
pendent  variable  have  been  multiplication  by  a  fixed  function, 
we  may  reverse  this  by  multiplying  our  final  solutions  by  such 
a  function,  and  may  collect  our  results  in 

Theorem  III.  When  a  pair  of  linear,  partial  differential 
equations  of  the  second  order  of  the  form  (3.01),  not  both  con¬ 
sequences  of  a  single  such  equation,  implies  two  parabolic  equations 
{either  as  algebraic  consequences,  or  through  the  integrability  con¬ 
ditions),  the  solutions  are  all  linearly  dependent  on  four  or  fewer 
functions,  so  that  the  general  solution  contains  at  most  four  arbitrary 
constants. 

When  only  one  parabolic  equation  is  implied,  and  at  least  one 
must  be,  t^  general  solution  is  reducible,  by  a  transformation  of  the 
independent  variables,  to  one  of  the  thru  forms 

z  ~f{u,v)\_Au  +  B{v)-\, 

(3.29)  *  -  /(«,  r)[B(r)  -f  «B'(r)], 

*  -  /(«.  v)B{v), 

where  f(u,  v)  is  a  fixed  function,  A  is  an  arbitrary  constant,  and 
B{v)  is  an  arbitrary  function. 

Our  results  are  slightly  modified  for  the  case  in  which  the 
equations  contain  no  z  terms,  and  we  collect  them  in 
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Theorem  IV.  When  a  pair  of  equations  (3.01)  vfith  c  —  C  —  0, 
not  both  consequences  oj  a  single  such  equation,  implies  two  parabolic 
equations,  the  solutions  are  all  linearly  dependent  on  four  or  fewer 
functions,  one  of  them  being  unity,  so  that  the  general  solution 
contains  at  most  four  arbitrary  constants. 

When  only  one  parabolic  equation  is  implied,  and  at  least  one 
must  be,  the  general  solution  is  reducible,  by  a  transformation  of  the 
independent  variables,  to  one  of  the  four  forms 

s  -  4-  B{v), 

13  31  »  -  w4  4-  uBiv), 

*  -  B(v)  4-  uB’iv), 
z  -  Biv), 

where  A  is  an  arbitrary  constant,  and  B(v)  is  an  arbitrary  function. 

We  may  interpret  our  results  geometrically  by  considering  a 
set  of  n  functions  s\  each  of  which  satisfies  a  particular  system 
of  the  kind  discussed,  as  the  coordinates  of  a  point  in  n-space. 
When  we  use  non-homogeneous  coordinates,  we  apply  theorem 
IV,  taking  a  system  with  c  —  C  —  0.  The  case  of  two  para¬ 
bolic  equations,  or  linear  dependence  on  one,  two,  three  or  four 
functions,  one  of  which  is  a  constant,  gives  for  the  geometric 
locus  a  point,  straight  line,  plane,  or  surface  in  three-space 
respectively.  The  specialized  cases  of  (3.3)  lead,  in  order,  to  a 
cylindrical  surface,  a  conical  surface,  the  developable  surface 
formed  by  the  tangents  to  a  twisted  curve  in  n-space,  and  the 
points  on  a  curve.  This  is  in  agreement  with  the  result  of  Segre, 
who  only  considered  surfaces,  and  so  excluded  the  loci  of  lower 
dimensions.  For  homogeneous  codrdinates,  we  use  the  system 
(3.01)  as  it  stands,  apply  theorem  III,  and  obtain  similar  results, 
excepting  that  here  we  have  the  additional  case  of  no  solution 
except  the  trivial  one  z  »  0,  without  geometric  significance;  and 
the  case  of  cones  and  cylinders  need  not  be  differentiated. 

As  appears  from  the  proof,  our  theorems  must  be  applied  in 
suitably  restricted  regions.  Thus  the  system  might  imply  two 
parabolic  equations  in  some  regions,  and  only  one  in  others,  and 
.1 


m 
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the  solution  may  shift  from  any  one  case  to  any  other.  To 
show  that  all  the  sub-cases  of  linear  dependence  may  actually 
occur,  we  list  a  set  of  examples.  In  each  case  the  solution  is 
obtained  directly  from  the  system,  as  indicated. 

The  system 

(3.31)  sii  «  0,  Sii  «  z, 
has  no  solution  except  s  —  0,  since  it  implies 

0  *  Sill  “  *111  “  *!• 

Hence 

Sij  —  0  and  s  —  0. 

The  system 

(3.32)  Sii  -  Si,  Su  -  Si  -|-  Si, 

has  ail  its  solutions  linearly  dependent  on  a  constant,  since  it 
implies 

*11  “  *111  “  *111  “  *11  “b  *11* 

Hence 

Su  —  0  and  S|  —  0. 

Hence 

Sis  ”  0  and  St  -  0, 

and  finally  z  A. 

The  system 

(3.33)  Su  -  0,  Sis  -  *1, 

has  all  its  solutions  linearly  dependent  on  two  functions,  since 
it  implies 

I  0  **  Sill  *  Sisi  “  *11  *  *11  *“  *!• 

Hence 

s  »  -f-  Bu. 

The  system 

(3.34)  Su  *  «’*ii,  *11  ■=  «**ii, 

has  all  its  solutions  linearly  dependent  on  three  functions,  since 
it  implies 

*’*111  “  *111  “  *111  “  *’*111  "b  ***ii- 
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Hence 

tit  —  0  and  2ii  0  as  well  s(s  Ztt  ~  0. 

Hence,  finally, 

z  ^  A  Bu  Cv. 

The  system 

(3.35)  Sii  —  0,  Sit  —  0, 

has  all  its  solutions  linearly  dependent  on  four  functions,  since 
the  solution  is  linear  in  u  and  in  v,  and  hence  must  be 

t  A  Bu  Cv  Duv. 

The  system 

(3.36)  Sii  «  0,  Sii  -  uzi, 

has  as  its  solution  an  arbitrary  function  of  t,  since  it  implies 
0  “  Ziit  “  Sill  ”  «Sii  -|-  Si  *  Si, 

and  hence 

s  *  B(v). 

For  completeness  we  recall  the  other  three  special  systems  found 
in  the  general  discussion  namely, 

(3.37)  Sii  »  0,  Sii  «■  0, 
which  has  as  its  solution  s  —  Au  +  B(v); 

(3.38)  Sii  0,  ttSii  »  Si, 

which  has  as  its  solution  z  A  -h  uB(v);  and 

(3.39)  Sii  -  0,  usii  -  Si  —  Si, 

which  has  as  its  solution  s  —  B(v)  +  uB'(v). 

We  observe  that  a  pair  of  equations  of  the  form  (3.01)  could 
be  constructed  whose  coefficients  possessed  continuous  partial 
derivatives  up  to  any  required  order  (or  even  were  infinitely  ‘ 
differentiable)  and  yet,  in  different  u,  v  regions,  reduced  to  the 

*Cf.,  e.  g.,  Acla  Mathematica,  vot.  47  (1926),  p.  371,  and  the  references 
there  gi\‘en.  While  the  discussion  there  is  for  functions  of  one  variable,  it 
may  be  applied  to  functions  of  the  form  y(v)  U(u),  and  the  coefficients  of 
the  equations  (3.31)  to  (3.39)  are  all  of  this  type. 
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coefficients  of  the  various  sets  (3.31)  to  (3.39)  in  succession. 
This  shows  the  necessity  of  only  applying  our  theorems  literally 
in  suitably  restricted  regions. 

These  examples  also  show  that  it  is  not  the  number  of  parabolic 
equations  in  the  pencil  (3.02),  but  rather  the  number  implied  by 
the  system  when  the  integrability  conditions  as  well  as  other 
possible  combinations  of  algebraic  reductions  and  differentia¬ 
tions  are  taken  into  account,  that  Axes  the  type  of  solution. 
Thus,  in  the  first  four  examples,  (3.31)  to  (3.34),  there  is  in  each 
case  only  one  parabolic  equation  in  the  pencil,  but  two  parabolic 
equations  are  implied,  Su  ~  0  and  Sti  ~  0,  and  we  have  linear 
dependence.  As  a  further  more  extreme  example  we  have  the 
system 

(3.4)  zii  -  z,,  zii  -  z,. 

Here  there  are  no  F>arabolic  equations  in  the  pencil  (3.02),  but 
the  system  implies 

Zi  -  z*; 

hence 

*11  *  *iti  *1*  “  *1*1 

so  that  the  two  parabolic  equations 

*11  *  *1  and  *j*  ** 

are  consequences  of  the  system,  and  we  must  have  linear  de¬ 
pendence.  The  solution  of  (3.4)  is  readily  found  to  be 

z  ~  A  + 

t 

Our  discussion  of  the  general  differential  equations  shows  that 
when  we  do  not  have  linear  dependence,  the  solutions  of  (3.36), 
(3.37),  (3.38)  and  (3.39)  may  be  taken  as  canonical  forms  to 
which  the  solution  of  any  system  implying  only  one  parabolic 
equation  is  reducible  by  a  multiplication  of  the  independent 
variable  by  a  fixed  function  and  a  change  of  independent  vari¬ 
able.  Furthermore,  except  for  (3.36)  where  some  modifications 
of  the  system  are  possible,  when  the  solutions  are  reduced  to  our 
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canonical  forms,  the  systems  will  also  essentially  be  so  reduced, 
as  is  seen  by  eliminating  the  arbitrary  constants  and  functions 
from  our  solutions  to  form  second  order  equations.  For  the 
systems  (3.31),  (3.32),  (3.33)  and  (3.34)  the  differential  equations 
are  not  essentially  determined  by  the  solutions,  for  (3.35)  they 
are.  The  question  naturally  arises,  however,  whether  the  solu¬ 
tions  of  these  cases  may  be  taken  as  canonical  forms  for  the 
solutions  of  systems  implying  two  parabolic  equations.  When 
the  only  solution  of  the  system  is  0,  we  have  the  solution  of 
(3.31).  In  other  cases,  on  dividing  the  independent  variable  by 
one  solution,  we  reduce  one  of  the  solutions  to  unity. 

When  this  is  the  only  independent  solution,  so  that  the  solution 
is  a  constant,  we  have  it  in  the  form  of  the  solution  of  (3.32). 
When  the  solution  is  a  linear  combination  of  /  and  some  function 
of  M  and  V,  on  taking  this  function  as  a  new  u,  we  reduce  the 
solution  to  that  given  for  (3.33). 

When  the  solution  is  a  linear  combination  of  I  and  two  inde¬ 
pendent  functions  of  u  and  v,  we  may  take  these  functions  as 
new  variables  u  and  v,  and  so  reduce  the  solution  to  that  given 
0  for  (3.34).  When,  however,  there  is  a  functional  relation  between 
the  two  functions,  after  taking  one  of  them  as  a  new  v,  the  desired 
solution  takes  the  form 

(3.41)  z  ^  A  +  Bv+  CJ{v). 

When  we  calculate  the  first  and  second  derivatives,  and  eliminate 
the  arbatrary  constants,  we  obtain  the  equations 

(3.42)  Zi  —  0,  Zis  —  0,  Zii  —  0. 

Thus  any  system  of  two  second  order  equations  satisfied  by 
(3.41)  will  either  imply  the  first  of  equations  (3.42),  and  be  a 
consequence  of  this  equation,  thus  having  the  same  solution  as 
the  system  (3.36);  or  it  will  imply  the  last  two  of  these  equations 
and  thus  essentially  reduce  to  the  system  (3.37).  In  these 
cases  the  solution  will  be  z  “  B(v)  and  z  Au  -f-  B(v)  re¬ 
spectively,  and  so  will  admit  (3.41)  as  fiart  of  the  solution,  but 


38 


FRANKLIN  AND  MOORE 


the  discussion  shows  that  (3.41)  can  not  be  the  complete  solution 
of  any  system  (3.01).  As  a  functional  relation  between  the 
other  two  of  three  functions  after  one  of  them  has  been  reduced 
to  unity  by  division  is  equivalent  to  a  functional  relation  between 
the  ratios  of  the  original  three  functions,  we  see  that  a  system  of 
the  form  (3.01)  can  have  as  its  complete  solution  a  linear  com¬ 
bination  of  three  functions  z',  ti*,  s*  if  and  only  if  the  determinant 
derived  from  the  Jacobian  of  their  ratios  does  not  vanish,  i.  e., 


(3.43) 


«* 


*1* 

*1* 

*1* 


*1* 

*1* 


0. 


If  we  attempt  to  find  a  system  whose  solution  is  a  linear  com¬ 
bination  of  1  and  three  functions,  each  pair  of  them  being  func¬ 
tionally  dependent,  after  taking  one  of  the  functions  as  a  new 
r,  the  desired  solution  takes  the  form 

(3.44)  z^A-i-Bv-h  C/(v)  +  Dg(v). 


p 

I  . 

S 


i 


When  the  first  and  second  derivatives  are  calculated,  and  the 
arbitrary  constants  eliminated,  we  again  obtain  equations 
(3.42),  and  the  argument  given  in  connection  with  them  shows 
that  (3.44)  may  be  part  of  the  solution  of  a  system  of  type 
(3.36)  or  (3.37),  but  can  not  be  the  complete  solution  of  any 
system  of  the  form  (3.01).  If  a  linear  combination  of  four 
functions  is  reducible  to  the  form  (3.44)  after  one  of  them  has 
been  reduced  to  unity  by  division,  every  pair  of  ratios  of  the 
original  functions  will  be  functionally  dependent,  and  the  deter¬ 
minant  fc^med  for  any  three  analogous  to  (3.43)  will  vanish. 
Thus  we  have  just  found  as  one  necessary  condition  for  four 
functions  to  be  the  basis  for  the  solution  of  a  system:  the  rank 
of  the  matrix 

*1*  z,* 

2,*  2,* 

Zi*  2,< 

must  be  three. 


(3.45) 
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But  there  is  a  further  restriction.  For,  when  some  of  the 
ratios  are  functionally  independent,  after  reduction  of  one  of 
the  functions  to  unity,  we  may  take  two  of  the  other  reduced 
functions  as  new  variables  u  and  r,  and  the  desired  solution  takes 
the  form 

(3.46)  *  -  i4  +  5m  -f-  Cp  -f  Df{u,  v). 

To  find  whether  a  system  is  possible,  we  differentiate,  and 
eliminate  the  arbitrary  constants  from  the  first  and  second 
derivatives  and  so  deduce  the  relations 


(3.47) 


*ii/m  ~  “  0, 

*ii/ii  “  *ij/u  “  0, 

*n/n  ~  *u/ii  *  0* 


These  are  not  independent,  and  we  take  as  our  system  some 
pair  which  implies  all  three.  If  /n./u, /u  are  all  different  from 
zero,  any  pair  may  be  used;  if  one  or  two  of  them  vanish  there  is 
one  such  pair.  All  can  not  vanish,  as  then  f(u,  v)  would  be 
linearly  dependent  on  1,  m  and  v.  On  forming  the  pencil  (3.02) 
and  its  discriminant  (3.03),  we  hnd  that  there  will  be  two  distinct 
'  values  of  the  ratio  p/P,  whenever  the  Hessian 


(3.48) 


/i« 


/« 


9^  0. 


Unless  the  characteristics  of  the  corresponding  parabolic  equa¬ 
tions  were  functionally  dependent,  we  could  transform  to  the 
form  (3.04),  and  using  the  argument  given  in  connection  with  it, 
show  that  all  the  solutions  were  linearly  dependent  on  four;  not 
fewer  since  1,  m,  p  and  f(u,  v)  satisfy  (3.47)  and  hence  the  trans¬ 
forms  satisfy  the  new  system.  We  may  avoid  the  difficulty 
about  the  characteristics  by  reasoning  directly  from  the  system, 
i.  e.,  (3.47).  For,  if  Wl,  j  be  formed  for  1,  u,  v,f{u,  v)  and  any 
fifth  solution,  we  see  from  (3.47)  that  its  rank  is  exactly  four,, 
since  three  of  its  fourth  order  determinants  are  /u,  fit  and  /n. 
But  when  (3.48)  is  satisfied,  the  equations  formed  by  differen¬ 
tiating  (3.47)  may  be  solved  for  the  third  derivatives,  and  hence 
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the  rank  of  Wl,  t  *»  the  same  as  that  of  Wl,  t  since  the  last  three 
rows  are  dependent  on  the  preceding  ones.  Thus  by  theorem  I 
the  five  solutions  are  linearly  dependent,  and  (3.46)  gives  the 
general  solution  of  the  system. 

Let  us  study  the  system  (3.47)  in  the  exceptional  case  when 
the  Hessian  (3.48)  vanishes.  If  /n  —  0,  either  /n  or  /«  must 
also  vanish  (not  both),  and  our  system  is  essentially  (3.37). 
When  fit  5^  0,  we  may  take  as  new  variables  U  ^  u,  V  —  fi. 
By  using  the  condition  that  the  Hessian  vanishes,  as  well  as  the 
relations  derived  from  this  by  differentiation,  we  find  that  the 
transformed  system  is  equivalent  to 

(3.49)  Z„  -  0,  FtZit  -  FitZt, 

where  Z  is  z  and  F  is  f  in  the  new  variables,  to  which  the  sub¬ 
scripts  now  refer.  The  first  equation  has  as  its  solution 

(3.5)  Z  •  A(V)  UB{V), 

and  the  second  equation  gives  a  linear  relation  between  A'{V) 
and  B'(V),  namely, 

(3.51)  {Ft  -  UFit)B'{V)  -  FitA\V). 

If  the  ratio  Fit! {Ft  —  UFit)  is  not  independent  of  U,  either 
A'{V)  or  B'{V)  will  have  to  vanish,  and  we  have  a  system 
equivalent  to  (3.38)  or  (3.37).  If  this  ratio  is  independent  of 
U,  Ft  will  reduce  to  a  linear  function  of  U,  with  coefficients 
functions  of  V,  and  the  equations  (3.49)  are  of  the  form  (3.19), 
with  g{v)  *  0,  and  so  may  be  transformed  to  (3.23),  i.  e.,  (3.39). 
That  all  of  these  cases  may  occur  is  easily  proved,  we  illustrate 
for  the  last  case.  Let 

(3.52)  I  -  >1  +  Bitiv)  +  »*'(»)]  +  C[*(r)  +  uH'(v)2 

+  DU(t)  +  «/'(,)], 

be  the  solution  of  a  system.  By  eliminating  the  constants,  the 
system  is  found  to  be  (3.39).  Hence  it  has  a  solution  con¬ 
taining  an  arbitrary  function.  Now,  if  we  transform  to  new 
variables 


U  -  g(r)  -L  ug\v),  V  «  h{v)  +  uh\v), 
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the  solution  (3.52)  will  become  of  the  form  (3.46),  and  as  the 
transformed  system  will  be  essentially  (3.47),  and  will  have  an 
arbitrary  function  in  the  solution,  the  Hessian  of  (3.48)  will 
vanish. 

If  we  start  with  four  functions,  «*,  «*,  s*,  *♦,  we  may  reduce  one 
to  unity  by  division,  and  form  the  Hessian  of  one  of  the  ratios 
with  respect  to  the  other  two,  unless  the  rank  of  the  matrix 
(3.45)  falls.  Except  for  a  factor,  non-vanishing  in  this  case,  the 
Hessian  is 

that  is  a  two  rowed  determinant,  each  element  of  which  is  a 
four  rowed  determinant,  of  which  we  have  written  the  tth  row. 
When  the  rank  of  (3.45)  falls,  each  of  these  four  rowed  determi¬ 
nants  are  zero,  and  hence  the  expression  (3.53)  vanishes.  Con¬ 
versely,  when  (3.53)  vanishes,  either  all  the  elements  are  zero, 
and  the  rank  of  (3.45)  falls,  or  when  the  transformation  above 
indicated  is  made,  the  Hessian  of  (3.48)  vanishes.  Thus  the 
vanishing  of  (3.53)  leads  to  one  of  the  exceptional  cases. 

We  summarize  the  results  of  the  discussion  just  given  in : 

Theorem  V.  An  arbitrary  linear  combination  of  any  one  or 
hvo  functions,  of  any  three  functions  for  which  the  expression  of 
(3.45)  does  not  vanish,  or  of  any  four  functions  for  which  the 
expression  of  (3.53)  does  not  vanish,  may  be  the  complete  solution 
of  a  system  composed  of  two  second  order  equations,  implying  two 
distinct  parabolic  equations. 

If  a  linear  combination  of  three  functions  for  which  (3.43),  or  of 
four  functions  for  which  (3.53)  vanishes  is  set  up,  and  the  constants 
eliminate,  a  system  will  be  obtained  implying  one  parabolic 
equation,  whose  solution  involves  an  arbitrary  function,  and 
includes  the  original  expression  as  a  part. 

If  a  system  of  two  second  order  equations  is  given,  we  may  set 
up  an  integrability  condition  for  them.  This  may  be  a  conse¬ 
quence  of  the  original  two  equations,  or  may  give  a  new  equation. 
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In  the  latter  case,  it  may  be  impossible  to  derive  further  equations 
by  this  process,  or  we  may  obtain  a  fourth  equation.  In  this 
case,  combination  of  the  equations  would  lead  to  a  first  order 
equation.  As  the  number  and  order  of  these  equations  will 
remain  unchanged  when  the  independent  variables  are  changed, 
or  the  dependent  variable  is  multiplied  by  a  factor,  their  char¬ 
acter  may  be  determined  from  the  canonical  forms  we  have  ob¬ 
tained.  This  proves  that  the  original  system  may  be  classified 
as  follows: 

Theorem  VI.  When  the  two  given  second  order  equations  imply 
no  essentially  new  equations,  either  there  are  two  parabolic  equations 
in  the  pencil  formed  from  them,  or  just  one.  In  the  first  case,  the 
solution  is  a  linear  combination  of  four  functions,  for  which  the 
determinant  of  (3.53)  is  not  sero,  and  the  canonical  form  is  (3.47). 
In  the  second  case,  the  solution  involves  one  arbitrary  function, 
and  one  arbitrary  constant,  the  canonical  form  being  (3.37),  (3.38), 
or  (3.39). 

When  the  equations  imply  a  new  second  order  equation,  but  no 
first  order  equation,  the  solution  is  a  linear  combination  of  three 
functions,  for  which  the  determinant  of  (3.43)  is  not  zero,  and  the 
canonical  form  is  (3.34). 

When  the  equations  imply  a  first  order  equation,  either  this  implies 
the  whole  system,  or  some  equations  not  consequences  of  it  are  present. 
In  the  first  case,  the  solution  contains  one  arbitrary  function,  and 
the  canonical  form  is  (3.36).  In  the  second  case,  the  solution  is  a 
linear  combination  of  zero,  one  or  two  functions,  according  as  the 
equations  npt  consequences  of  the  first  order  equation  imply  an 
equation  of  the  zeroth,  first,  or  second  order.  The  canonical  forms 
are  respectively  (3.31),  (3.32)  and  (3.33). 

This  goes  somewhat  further  than  Theorems  III  and  IV  in 
enabling  us  to  distinguish  the  dimensionality  of  the  solution  by 
an  examination  of  the  system;  separating  the  case  where  the 
solution  is  a  curve  from  that  where  it  is  a  developable  surface, 
as  well  as  the  different  possible  dimensionalities  of  linear  spaces. 

As  an  application  of  theorem  VI,  we  note  that  several  theorems 
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8;iven  by  Appell  *  for  a  system  of  two  equations  of  special  type 
follow  from  this  theorem.  The  equations  considered  by  Appell 
have  analytic  coefficients,  and  his  proofs  are  based  on  the  known 
existence  theorems  for  such  systems. 

4.  Second  order  equations  with  k  independent  variables.  Let 
us  now  consider  a  linear  i>artial  differential  equation  of  the 
second  order  with  k  independent  variables.  That  is,  an  equation 
of  the  form 

(4,01)  0*%/  +  51  +  cs  -  0,  (o*^  -  o»‘)- 

c  /  * 

The  coefficients  a**,  6*,  c  are  functions  of  the  k  independent 
variables  Ut,  Ut,  Uu  and  the  subscripts  on  s  denote  differen¬ 
tiation  with  respect  to  these  variables,  so  that  the  summations 
for  i  and  j  run  from  1  to  k.  If  it  is  possible  to  transform  this 
equation  into  one  of  the  form 

(4.02)  s„  -  L  -I-  Ct, 

t 

by  a  change  of  independent  variables,  we  shall  say  it  is  parabolic. 
*  Evidently  any  further  change  of  independent  variables  not 
affecting  U\  will  leave  the  form  of  (4.02)  unchanged.  We  shall 
refer  to  the  function  taken  for  ui  to  effect  the  reduction  as  the 
characteristic  of  the  original  equation.  As  the  ordinary  differ¬ 
ential  equation ; 

(4.03)  L  A*>du4u,  -  0, 

whose  matrix  is  the  reciprocal  of  i.  e. 

(4.04) 

is  invariably  connected  with  (4.01)  in  the  sense  that  when  the 
independent  variables  are  transformed,  the  matrices  are  again 
reciprocal,  we  see  that  an  equation  will  be  parabolic  if  the  form 
(4.03)  is,  except  for  a  factor,  the  square  of  an  exact  differential. 

*  P.  Appell,  Sur  les  Fonctions  hypergfometriquea  de  plutieura  variables, 
.Memotial  det  Sdenocs  Mathematiques,  III,  p.  17,  21. 
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It  takes  k{k  —  l)/2  algebraic  conditions  to  make  it  a  square, 
and  (k  —  l)ik  —  2)/2  integrability  conditions  to  make  the 
differential  exact,  giving  {k  —  1)*  as  the  total  number  of  con¬ 
ditions. 

If  a  system  of  equations  of  the  form  (4.01)  is  given,  and  it 
implies  k  parabolic  equations,  with  functionally  independent 
characteristics,  we  may  take  these  as  new  variables,  and  obtain 
as  consequences  of  the  system  k  equations  of  the  form  (4.02), 
each  solved  for  a  different  ta  in  terms  of  the  function  and  its 
first  order  derivatives.  If  these  equations  be  differentiated 
successively,  we  shall  be  able  to  express  all  the  (k  -|-  l)st  deriva¬ 
tives  in  terms  of  those  of  lower  orders.  Thus,  for  any  s  solutions, 
the  ranks  of  *.,.1  and  Wt,  »  will  be  the  same,  and,  in  a  suit¬ 
ably  restricted  region,  we  must  have  a  linear  relation.  In  view 
of  the  relations  we  are  assuming,  and  those  derived  by  differen¬ 
tiation,  only  those  rows  can  be  independent  which  correspond 
to  partial  derivatives  not  with  respect  to  any  one  variable 
twice,  so  that  there  are  ‘C,,  of  the  mth  order,  or  2*  in  all.  This 
establishes : 

Theorem  VII.  If  a  system  of  second  order  equations  with  k 
independent  variables  implies  k  distinct  parabolic  equations, 
{either  as  algebraic  consequences  or  through  the  integrability  con¬ 
ditions)  the  solutions  are  all  linearly  dependent  on  2*  or  fewer 
functions,  so  that  the  general  solution  contains  at  most  2*  arbitrary 
constants. 

Corollary.  When  the  system  contains  more  than  (A  —  1)* 
equations,  (here  will,  in  general,  be  linear  dependence. 

For,  we  may  form  from  them  a  piencil  with  {k  —  1)*  unde¬ 
termined  ratios,  which  may  usually  be  determined  so  that  the 
(k  —  1)*  conditions  for  a  parabolic  equation  are  fulfilled,  and  as 
the  degree  of  the  algebraic  relation  is  greater  than  k,  in  the  non- 
specialized  case  there  will  be  k  distinct  parabolic  equations. 

When  k  2,  we  have  the  case  treated  in  section  3;  when 
k  ^  3,  we  have  that  treated  by  Sisam.  Here,  a  system  implying 
three  ptarabolic  equations  and  nothing  further  would  have 
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solutions  linearly  dependent  on  8  functions;  one  additional 
equation  (which  could  be  differentiated  once)  would  reduce  the 
number  to  6,  while  two  or  three  additional  equations  would 
reduce  the  number  to  5  and  4  respectively,  since  here  no  new 
relations  are  obtained  by  differentiation,  except  for  the  first 
equation  added.  Thus,  when  there  is  linear  dependence,  a 
system  of  4,  5,  or  6  equations  has  its  solutions  dependent  on  6,  5, 
or  4  functions  respectively.  This  corresponds,  in  the  geometric 
interpretation,  to  linear  loci  of  5,  4,  or  3  dimensions,  as  stated 
by  Sisam.  For  6  equations,  there  always  is  linear  dependence 
if  no  first  order  differential  equation  is  implied,  since  the  equations 
may  be  solved  for  the  second  derivatives,  and  so  give  the  para¬ 
bolic  equations  directly. 

5.  Variations  of  the  nth  order  with  k  independent  variables. 
A  linear  differential  equation  of  the  nth  order  in  k  independent 
variables  will  be  parabolic  if  there  exists  a  transformation  of  the 
independent  variables  which  reduces  the  terms  of  highest  order 
to  a  single  one,  Sn ...  i.  Here,  again,  we  shall  speak  of  the  new 
W|  as  the  characteristic,  and  the  new  form  will  not  be  essentially 
changed  if  the  remaining  variables  are  transformed.  There 
will  be  a  certain  number  of  algebraic  conditions,  as  well  as 
(*  —  l)(ik  —  2)12  integrability  conditions.  Let  the  total  number 
of  conditions  be  P(n,  k). 

If  a  system  of  equations  of  the  nth  order  implies  k  F>arabolic 
equations,  with  functionally  independent  characteristics,  we 
may  take  these  as  new  variables,  and  obtain  k  equations,  each 
solved  for  a  different  s« ...  <,  in  terms  of  the  derivatives  of  lower 
order.  If  these  equations  be  differentiated  successively,  we 
shall  be  able  to  express  all  the  derivatives  of  the  (kn  —  k  l)8t 
order  in  terms  of  those  of  lower  order.  Thus,  for  any  s  solu¬ 
tions,  the  ranks  of  kn-k+i  and  will  be  the  same,  and, 

in  a  suitably  restricted  region,  we  must  have  a  linear  relation. 
As  the  number  of  independent  rows  is  equal  to  the  number  of 
derivatives  obtained  by  using  each  variable  0,  1,  ...  or  (n  —  1) 
times,  but  no  more,  the  total  number  is  n*.  This  establishes: 
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Theorem  VIII.  If  a  system  of  nth  order  equations  with  k  inde¬ 
pendent  variables  implies  k  distinct  parabolic  equations,  {either  as 
algebraic  consequences  or  through  the  integrability  conditions)  the 
solutions  are  all  linearly  dependent  on  n*  or  fewer  functions,  so 
that  the  general  solution  contains  at  most  n*  arbitrary  constants. 

Corollary.  When  the  system  contains  more  than  P{n,  k)  equa¬ 
tions,  there  will,  in  general,  be  linear  dependence. 
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This  pap>er  gives  a  brief  account  of  some  of  the  elementary 
properties  of  those  functions  of  matrices  of  symbols  with  multiple 
suffixes,  which  correspond  to,  and  include  as  sF>ecial  cases,  the 
determinant  and  permanent  of  an  ordinary  matrix. 

These  higher  or  p-way  determinants  and  ptermanents  are  sums 
of  ordinary  or  2-way  determinants  or  permanents.  Their 
products  are  similarly  formed.  Thfy  have  a  Laplace  develop¬ 
ment,  an  Albeggiani  development,  and  a  Binet-Cauchy  relation. 
Their  comp>ounds  exhibit  familiar  properties.  For  some  im¬ 
portant  tyF>es  there  is  a  Law  of  Complementaries  and  a  l^w  of 
h)xtensible  Minors. 

The  reader  will  find  the  terminology  of  ordinary  determinants 
largely  retained.  An  effort  has  been  made  to  keep  the  notation 
simple.  It  is  hoped  to  make  the  text  interesting  to  many  who 
*  may  not  have  present  need  of  the  results. 

At  the  end  of  the  paper  will  be  found  references  to  the  literature 
and  a  few  comments,  together  with  an  alphabetical  index. 
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1.  The  Matrix  and  Its  Determinants 
Any  n*  quantities  or  elements 

(«<  “  1.  2,  •  •  •,  n;  »  «  1,  2,  •  •  •,  p), 
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taken  as  a  whole,  constitute  a  matrix  of  class  p  and  order  n: 


(1.1) 


II.  (1.2) 


A  -  |M^..-,I|. 

This  p-way  matrix  consists  of  n  layers  of  aspect  ai, 

IM„^..,j|,  |Ma,,..^,||.  IM. 

which  are  {p  —  l)-way  matrices  of  order  n.  Also  A  consists  of 
n  layers  of  aspect  ai,  and  so  on  up  to  a,.  Thus  in  particular 
the  rows  and  columns  of  a  2-way  or  ordinary  matrix  are  its 
layers. 

A  transversal  of  A  is  the  product  of  n  elements  no  two  of  which 
lie  in  the  same  layer  of  any  aspect.  Thus  the  2-way  matrix 
has  n!  transversals  and  the  p-way  matrix  has  (n!)'~'  transversals. 

When  the  elements  of  a  transversal  stand  in  any  sequence, 
the  n  values 

•  •  •  o<"  (1.3) 

of  each  of  the  indices  ai,  at,  •  •  • ,  a,  form  a  range — an  even 
{positive)  or  odd  (negative)  permutation  of  1 2  *  •  •  n ;  and  the 
sign  of  the  range  is  plus  or  minus  in  accordance. 

Upon  any  rearrangement  of  the  elements  of  a  transversal, 
the  signs  of  the  ranges  either  all  change  or  all  remain  unchanged ; 
hence 

The  product  of  the  signs  of  any  even  number  of  ranges  in  a  trans¬ 
versal  is  a  fixed  sign.  (1.4) 

Determinant. — In  A  let  an  even  number  of  indices  be  selected 
and  called  signant,  the  rest  being  called  nonsignant.  To  each 
transversal  let  a  sign  be  prefixed,  viz.,  the  product  of  the  signs 
of  the  signant  ranges  in  that  transversal,  thus  making  a  term. 
The  sum  of  these  terms  is  a  determinant  of  A. 

Each  possible  selection  of  an  even  number  of  indices  hxes  a 
signancy  and  a  corresponding  determinant.  A  full-sign  deter¬ 
minant  has  as  many  indices  signant  as  the  class  will  allow,  hence 
there  is  one  full-sign  determinant  of  a  matrix  of  even  class  while 
there  are  p  full-sign  determinants  of  a  p-way  matrix  of  odd  class. 
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Permanent. — The  permanent  of  A  is  the  sum  of  the  transversals 
each  with  a  positive  sign,  i.  e.,  all  the  indices  are  nonsignant. 

We  give  a  few  examples,  using  determinants  and  permanents 
of  order  2,  marking  the  signant  and  nonsignant  indices  with 
the  symbols  ±  and  +  respectively.  First,  the  2-way  or  ordinary 
determinant  and  permanent, 

“  <^ndn  ~  diidji,  ”  dudjj  +  dudji.  (1-5) 

Next,  the  three  3-way  (“  cubic  ”)  determinants  and  the  3-way 
permanent, 

“  D\i\Dni  ~  Di\tDn\  —  ZJifjDm -f  D\nD\iu  (1.6) 


Di\iDn\  —  Di\\Dn\  —  DmDtw,  (1.7) 

D\\\Dtn  "F  D\\tDn\  —  —  DmDtn,  (1.8) 

D\\\Ditt  -f-  DwtDni  +  *F  D\nDt\\.  (1.9) 


Lastly,  two  4-way  determinants.  Writing  etc.,  for  the 
transversals,  we  have  for  the  full-sign  and  one  of  the  six  2-sign 
determinants, 

I  I  _  >>>>  >>»  1121  I  im  1211  1  1212  I  1221  1222  /*  | 

*  I  ^  y  I  I  2222  ~  2221  “2212^2211  “2122  ■r2121  r  2112  “2111. 

I  n  +  ±  +  A  I  JLliai«122_1211  I  1212  122111222  t*  ii\ 

I  LJ  ^  f  7  *  1  *  2222  2221  T  2212  2211  2122  r  2121  “2112  r  2111.  t*.*  U 

When  only  one  determinant  of  a  matrix  is  considered,  the 
indices  may  usually  be  written  in  any  convenient  order.  We 
shall  without  remark  thus  arrange  and  rearrange  indices  in  the 
course  of  discussion. 

2.  Decomposition  into  Determinants  or  Permanents  of 
Lower  Class 

Two  layers  of  A  of  different  aspects  have  in  common  the 
elements  of  a  (p  —  2)-way  matrix  of  order  n.  E.  g.,  a  layer  of 
aspect  ai  and  a  layer  of  aspect  at, 

(2-» 

have  in  common  or  intersect  in  the  (p  —  2)-way  couche  of  {bi¬ 
partite)  aspect  aiai 
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and  in  general  k  layers  of  different  aspects  0,^,  •  *  a,^  intersect 

in  a  (^  —  k)~way  couche  of  {k-partite)  aspect  •  •  •  o,^.  A  1-way 
couche  consisting  of  the  n  elements  common  to  ^  —  1  layers  of 
different  aspects  a,,,  •  •  •,  is  called  a  file  of  aspect  a.-j  •  •  •  a,^  ^ 
and  direction  Oi^.  In  a  2-way  matrix,  rows  and  columns  are  both 
layers  and  hies,  and  the  2-way  determinant  has  unique  properties 
in  consequence. 

For  illustration  the  4-way  matrix  of  the  determinants  (1.10) 
and  (1.11)  is  here  so  written  as  to  exhibit  the  four  2-way  couches 
of  aspect  Old : 


Dim 

Dint 

Ditii 

Ditit 

Diiti 

Diitt 

Ditti 

Dittt 

Dsiu 

Dtut 

Dttii 

Dnit 

Dtisi 

Dtitt 

Dttti 

Dttn 

If  of  n  couches  of  a  given  aspect  no  two  lie  in  the  same  layer 
of  any  aspect,  the  couches  are  perjunctive.  There  are  (n!)*“' 
sets  of  perjunctive  couches  of  any  ib-partite  aspect. 

Such  a  set  may  be  taken  as  the  layers  of  a.  {p  —  k  l)-way 
matrix  of  order  n. 


The  (n!)'~*  transversals  of  such  a  matrix  are  transversals  of  A, 
and  the  transversals  of  the  (n!)*~^  such  matrices  are  together  all  the 
transversals  of  A.  (2.4) 

For  example,  perjunctive  couches  of  asfiect  afi  from  the  matrix 
(2.3)  will  form  the  two  3-way  matrices 


nil 

lilt 

nil 

ms 

am 

ana 

lan 

isia 

llSl 

iin 

mi 

am  ' 

siai 

am 

ini 

im 

and  each  has  four  of  the  eight  transversals  of  (2.3). 

We  shall  now  show  hrst  that  any  determinant  of  A  can  be 
decomposed  into  an  algebraic  sum  of  determinants  or  permanents 
(as  the  case  may  be)  of  these  fp  —  k  l)-way  matrices,  and 
then  that  by  repeated  decomposition  a  more  general  formula  is 
obtained. 

Denote  the  nonsignant  and  signant  indices  in  the  given  aspect 
by  as  and  /3’s  respectively,  and  the  remaining  nonsignant  and 
signant  indices  by  y’s  and  6's  respectively,  and  write  the  p-way 
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matrix. 

r  + 

II  11*  [ j 

(2.6) 

and  the  determinant 

(2.7) 

Denote  by 

(2.8) 

any  one  of  the  iP  —  k  l)-way  matrices,  ai  •  •  •  a,/3i  •  •  • 
being  a  k-partite  index  that  takes  n  perjunctive  values. 

(i)  If  t  is  odd,  make  the  7’s  in  (2.8)  nonsignant,  the  i’s  signant, 
and  the  ifc-partite  index  signant  on  fit,  that  is,  give  the  /^-partite 
range  the  sign  of  the  Arrange;  pirefix  to  each  of  the  («!)*“* 
determinants  thus  obtained  the  product  of  the  signs  of  the 
remaining  |9-ranges  (if  any)  in  the  transversals  of  that  determi* 
nant;  and  take  the  sum  of  these  components: 

Ml  -  ••• 


•ftl-  (2«) 


'  The  individual  symbols  •  ■  * ,  may  be  interf>reted  as  the 
'signs  of  the  corresponding  ranges  in  all  the  transversals  of  a 
component  when  the  elements  of  each  transversal  are  ordered  on 
0t,  i.  e.,  so  ordered  that  the  /9rrange  reads  12  •••  n.  But  the 
prefixed  sign  •••  is,  by  (1.4),  independent  of  any  special 
ordering. 

(ii)  If  t  is  even  (0,  2,  •  •  •),  make  the  7’s  nonsignant,  the  i’a 
signant,  and  the  ib-partite  index  nonsignant;  prefix  to  each 
determinant  (or  permanent  if  there  are  no  6'a)  the  product  of 
the  s^ns  of  the  /3-ranges  (if  any)  in  its  transversals;  and  take  the 
sum  of  these  components: 


1-4 


^•0%  Vi—*. 


(2.10) 


In  both  cases  every  transversal  thus  finally  receives  the  same 
sign  that  it  has  in  |i4  |. 

In  case  (ii),  if  there  are  no  /S’s  and  no  5’s,  we  have  the  decom¬ 
position  of  a  permanent. 


The  two  cases  are  respectively  illustrated  by  (*)  the  decom¬ 
position  of  (1.11)  into  a  sum  of  determinants  whose  matrices 
are  (2.5),  and  (ti)  the  decomposition  of  (1.10)  into  an  algebraic 
sum  of  such  determinants: 


/till  1112  I  1121  1122 

12222  ~  2221  T  2212  ~  2211 


/llll  1112  1121  1  1122\ 

1.2222  ~  2221  “  2212  “T  221U 
/2111 


121  1122\ 

>12  ~  221W 

I  /2111  2112  I  2121  2122\ 

“T  V1222  “  1221  *r  1212  ~  1211/. 


/2111  2112  2121  I 

“  11222  “  1221  “  1212  "T 


The  more  general  formula  mentioned  above  will  now  be 
obtained  by  applying  (2.9)  and  (2.10)  to  themselves,  and  again 
to  the  new  results,  and  so  on.  That  is,  we  take  some  of  the  y's 
and  S's  in  the  components  as  a  second  multipartite  index,  ob¬ 
taining  components  of  the  components,  and  again  in  these  we 
take  some  of  the  remaining  y’s  and  3’s  as  a  third  multipartite 
index,  and  so  on  until  the  p  original  single  indices  have  been 
reduced  to  q  indices,  all  multipartite  or  some  multipartite  and 
some  unipartite,  according  as  all  or  less  than  all  are  formed  into 
groups.  In  the  following  notation  all  are  represented  as  possibly 
multipartite,  but  the  notation  permits  any  to  be  unipartite. 
We  shall  only  set  down  the  final  formula,  since  it  can  be  im¬ 
mediately  verified  and  it  includes  all  the  rest. 

Assume  that  each  of  the  first  g  of  the  q  indices  contains  an 
odd  numt^r  of  originally  signant  indices  and  each  of  the  remain¬ 
ing  g  —  g  an  even  number.  Denote  the  jth  of  the  q  indices  by 

‘  or  by  {aj  {/3)  $  or  (a}  {/3}.  (2.13) 

it  it  Hf  it  it 
if,  if,  if,  it. 

Let  A  »  g  -|-  1 ,  then  the  determinant  may  be  written 

Ml  "Mm  (ti  («|  W...M  itjl»  (2.14) 

11  11  fl  «1  *1  *1  «1  •! 
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and  the  general  formula  of  decomposition  into  q-way  components  is 


A 1  *  |>i 

± 

(«l  Itfl  e' 

•  •• 

■(<•1  itfi  e 

H 

■(-I  (*» 

■ 

+ 

l-l  (S| 

11  11  u, 

0i  fi 

*1  *1 

«i  «1 

Ir,  U, 

klf, 

(2.15) 


where  indicates  that  each  possible  set  of  values  of  the  first 
multiptartite  index  is  to  be  taken  with  each  possible  set  of  values 
of  the  second,  and  so  on,  giving 

(»!)^+‘i-‘  •••  (n!)%+‘.-»  - 

components  each  having  (n!)«~‘  of  the  transversals  of  |yl|,  or 
together  all  the  (n!)^‘  transversals  of  \  A  | ;  and  11(^1  indicates 
that  the  sign  of  each  component  is  the  product  of  the  signs  of 
those  ^t  —  g  d-ranges  belonging  to  the  /3’s  in  braces. 

The  theorem  may  be  expressed  as  follows: 

If  the  indices  of  a  p-way  determinant  of  any  signancy  be  separated 
into  q  indices,  some  or  all  multipartite,  in  any  manner; 

and  each  of  these  q  indices  be  made  nonsignant,  or  else  signant  on 
an  arbitrarily  chosen  originally  signant  index,  according  as  it 
p  contains  an  even  or  an  odd  number  of  originally  signant  indices; 

^  and  any  selection  of  perjunctive  values  of  each  of  the  q  indices  be 
made  and  a  q-way  determinant  {or  permanent,  according  to  the 
assigned  signancy)  of  the  elements  given  by  these  values  be  formed ; 

and  a  sign  be  prefixed  to  such  determinant  (or  permanent)  which 
is  the  product  of  the  signs  of  the  ranges  of  values  of  all  the  originally 
signant  indices  except  those  chosen  as  above; 

then  the  p-way  determinant  will  equal  the  sum  of  all  the  signed 
q-way  determinants  {or  permanents)  which  can  be  formed  by  varying 
the  selection  mentioned. 

And  if  the  indices  of  a  p-way  permanent  be  thus  separated  into  q 
indices,  and  any  selection  of  perjunctive  values  of  each  of  these  be 
made  and  a  q-way  permanent  of  the  elements  given  by  these  values  be 
formed,  then  the  p-way  permanent  will  equal  the  sum  of  all  the  q-way 
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permanents  which  can  be  made  by  varying  the  selection  men¬ 
tioned.  (2<16) 

It  is  immediately  seen  that  any  transversal  of  |i4  |  appears  in 
one  and  only  one  component  and  there  has  the  sign  that  it  has 
in  \A\. 

Thus,  and  usually  in  numerous  ways,  any  p-vray  determinant 
may  be  decomposed  into  2-way  determinants  or  permanents. 

The  decompositions  from  class  3  to  class  2  are: 


^tt1\ 

or 

[+±]±. 

(2.17) 

or 

•  4 

+  + 

c±±]+. 

(2.18) 

or 

+  + 

[++]+. 

(2.19) 

That  is,  a  3-way  determinant  may  be  decomposed  by  signant 
hies  into  a  sum  of  2-way  determinants,  or  by  nonsignant  hies 
into  an  algebraic  sum  of  2-way  permanents. 

Continuing  in  the  abridged  notation  used  above,  in  which  the 
original  signant  and  nonsignant  indices  are  represented  by  large 
signs,  and  the  signant  and  nonsignant  indices  of  the  components 
by  small  signs,  in  which  the  original  indices  whose  ranges  deter¬ 
mine  the  prehxed  signs  are  marked  by  superposed  c’s,  and  in 
which  the  summation  signs  are  suppressed,  we  list  the  hve 
decompositions  from  class  4  to  class  3,  and  the  eight  decom¬ 
positions  from  class  4  to  class  2: 


«  • 

[=fc±]±db 


•  • 

±  ± 

Cd=±=b]± 


++  + 

[db=fc]++ 

i  • 

+  + 


[++j±± 
[++]++  (2.20) 

[+++]+  (2.21) 


[dbdz  J=kd:]  [±±X++]  C+i]C+i]  C++ J++]  (2.22) 
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3.  The  Cayley  Product  (File  Product)  of  Two  Deter¬ 
minants 

This  is  based  on  the  ordinaiy  product  of  two  2-way  deter¬ 
minants 

(3-') 

The  locant  of  an  element  of  a  matrix  is  the  set  of  index-values 
giving  the  position  of  the  element  in  the  matrix.  Similarly  there 
is  a  locant  of  a  hie,  of  a  couche,  of  a  transversal,  etc. 

If  the  files  of  a  chosen  signant  direction  of  a  p-way  deter’ 
minant  of  order  n  be  multiplied  into  the  n^-^  files  of  a  chosen  signant 
direction  of  a  q-way  determinant  of  order  n,  and  the  n***~*  products 
be  taken  as  the  elements  o/  o  +  9  —  2)-way  matrix  of  order  n 
{the  locant  of  each  element  being  formed  of  the  combined  locants  of 
the  files  whose  product  it  is),  and  if  the  signancy  of  the  indices  in 
these  locants  be  continued,  then  the  resulting  determinant  is  the 
product  of  the  given  determinants: 


(3,2) 


The  symbol  (d:)«  means  that  the  indices  to  which  it  applies 
are  of  any  assigned  signancy;  it  is  read,  “  of  signancy  5.” 

In  order  to  prove  the  theorem,  it  is  convenient  to  represent 
the  indices  of  |i4  |  by  {a}  {a']a"a'",  where  a'"  is  op,  a"  is  another 
signant  index,  {a'}  is  the  remaining  group  of  signant  indices 
(in  number  even,  0,  2,  •  •  Ot  and  {a)  is  the  group  of  nonsignant 
indices  (if  any) ;  and  similarly  for  {/9| .  Now  completely 

decompose  |i4|  and  |,0|,  in  |i4|  taking  all  the  indices  but  a'" 
as  a  (^  —  l)-partite  index  signant  on  and  dealing  similarly 
with  |,8| : 

l-d]  ,  |5|  *£(n<^)|,8^»^/|^ll^ll|.  (3.3) 


Then,  by  (3.1), 
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and  this  is  a  complete  decomposition  of 

I  I  itfi  I 

which  is  the  right  member  of  (3.2). 


(3.5) 


4.  The  Laplace  Development  of  a  Determinant  or 
Permanent 

In  the  matrix  of  order  n,  the  elements  lying  at 

the  intersection  of  k  layers  of  each  of  the  p  aspects  constitute  a 
minor  matrix  of  order  k.  A  single  element  is  a  minor  matrix  of 
order  1. 

The  complement  of  a  minor  matrix  of  order  k  is  the  minor 
matrix  of  order  n  —  k  lying  at  the  intersection  of  the  remaining 
n  —  k  layers  of  each  aspect. 

More  generally,  any  number  /  of  minor  matrices  of  orders  k\, 

•  •  •,  kf  are  perjunctive  if  *  n  and  if  no  two  of  them  contain 
elements  of  the  same  layer  of  A  of  any  aspect. 

If  from  each  minor  matrix  of  a  perjunctive  set  a  transversal  be 
taken,  the  product  of  these  transversals  is  a  transversal  of  A.  (4.1)  / 

Hence, 

The  product  of  the  permanents  of  a  perjunctive  set  of  minor  ma¬ 
trices  of  A  is  equal  to  a  sum  of  terms  of  the  permanent  of  A.  (4.2) 

Now  let  the  n  layers  of  A  of  any  aspect  be  assigned  to /  groups 
containing  respectively  ku  •  ••,  k/  layers.  Consider  any  trans¬ 
versal  of  A :  its  ki  elements  in  the  tth  group  of  layers  are  the 
elements' of  a  transversal  of  one  and  only  one  minor  matrix  of 
order  k,  lying  in  that  group  of  layers,  and  the  /  minor  matrices 
thus  determined  are  perjunctive.  Hence, 

The  sum  of  the  products  of  the  permanents  of  all  perjunctive  sets 
of  f  minor  matrices  of  orders  ki,  •  k/  lying  in  f  fixed  groups  oj 
ki,  kf  layers  of  any  aspect  of  A,  is  equal  to  the  permanent  of  A. 

(4.3) 

For  determinants,  the  only  new  matter  is  that  of  signs.  The 
following  properties  of  a  determinant  will  first  be  established. 
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If  two  layers  of  the  same  aspect  in  the  matrix  of  a  determinant  be 
transposed,  the  determinant  is  unchanged  if  the  aspect  is  nonsignant 
while  its  sign  is  changed  if  the  asp^t  is  signant.  (4.4) 

For,  the  transversals  of  the  second  matrix  are  the  transversals 
of  the  first,  and  the  transversal  which  was 


becomes,  by  the  transposition  (for  example)  of  the  two  layers 
whose  locants  are  at*  and  ai^ 


and  bears  the  same  sign  if  at  is  nonsignant  but  the  opposite 
sign  if  at  is  signant. 

The  main  diagonal  of  a  matrix  consists  of  the  elements  of  that 
transversal  whose  ranges  are  simultaneously  in  the  natural  order. 

If  the  layers  of  a  determinant  be  so  rearranged  by  successive 
transpositions  that  the  elements  of  a  given  term  are  brought  into  the 
main  diagonal,  the  number  of  signant  transpositions  is  even  or  odd 
according  as  the  term  is  positive  or  negative.  (4.5) 

For,  the  main  diagonal  term  is  a  ix>sitive  term. 

A  minor  of  a  determinant  is  the  cosignant  determinant  (co- 
signant,  of  the  same  signancy)  of  a  minor  matrix  of  the  matrix 
of  the  determinant.  An  element  is  a  minor  of  order  1.  A 
perjunct  is  the  product  of  a  perjunctive  set  of  minors.  A  perjunct 
is  signed  when  there  is  prefixed  to  it  the  sign  of  that  term  of  the 
determinant  whose  elements  are  the  elements  of  the  main 
diagonals  of  the  minors  in  the  perjunct. 

A  signed  perjunct  is  equal  to  a  certain  number  of  terms  of  the 
determinant.  (4.6) 

For,  take  any  term  whose  elements  lie  in  the  perjunct,  and 
bring  it  into  the  main  diagonal  in  the  following  manner.  First 
bring  the  part  of  it  that  lies  in  each  minor  of  the  perjunct  into 
the  main  diagonal  of  that  minor:  this  will  require  an  even  or  an 
odd  number  of  signant  transpositions  according  as  the  product 


E 


of  the  signs  of  the  parts  as  terms  of  the  minors  is  a  positive  or  a 
negative  sign.  Then  bring  the  parts  into  the  main  diagonal  of 
the  determinant:  this  will  require  an  even  or  an  odd  number  of 
signant  tran^x>8itions  according  as  the  sign  of  the  perjunct  is 
positive  or  n^ative.  Thus  the  sign  of  the  term  in  the  signed 
perjunct  agrees  with  its  sign  in  the  determinant. 

A  minor  lies  on  a  group  of  layers  if  it  lies  in  the  layers  and  is 
of  order  the  same  as  the  number  of  layers  in  the  group. 

From  the  above  theorems, 

The  sum  of  all  those  signed  perjuncts  of  a  determinant  that  lie  on 
a  complete  set  of  groups  of  layers  of  any  given  aspect,  is  equal  to  the 
determinant.  (4.7) 

This  sum  is  a  Laplace  development  of  the  determinant. 

If  the  p>erjuncts  each  consist  of  an  element  and  its  comple¬ 
mentary  minor,  we  may  attach  the  signs  to  the  minors  and  shall 
have  a  development  in  the  elements  of  a  layer  and  their  cofactors. 
If  the  perjuncts  each  consist  of  two  complementary  minors,  we 
may  attach  the  signs  to  the  second  minors  and  shall  have  a 
development  in  the  minors  lying  on  a  group  of  layers  and  their 
algebraic  complements. 


5.  The  Albeggiani  Development 


The  sum  of  h  matrices 


of  order  n,  is  the  matrix 


(5.2) 


each  element  being  the  sum  of  the  corresponding  elements  of  the 
matrices  added. 

Let  |A  I  be  any  determinant  of  (5.2),  and  let  |v4‘|,  •  •  *,  |j4*| 
be  the  cosignant  determinants  of  the  matrices  (5.1). 

It  is  possible  to  develop  |i4  |  as  an  algebraic  sum  of  products 
of  minors  of  1^4^ |,  •**,  | A *|,  following  Albeggiani's  development 
of  a  2-way  determinant  having  polynomial  elements. 
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Take  any  minor  of  any  i4  ^-determinant,  and  with  it  take  from 
any  other  ^4 '-determinant  any  minor  lying  on  layers,  of  each 
aspect,  all  different  in  position  from  the  layers  of  the  same  aspect 
on  which  lies  the  first  minor.  Continue  to  take  conjunctive 
minors  from  different  i4 '-determinants  until  the  sum  of  their 
orders  is  n.  Their  product  is  called  a  mixed  perjunct  of  the 

'-determinants.  Their  elements  in  |i4|  determine  a  perjunct 
of  |i4|,  whose  sign  prefixed  to  the  mixed  perjunct  makes  the 
latter  a  signed  mixed  perjunct.  We  include  also  as  a  signed  mixed 
perjunct  .an  entire  ^4 '-determinant  with  a  positive  sign. 

The  sum  of  the  signed  mixed  perjuncts  of  a  set  of  cosignant 
determinants  if  equal  to  the  cosignant  determinant  whose  matrix 
is  the  sum  of  their  matrices.  (5.3) 

Proof.  Any  term  of  |.<4  |  is  the  sum  of  h*  monomials  with 
the  same  sign.  Consider  any  such  signed  monomial:  those  of 
its  elements  which  are  elements  of  the  same  >1 '-determinant  are 
all  found  in  one  and  only  one  minor  of  that  determinant,  and  the 
minors  thus  involved  are  perjunctive;  hence  the  signed  monomial 
is  a  term  of  one  and  only  one  signed  mixed  perjunct.  Moreover, 

'  each  signed  mixed  perjunct  consists  wholly  of  signed  monomials 
of  1^4  I .  This  completes  the  proof. 

Various  results  may  be  obtained  from  (5.3)  by  expressing  the 
elements  of  any  determinant  |.^  |  as  k-nomials  by  adding  A  —  1 
zeros  to  each  element,  and  then  taking  the  partial  elements  in 
any  way  as  the  elements  of  h  matrices  whose  sum  is  the  matrix  « 
of  1^1. 

If  in  taking  the  partial  elements  the  original  elements  of  |i4| 
be  so  distributed  that  each  of  the  h  matrices  consists  of  a  minor 
matrix  of  |i4  |  and  zeros,  then  any  mixed  perjunct  vanishes  unless 
its  minors  lie  in  such  minor  matrices,  since  otherwise  some  one  of 
its  minors  has  a  layer  of  zeros.  Hence, 

If  the  matrix  of  a  determinant  be  partitioned  into  minor  matrices 
in  any  manner,  the  determinant  is  equal  to  the  sum  of  those  signed 
perjuncts  whose  minors  He  in  different  minor  matrices.  (5.4) 
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The  Laplace  development  appears  as  a  special  case. 

Theorems  for  permanents  are  got  by  slight  changes  in  the 
wording  of  (5.3)  and  (5.4). 

6.  The  Binet-Cauchy  Relation 

A  matrix  may  be  of  different  orders  in  different  directions. 
It  is  elongated  if  the  orders  are  all  the  same  except  one  which 
is  greater. 

Take  a  matrix  A  elongated  in  the  last  direction  and  a  matrix 
B  elongated  in  the  first  direction : 

(ai,  »  1,  •••,»«;  o,-  1,  •••,n>m),  (6.1) 

||5<,,...,J|(/3i  -  1,  -  1,  ••.,m),  (6.2) 

and  multiply  the  files  of  the  last  direction  of  A  into  the  files  of 
the  first  direction  of  B  to  form  the  product  matrix  C  of  class 
P  q  —  2  and  order  m : 

(6.3) 

Let  an  even  number  of  a's  including  a,  be  signant  in  (6.1), 
and  an  even  number  of  P's  including  Pi  be  signant  in  (6.2);  and 
give  the  same  signancy  to  the  a’s  and  P’s  in  (6.3). 

Any  m  layers  of  aspect  a,  of  A  and  the  same  m  layers  of  aspect 
Pi  of  B  form  the  matrices  of  corresponding  determinants  l>lr| 
and  |Br| ,  of  the  assigned  signancy  and  of  order  n,  where  F  may 
have  any  one  of  (i)  values. 

The  determinant  of  C  is  equal  to  the  sum  of  the  products  of  cor¬ 
responding  determinants  of  A  and  B : 

\C\  -  Er\Ar\-\Br\.  (6.4) 

Proof.  Make  an  Albeggiani  development  of  |C|,  regarding 
the  matrix  C  as  the  sum  of  n  matrices  CS  one  for  each  value  of  i 
in  (6.3).  Now  every  minor  of  each  ]  C*|  of  order  greater  than  1 
vanishes.  This  is  true  if  true  of  the  minors  of  order  2,  for  any 
minor  is  susceptible  of  a  Laplace  development  in  minors  of  order 
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2  and  their  complements.  Consider  then  the  typical  term  of  a 
minor  of  order  2 : 

the  minor  lying  on  layers  a{  and  at  of  aspect  ai  and  so  for  each 
aspect.  In  this  minor  is  also  found  the  term 

the  sign  being  opposite  because  among  the  reversed  ^-ranges  an 
odd  number  are  signant.  The  terms  of  the  minor  therefore  cancel 
in  pairs. 

Thus  the  Albeggiani  development  of  |C|  reduces  to  signed 
products  of  m  elements  one  from  each  of  m  C^-s.  Consider  those 
from  the  first  m  O-s.  They  form  precisely  the  Albeggiani  devel¬ 
opment  of  |C|  with  n  »  m;  but  this  is  the  product  of  |i4r| 
and  |JBr|  with  F  denoting  the  selection  12  •••«.  Similarly 
for  each  selection  of  m  C‘  s,  and  the  theorem  is  established. 

7.  Compounds  of  Product  Matrices  a.nd  Determinants 

/  A  compound  matrix  has  matrices  for  elements.  A  compound 
determinant  and  compound  permanent  have  either  determinants 
or  permanents  for  elements. 

The  mth  compound  of  a  matrix  of  order  n  has  the  minor  matrices 
of  order  m  for  elements,  arranged,  in  each  direction,  in  the 
normal  order  of  the  m-from-n  selections,  as 

123  124  125  134  135  145  234  235  245  345,  (7.1) 

which  may  be  described  as  a  quasi-alphabetical  order. 

Two  compound  matrices  are  equal  if  the  corresponding  sub¬ 
elements  or  elements  of  their  elements  are  equal. 

The  usual  rule  for  forming  the  product  of  a  scalar  and  a  matrix, 
fully  applied,  multiplies  the  scalar  into  every  subelement  of  a 
compound  matrix. 

The  product  of  the  mth  compounds  of  two  matrices  of  any  classes 
and  of  order  n  is  equal  to  the  scalar  (||^\)  multiplied  into  the  mth 


62 


RICE 


compound  of  their  product: 


(AUBU  -  (:^\)(ABU. 

(7.2) 

Proof.  In  the  product 

(7.3) 

we  denote  a  minor  of  order  m  by 

II  21  II* 

(7.4) 

i  each  6  and  each  ^  taking  m  values.  If  each  collection  of  m 

values  be  denoted  by  the  corresponding  capital  letter,  the  mth 
compound  of  /IB  is 


(ABU 


(7.5) 


each  Q  and  each  taking  (HJ  values. 

Again,  the  mth  compmunds  of  A  and  B  are 


(AU 


and  their  product  is 


(7.6) 

(7.7) 


(D 


(i4)M(B)M  -  II  llo,—0,_,/  II  ll/*,.-*. 


(7.8) 


each  element  being  a  hie  of  (^4),,  into  a  hie  of  (BU,  that  is,  being 
a  sum  of  (a)  products  each  a  minor  of  A  into  a  minor  of  B. 
First  form  the  products,  any  one  of  which  is 

(7.9) 


where  j  takes  m  values,  and  then  form  their  sum,  in  each  of  whose 
(8ub)elements  j  takes  each  value  from  1  to  n  (!l,~\)  times,  so  that 
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finally 

{AUBU 


Jml  '  *  *  ’ 


.l*l*”*t 


(7.10) 


and  the  theorem  is  proved. 

The  mth  compound  of  a  determinant  |i4|  is  the  cosignant 
determinant  of  the  matrix  composed  of  the  minors  of  |  ^4  |  of 
order  m  arranged  in  the  normal  order. 

The  mth  compound  of  a  Cayley  product  of  two  determinants  is 
equal,  element  to  element,  to  the  like  Cayley  product  of  the  mth 
compounds  of  the  determinants.  (7.1 1) 

Proof.  Using  the  above  matrices,  let  |i4|  and  |B|  be  any 
determinants  in  which  a,  and  0i  are  signant,  let  \AB\  be  their 
Cayley  product,  and  let  1(^4)^!,  |(5),»|,  and  |(.<4J3)»|  be  the 
respective  mth  compounds. 

In  I  {AB),„  I  the  element  whose  locant  is  0i  •  •  •  0^i*j  •  •  •  ♦, 
is 

(M2) 

1-1  ^ 

while  in  |(.24)at|  *  |(.8)a,|  the  corresponding  element  is 
(•) 

£  (2-13) 

(The  step  leading  above  to  (7.10)  cannot  here  be  taken,  since 
it  is  a  matrix  and  not  a  determinant  step.) 

These  corresponding  elements  are  equal  by  virtue  of  the 
Binet-Cauchy  relation,  the  matrix  of  (7.12)  being  the  product 
of  the  elongated  matrices 

i.e.,  being  the  “  C  ”  of  (6.3),  while  the  (i)  terms  of  (7.13)  are  the 
products  of  corresponding  determinants  of  the  elongated 
matrices. 


64 


RICE 


Adjoint. — ^The  adjoint  of  a  determinant  is  obtained  by  re¬ 
placing  each  element  by  its  cofactor;  it  can  therefore  be  formed 
from  the  (n  —  l)th  compound  by  reversing  the  order  of  the 
layers  of  each  direction  and  multiplying  by  —  1  each  even- 
numbered  layer  of  each  signant  direction;  and  it  is  equal  in  value 
to  the  (n  —  l)th  compound  because  there  are  an  even  number  of 
signant  directions. 

The  adjoint  of  a  Cayley  product  of  two  determinants  is  equal, 
element  to  element,  to  the  like  Cayley  product  of  the  adjoints  of  the 
determinants.  (7.15) 

Proof.  Let  m  *  n  —  1  in  (7.11).  If  the  order  of  the  layers 
in  each  direction  in  the  compounds  be  reversed,  the  equality  of 
corresponding  elements  still  exists,  since  the  choice  of  a  “  normal 
order  ”  was  arbitrary.  It  remains  only  to  show  that  the  equality 
is  not  impaired  by  multiplying  by  —  1  each  even-numbered 
layer  of  each  signant  direction  in  the  modified  compounds. 
Such  multiplication  with  respect  to  signant  directions  in 
Hi  •  •  •  •  •  •  <l>,  will  affect  alike  the  two  general  elements  in 

question.  With  respect  to  0,  and  4>i,  inasmuch  as  their  values 
are  everywhere  paired  in  the  product  of  the  modified  compounds, 
the  resulting  sign  is  (—  1)(—  1)  and  has  no  effect. 


8.  The  Scott  Product 

The  product  of  two  determinants  |i4|  and  |B|  of  classes  p 
and  q  and  order  n  can  be  expressed  as  a  determinant  |5|  of  class 
P  q  —  \  and  order  n,  each  of  whose  elements  is  the  product 
of  an  element  of  j/l  |  and  an  element  of  |B|. 

For  convenience,  fix  on  the  last  direction  of  |i4  |  and  the  first 
direction  of  |5| :  either  direction  may  be  signant  or  nonsignant 
(unlike  the  directions  combined  in  a  Cayley  product).  Multiply 
each  element  of  the  *th  layer  of  the  last  direction  of  the  matrix 
A  into  each  element  of  the  »th  layer  of  the  first  direction  of  B 
to  form  the  »th  layer  of  the  pth  direction  of  5: 


(8.1) 
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where  a  symbol  of  linkage  joins  a,  and  /9i  into  a  bipartite  index 
taking  the  n  values  11,  22,  •  •  •,  nn. 

Each  transversal  of  S  is' the  product  of  a  transversal  of  A  and  a 
transversal  of  B,  every  possible  product  appearing  once  and  only 
once.  (8.2) 


I^t  |5|  be  that  determinant  of  S  in  which  the  signancy  of 
the  a’s  and  /3’s  i»continued,  so  that  a^\  has  the  signancy  which 
is  the  result  of  the  superposed  signancies  of  a,  and  /9i  and  is 
therefore  nonsignant  if  both  a,  and  fix  are  nonsignant,  signant 
if  a,  or  fix  is  signant,  and  again  nonsignant  if  a,  and  fix  are  signant: 


1-51 


-B 


(±). 


(8.3) 


X  and  y  being  the  signancies  of  |i4  |  and  |^|. 

The  terms  of  |5|  are  the  products  of  the  terms  of  |i4  |  and 
|5|,  hence 

|5|  -  1^1  .  \B\.  (8.4) 

Evidently  a  Scott  product  of  a  determinant  and  a  permanent, 
or  of  two  permanents,  may  be  formed. 

A  Scott  product  of  any  number  of  determinants  may  be  formed 
by  first  forming  a  Scott  product  of  two  of  them,  then  a  Scott 
product  of  this  and  a  third,  and  so  on.  At  any  stage,  any  index 
of  the  new  factor  may  be  linked  with  any  index  of  the  partial 
product  to  form  a  multipartite  index  taking  the  n  values  1  •  •  •  1, 
2  •  •  •  2,  •••,  »»•••»,  the  signancy  of  that  index  in  the  new 
factor  being  superposed  on  its  simple  or  complex  signancy  in 
the  partial  product. 

To  any  minor  of  order  m  of  a  Scott  product  there  correspond 
minors  of  order  m,  one  in  each  factor  of  the  product,  obtained 
by  restricting  each  index  to  the  same  m  values  that  it  has  in  the 
minor  of  the  product. 

Any  minor  of  a  Scott  product  of  any  number  of  determinants 
is  a  like  Scott  product  of  the  corresponding  minors  of  the  deter¬ 
minants.  (8.5) 
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9.  Compounds  of  Scott  Products 

The  mth  compound  of  a  Scott  product  of  any  number  of  deter¬ 
minants  is  a  like  Scott  product  of  the  mth  compounds  of  the  deter¬ 
minants.  (9.1) 


Proof.  The  general  proof  will  be  clear  (in  this  and  subsequent 
theorems)  from  that  for  two  determinants.  Their  compounds 
are 


(9.2) 


and  the  compound  of  their  product  is 


(9.3) 


and  (9.3)  is  the  Scott  product  of  the  compounds  in  (9.2). 

The  mth  compound  of  a  Scott  product  |r|  of  any  number  of 

("-'i) 

2-way  determinants  of  the  nth  order  is  equal  to  Irl'"*  .  (9.4) 

For,  by  (9.1)  and  the  theory  of  2-way  determinants, 


|(r).|  -  |(a).|  •  |(6).|  - 

The  conformed  (n  —  m)th  compound  of  jyl  ]  is  the  determinant 
obtained  by  replacing  each  element  of  the  mth  compound  of  |  i4  | 
by  its  algebraic  complement  in  |yl  | . 


7'he  conformed  (n  —  m)th  compound  is  equal  in  value  to  the 
(n  —  m)tl^  compound.  (9.5) 

P'or,  the  former  may  be  got  from  the  latter  by  reversing  the 
order  of  the  layers  of  each  direction  and  multiplying  the  same 
layers  of  each  signant  direction  by  —  1.  The  adjoint  is  an 
example. 


The  conformed  (n  —  m)th  compound  of  a  Scott  product  of  any 
number  of  determinants  is  a  like  Scott  product  of  the  conformed 
(n  —  m)th  compounds  of  the  determinants.  (9.6)  | 
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Proof.  Denote  by  the  selection  of  n  —  m  values  comple¬ 
mentary  to  the  m  values  in  and  by  d'j  those  n  —  m  values 
individually.  Denote  by  cee'  the  sign  of  the  arrange  when  the 
tn  values  in  in  normal  order,  are  followed  by  the  n  —  m  values 
in  Bi.  in  normal  order;  and  by  ^  the  product  of  the  signs  of 
the  signant  ranges  of  |yi  |  when  in  each  range  the  values  are  so 
ordered.  Thus  is  the  sign  borne  by  the  element  of  the 
conformed  (n  —  m)th  compound  of  |^|  whose  locant  is  B(BJ 
•  •  •  B^.  Similarly  for  <I>  and  ifi.  The  conformed  (n  —  m)th 
compounds  of  |i4  |  and  |^|  are  then 


(9.7) 


and  the  conformed  (n  —  m)th  compound  of  the  Scott  product  of 
\A  I  and  |£|  is 


(9.8) 


and  this  is  also  the  Scott  product  of  the  conformed  compounds 
in  (9.7). 

Any  minor  of  order  r  of  the  conformed  (n  —  m)th  compound  of 
a  Scott  product  \  T\  of  any  number  of  2-way  determinants  of  order 
n,  is  equal  to  the  algebraic  complement  of  the  corresponding  minor 

of  the  mth  compound  multiplied  by  |r|  (9.9) 

Proof.  Determinants  will  here  be  denoted  by  Gothic  letters 
without  bars.  The  Scott  products  are  all  of  the  same  type. 
Let  T  be  a  Scott  p>roduct  of  the  2-way  determinants  a  and  b, 
let  Tm,  a^,  bm  be  their  mth  compounds,  and  let  T^,  a«,  b^  be  the 
conformed  (n  —  m)th  compounds.  Let  ,1*  be  the  given  minor 
of  Tfsof  order  r,  and  Cr-rTm  be  the  specified  algebraic  complement. 
Let  r  —  (II^‘i)  —  p.  We  are  to  show  that 

Js  “  •  T'.  (9.10) 

By  (9.6)  is  a  Scott  product  of  a«  and  b;^.  Hence  if  r*m 
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and  rbs  be  the  minors  corresponding  to  rTs,  the  latter  is  their 
Scott  product,  by  (8.5).  Again,  for  the  same  reason,  is  the 
Scott  product  of  An  and  ;bm,  and  as  Cr  is  expressible  as  the  product 
of  the  signs  c,,  and  required  to  make  the  2-way  minors  into 
algebraic  complements,  (9.10)  becomes: 

rts  •  rbs  -  •  €,^  •  ?b«  •  •'b^.  (9.11) 

But  from  the  theory  of  2-way  determinants, 

As  -  •r,  •  ^  •  t',  rbs  -  €r^  •  •  b*.  (9.12) 

and  the  theorem  is  established. 

For  the  special  case  of  the  adjoint, 

i4ny  minor  of  order  r  of  the  adjoint  of  a  ScoU  product  jrl  of 
any  number  of  2-way  determinants  of  order  n,  is  equal  to  the  algebraic 
complement  of  the  corresponding  minor  of  |r|,  multiplied  by 
|7’|'^'.  (9.13) 

A  similar  theorem  holds  if  no  c's  are  used,  so  that  the  elements 
of  the  adjoint  are  deprived  of  their  signs,  the  algebraic  com¬ 
plement  mentioned  being  at  the  same  time  reduced  to  a  plain 
complement,  viz.: 

Any  minor  of  order  r  of  the  layer-reversed  (n  —  \)th  compound 
of  a  Scott  product  iT*!  of  any  number  of  2-way  determinants 
of  order  n,  is  equal  to  the  complementary  of  the  corresponding 
minor  of  Irj,  multiplied  by  (9.14) 

The  Lay  of  Complementaries  and  the  Law  of  Extensible 
Minors  in  the  theory  of  2-way  determinants,  here  take  the  fol¬ 
lowing  forms,  by  virtue  of  the  preceding  theorems: 

Law  of  CompUfnentaries. — To  every  homogeneous  relation  be¬ 
tween  a  number  of  the  minors  of  a  Scott  product  \  T\  of  any  number 
of  2-way  determinants,  the  relation  being  general  to  that  type  of 
Scott  product,  there  corresponds  another  relation  derivable  from  the 
former  by  merely  substituting  for  every  minor  its  cofactor  (or,  alterna¬ 
tively,  for  every  minor  its  complement) »»  |  T  |  and  then  multiplying  any 
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term  by  such  a  power  of  \T\  as  will  make  the  terms  of  the  same 
degree.  (9.15) 

Law  of  Extensible  Minors. — To  every  homogeneous  relation 
between  a  number  of  the  minors  of  a  Scott  product  |r|  of  any 
number  of  2-way  determinants  of  order  n,  the  relation  being  general 
to  that  type  of  Scott  product,  there  corresponds  another  relation 
between  minors  of  any  like  Scott  product  |  T*  |  of  order  n h 
of  which  |r|  is  a  minor,  derivable  from  the  former  relation  by 
merdy  substituting  for  every  minor  |/?|  of  order  r  that  minor  of 
order  r  -i-  h  of  |r»|  which  includes  |i{|  and  the  complement  jrl 
of  I r| ,  and  then  multiplying  any  term  by  such  a  power  of  \T\  as 
will  make  the  terms  of  the  same  degree.  (9.15) 
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In  the  last  two  references  to  M.  Lecat,  higher  determinants,  in¬ 
cluding  full-sign  determinants,  are  called  riciens.  Full-sign  de¬ 
terminants  were  studied  first  (and  very  carefully)  by  Cayley,  in 
1843.  I>ater  writers  added  much  to  the  subject,  though  most  of 
them  failed  to  observe  a  restriction  noted  by  Cayley — that  his  law 
of  multiplication  was  inapplicable  if  both  factors  were  determi¬ 
nants  of  odd  class.  The  introduction  of  less-than-full-sign  deter¬ 
minants  by  the  writer  in  1918  removed  the  restriction  and 
broadened  and  simplified  the  theory.  There  is  every  reason 
for  calling  the  more  inclusive  class  of  functions  determinants,  the 
name  accepted  and  used  hitherto  by  Lecat,  and  used  always  by 
Hitchcock  and  the  writer.  It  is  inappropriate  to  call  all  deter¬ 
minants  by  his  name.  Besides,  as  with  Jacobian,  hessian,  etc.,  / 
a  determinant  whose  elements  are  formed  in  a  particular  manner  * 
is  suggested,  and  much  confusion  would  result. 

In  general  it  seems  to  the  writer  a  matter  of  the  utmost 
importance  that  words  and  symbols  familiar  in  the  theory  of 
ordinary  determinants  be  so  far  as  possible  used  for  higher 
determinants. 
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1.  Introduction 

The  most  important  mud  deposits  are  formed  at  the  mouths 
■  of  large  rivers.  Here  the  decrease  in  the  velocity  of  their  streams, 
^  and  the  presence  of  certain  salts  in  the  ocean  water,  which  act  as 
electrolytes  when  the  grains  are  of  colloidal  size,  cause  the  sedi¬ 
mentation  of  the  suspended  matter.  In  time  deltas  are  formed 
there.  Other  important  deposits  occur  on  the  beds  and  sides  of 
natural  streams  and  lakes.  This  process  of  sedimentation  goes 
on  continuously,  and  large  areas  of  land  take  the  place  of  previous 
water  surfaces.  As  time  goes  on,  these  mud  deposits,  besides 
increasing  in  size,  become  more  or  less  consolidated  and  often 
serve  as  a  foundation  for  large  and  important  cities. 

Therefore  one  can  easily  see  the  importance  of  a  careful  study 
of  the  behavior  of  such  mud  deposits  under  varying  conditions. 
By  local  observations  and  by  a  single  laboratory  experiment, 
which  will  be  described  later,  we  can  determine  the  rate  at  which 
sedimentation  takes  place,  whether  it  is  uniform  or  not,  the 
specific  weight,  and  other  physical  characteristics  of  the  deposit : 
the  coefficient  of  permeability,  etc.  Having  these  data,  we  are 
6  73 
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in  a  position  to  fully  determine  and  predict  the  state  of  stress, 
water-content,  and  settlement  at  any  time. 

The  knowledge  of  the  stress  conditions  in  a  mud  deposit  is 
important  in  so  far  as  it  explains  practically  all  phenomena  con¬ 
nected  with  foundation  construction  on  soft  grounds. 

As  to  the  structure  of  the  sediment,  two  cases  will  be  con¬ 
sidered,  namely:  that  of  a  sediment  of  homogeneous  material  and 
that  in  which  there  exists  within  the  sediment  a  thin  layer  of  less 
permeable  material. 

Three  aspects  of  the  process  of  consolidation  of  such  mud 
deposits  will  be  considered,  (a)  Consolidation  due  to  the  weight 
of  the  material  itself;  (b)  consolidation  due  to  the  weight  of  a  top 
fill  of  very  permeable  material  or  its  equivalent — evaporation; 
and  (c)  consolidation  by  drainage.  In  all  cases  the  bottom 
surface  of  the  sediment  will  be  assumed  horizontal  and  imper¬ 
meable. 

The  theory  developed  will  hold  not  only  for  mud  deposits  but 
also  for  clays  and  fine-grained  materials  in  general,  provided  that 
no  air  is  present  in  the  voids  of  the  material. 

Free  use  will  be  made  of  Fourier’s  Series  and  Integrals  in  the 
attempts  to  solve  the  differential  equations.  The  application  of 
Heaviside's  Operational  Method  of  solving  differential  equations 
will  be  illustrated  in  one  case. 

In  conclusion,  the  writer  wishes  to  thank  Dr.  Charles  Terzaghi 
for  his  valuable  assistance  in  connection  with  this  thesis,  as  well 
as  the  members  of  the  staff  of  the  Civil  Engineering  Department 
with  whonn  he  came  in  contact,  and  takes  this  opportunity  to 
express  his  appreciation. 

■  II.  General  Laws  and  Definitions 

1.  Definitions.  Volume  of  Voids  (n)  is  the  ratio  between  the 
total  volume  of  voids  (N)  and  the  total  volume  of  material  (F): 


N 
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Voids  Ratio  (<)  is  the  ratio  between  the  total  volume  of  voids 
and  the  total  volume  of  solid  matter  ( V,) : 

N  N  n 

V  -  N~  I  -  n 

The  voids-ratio  then,  is  a  measure  of  the  water  content  per  unit 
of  solid  matter. 

Granular  Pressure  or  Stress  (p)  is  the  intensity  of  the  pressure 
acting  between  the  grains  of  the  material  at  a  given  point  and  in 
a  specified  direction. 

Hydrodynamic  Pressure  or  Stress  (w)  is  the  excess  of  the  inten¬ 
sity  of  the  water  pressure  over  the  hydrostatic  pressure  at  a 
given  point,  and  acts  with  the  same  intensity  in  all  directions. 

Reduced  Dimensions  {x,  y,  s)  are  dimensions  (or  distances) 
equivalent  to  a  volume  of  voids  (or  voids-ratio)  equal  to  zero. 
We  are  forced  to  use  reduced  dimensions  because  if  there  is  a 
change  in  either  or  both  of  the  above  defined  pressures,  in  a 
given  mass  of  mud,  there  will  be,  as  a  consequence,  a  change  in 
its  water  content  which  in  turn  will  cause  a  change  in  its  dimen- 
»  sions.  Hence  the  true  dimensions  are  as  variable  as  the  internal 
stresses  themselves,  while  the  reduced  dimensions  are  unaltered 
by  any  one  of  the  above  changes. 

2.  Darcy’s  Law.  This  law  states  that  if  water  is  admitted 
through  a  layer  of  granular  material  of  cross-^tional  area  {A) 
and  thickness  /,  then  the  quantity  of  water  Q,  percolating  through 
any  section  of  the  layer,  perpendicular  to  its  cross  section,  per 
unit  of  time,  is  given  by 

Q  ~  ikA.  (1) 

In  this  formula,  i  is  the  hydraulic  gradient  which,  for  steady  flow 
of  water,  is  equal  to  the  ratio  hjl  (Fig.  1),  h  being  the  hydraulic 
head  and  k  the  coefficient  of  permeability  of  the  material.  From 
the  above  formula  we  see  that  the  coefficient  of  permeability  is 
equal  to  the  velocity  of  percolation  per  unit  of  time,  under  a 
hydraulic  head  equal  to  the  thickness  of  the  layer,  i.e.,  under  a 
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hydraulic  gradient  equal  to  unity.  If,  however,  the  flow  is  not 
steady,  and  if  we  call  w  the  hydraulic  head  at  a  section  distant 
5  from  any  convenient  reference  line,  then 


at  the  section  under  consideration. 
Hence, 


This  law  is  strictly  true  for  laminary  flow  of  water  such  as  is 
generally  that  through  fine-grained  materials.  It  has  been 
verified  by  many  experiments.' 

3.  Laboratory  Experiment.  With  this  experiment  we  aim  to 
obtain  two  curves  showing  the  variation  of  water-content  with 
pressure  and  the  variation  in  the  coefficient  of  permeability  with 
water  content.  The  curves  representing  these  variations  are 
shown  in  Fig.  2. 

The  apparatus  used  to  obtain  the  P  —  f  curve  consists  of  a 
container  in  which  a  layer  of  the  material  to  be  tested  is  placed 
and  then  covered  by  filter  paper  and  sand  immersed  in  water. 
The  pressure  p  is  then  applied  at  the  top  and  varied  through  the 

‘  For  formulae  for  the  coefficient  of  permeability,  k,  for  sands  and  clays 
and  for  a  discussion  regarding  the  validity  of  the  law  of  Darcy,  see:  “Prin¬ 
ciples  of  Soil  Mechanics,”  by  Dr,  Charles  Terzaghi,  EngtHeering  News  Ruord, 
Nov.  14,  1925.  Cf.  also  Terzaghi's  "Erdbaumechanik,”  Chapter  IV'. 


range  desired.*  The  pressure-moisture  curve  thus  obtained  is 
valid  for  the  case  of  linear  flow  of  water.  If,  however,  there 
exists  a  flow  of  water  in  more  than  one  direction,  an  apparatus 
similar  to  the  above  one  can  be  made  having  lateral  Alters, 
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provided  the  lateral  pressures  are  known  functions  of  the  top 
^  pressure  p.  The  present  discussion  will  be  limited  to  the  one  di¬ 
mensional  case. 

The  relation  between  the  water-content  («)  and  the  pressure 
p  is  given  by  the  following  equation  * 


-  o'  log,  ip  -f  pi)  -  ^{p  +  pi)  -f  C, 


Since  ^  is  very  small  *  the 


which  is  the  equation  of  the  tangent  to  the  curve. 

’ Cf.  "Principles  of  Soil  Mechanics,”  by  C.  Tcrzaghi,  Engineering  News 
Record,  Nov.  19,  1925  and  Nov.  26,  1925.  Also  Terzaghi’s  "Erdbaume- 
rhanik,”  Fig.  13,  p.  83  and  p.  87,  equation  (24). 

'  "  Erdbaumechanik,”  p.  162. 


where  o',  /S',  Pi  and  C  are  constants. 
abK)ve  equation  may  be  written 


and 


-  a  log,  (/>  +  /3)  -h  C, 
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The  ratio  a  —  —  dtjdp  —  modulus  of  compression,  may  be 
taken  as  constant  and  equal  to  the  average  of  its  extreme  values 
if  the  range  through  which  p  varies  is  not  very  large.* 

The  ratio  kja  (where  k  is  the  coefficient  of  piermeability)  was 
found  to  be  almost  constant  for  materials  with  plastic  con¬ 
sistency,*  and  will  be  so  considered  in  what  follows.  Hence  we 
can  write : 

“--Tp-T+i'  <*> 

and 

-  «  c  «  constant.  (5) 

a 

The  constants  a  and  should  be  determined  for  the  range 
through  which  the  pressure  p  ranges  in  the  actual  problem  dealt 


Fig.  3. 


with.  For  very  small  pressures,  0  is  very  large,  while  for  large 
values  of  p  it  is  very  small. 

*C.  Terzaghi:  EHiineerint  News  Record,  Nov.  26,  1926,  p.  874.  .Also 
“  Erdbaumechanik,"  p.  141. 

*  “  Erdbaumechanik,”  Fig.  22,  p.  121.  Also  pp.  126-127. 
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4.  General  Equation  of  Stresses  in  a  Mass  of  Granular 
Material  with  Water>Filled  Voids.  Let  a  mass  of  mud  be 
referred  to  a  system  of  rectangular  coordinates.  Let  O  be  its 
origin  and  let  {xf,  y\  be  the  coordinates  of  the  center  of  an 
elementary  prism  whose  sides  are  Ax',  Ay',  Ac'.  Assume  the 
flow  of  water  to  be  in  the  positive  directions  of  the  coordinate 
axes  X,  Y  and  Z,  and  let  w'  be  the  hydrodynamic  pressure  at 
the  center  of  this  elementary  pmm;  i.e.,  at  point  (x',  y',  s'). 

The  hydrodynamic  pressure  intensities  at  the  faces  of  this 
prism — which  is  assumed  to  be  very  small  and  Anally  approach 
the  limiting  value  zero — will  therefore  be: 


1  dw' 

Plane  KZ  cleft  face :  u>'  —  r  r-j  Ax' ; 

2  dr 

.  ,  ,  ,1  du/  , 

right  face:  ur  +  -  —  Ar . 

1  dtt/ 

Plane  XZ:  front  face:  v/  —  -  -^Ay'; 

2  dy 

1  dv/ 

back  ’  face :  ty'  +  t  ^  Ay  . 

2  dy 

1  dv/ 

Plane  XY:  lower  face:  tc'  —  ^  ^p-As'; 

,  ,  1  dv/  . 

upper  face:  +  2  ^ 


Now,  according  to  the  law  of  Darcy,  the  quantity  of  water  (Q), 
percolating  normally  through  a  plane  surface  whose  sectional 
area  is  A,  per  unit  of  time,  in  a  direction  s,  is  given  by 


Q 


and  since  the  flow  of  water  is  in  the  positive  direction  of  s,  v/ 
must  decrease  as  s  increases  and  therefore  dv/jds  is  a  negative 
quantity. 
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Therefore,  the  time  rate  of  percolation  is  given  numerically  by 


<2- 


-  k 


dv/ 

ds 


Applying  this  relation  to  parallel  opposite  faces  of  the  ele¬ 
mentary  prism,  we  get  the  following  values  of  Q  for  the  faces 
parallel  to  the  YZ  plane: 


d  /  I  dw'  \ 
left  fare:  -  * ^  (a/ -  j  Aa'j 

,  .(dvJ  1  \ 

d  /  1  dttf'  A 

right  face:  -  kAy'^'  +  2 

,  /dtt/  1  dhv'  ,\ 


Subtracting  the  second  expression  from  the  first,  we  find  the 
difference  between  inflow  and  outflow  per  unit  of  time  to  be 


kAx'Ay'Az 


,  dhu" 


and  similar  expressions  for  the  other  pairs  of  parallel  faces. 

Therefore  the  difference  between  the  total  inflow  and  the  total 
outflow  of  water  in  the  elementary  prism  per  unit  time  is 


kAx'Ay'Az' 


/dht/ 


dV 


av\ 

az'*/ 


(6) 


This  difference  should  be  equal  to  the  time  rate  of  change 
(an  increase  in  this  case)  in  water  content  of  the  elementary 
prism. 

At  this  point,  attention  is  called  to  the  fact  that,  in  the  above 
differentiations,  k  has  been  considered  as  a  constant,  and  equal 
to  the  average  value  of  the  coefficient  of  permeability.  Thus,  to 
a  continuous  change  in  the  granular  pressure  at  a  given  p>oint 
from  Po  to  Pt  say,  there  is  a  corresf)onding  change  in  water  content 
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per  unit  of  solid  matter  of  <i  —  co,  and  therefore  the  coefficient 
of  permeability  varies  continuously  from  a  value  ko  to  a  value 
k\.  If  the  changes  in  pressures  are  relatively  small,  we  are 
justified  in  assuming  k  constant,  and  having  a  value  inter¬ 
mediate  between  ko  and  ki. 

If,  however,  due  account  is  to  be  taken  of  the  variation  in  the 
values  of  k,  we  should  proceed  as  follows:  Let  k  be  the  value  of 
the  coefficient  of  permeability  at  the  center  of  the  elementary 
prism;  then  its  value  at  the  two  faces  parallel  to  the  YZ  plane  are 


^  2  dxf^ 


and 


1  dk 

*  +  2  5?^' 


Hence  the  time  rate  of  percolation  at  these  two  faces  is  given  by 


and 


/,  \  dk  ,\  d  (  ,  \  dv/  A  ,  , 

-  (*  +  2  ii? a?  r  +  2  57  • 


Differentiating  and  subtracting  the  second  expression  from  the 
*  first  we  find 


Ax'Ay'dz'  (  k 


dht/ 

a*^ 


dk  ate'\ 
a7^’ 


as  the  difference  between  the  inflow  and  outflow  of  water  per 
unit  of  time.  Therefore  the  difference  between  total  inflow  and 
outflow  p>er  unit  of  time  in  the  prism  is  expressed  by 


Aar' Ay' Ax' 


aHc/  dhv' 


+ 


av\ 
a«'» ) 


dk  dvf  dk  dv/  dk  atc'l 

ax'  ax'  ay'  ay'  a*'  dz'  J 


(7) 


In  order  to  find  an  expression  for  the  time  rate  of  change  in 
water  content,  we  have  to  introduce  reduced  dimensions.  Let 
the  new  (reduced)  dimensions  of  our  elementary  prism  be  Ax, 
Ay  and  Az  and  let  (x,  y,  z)  be  the  coordinates  (retiuced)  of  its 
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center,  where  the  hydrodynamic  pressure  is  now  w  instead  of 
v/.  These  transformations  do  not  change  the  value  of  tc  numer¬ 
ically,  for  it  is  still  equal  to  v/  but  referred  to  a  new  system  of 
coordinates,  w  is  then  equivalent  to  the  temperature  (or 
potential)  difference  in  the  case  of  flow  of  heat  (or  electricity) 
through  an  isotropic  body. 

The  expressions  (6)  and  (7)  for  the  time  rate  of  change  in 
water  content,  in  terms  of  the  reduced  dimensions  are: 


kAxAy^ 


AxAyAzk  I 


d*w  dHv 


(d*w  dhu  dhv  \ 

\  ^  dw  ^  ^  dti' 

ds*  /  dx  dx  dy  dy  ds  dz 


Now  we  have  seen  that  c  measures  the  water  content  per  unit 
volume  of  solid  matter,  and  if  we  let  At  be  the  change  in  water 
content  per  unit  of  volume  of  solid  matter  in  the  time  element 
At,  then  the  change  in  water  content  of  the  elementary  prism 
AxAyAz  per  unit  of  time  will  be 


AxAyAz — 


^dl 


Therefore  (10)  becomes 


—  AxAyAza 


Equating  (8)  and  (9)  to  (11)  we  obtain: 


-U 

d/  “  o\ 


dhv  dhv  dhv 
dx*  dy*  dz* 


if  k  is  taken  as  constant,  and 


dp  k  /  d*w  d*w  d*w  \ 

dt  a  \  dx*  dy*  dz*  } 

a  \  dx  dy  dy  dz  dz  }  ' 


CONSOLIDATION  OF  MUD  DEPOSITS 


83 


if  due  account  is  taken  of  the  variation  in  the  coefficient  of 
permeability. 

These  are  the  fundamental  differential  equations  for  the  stress 
distribution  in  a  mass  of  granular  material. 

Equation  (12)  is  similar  to  Fourier’s  equation  of  heat  con¬ 
duction,  the  only  difference  being  in  having  p  instead  of  w  in  the 
left-hand  member. 

In  applying  the  differential  equation  (either  (12)  or  (13))  to 
mud  deposits,  two  distinct  stages  must  be  considered.  The  first 
stage  comprise  the  lapse  of  time  between  the  sedimentation 
of  the  first  and  last  layers  of  material,  that  is,  when  material  is 
still  being  deposited.  After  this  stage  no  more  material  is  added 
to  the  deposit,  and  its  consolidation  takes  place  either  under  the 
weight  of  the  solid  matter  itself  or  under  the  influence  of  an 
external  load  or  evaporation.  This  is  the  second  stage. 

In  the  first  stage,  since  the  (reduced)  dimensions  of  the  deposit 
change  continuously  with  the  time,  it  is  evident  that  t  is  not  an 
independent  variable,  while  in  the  second  stage  the  time  and 
space  variables  are  completely  independent  of  each  other. 

We  will  designate  by  /'  the'time  in  the  first  stage  and  by  / 
that  in  the  second  stage. 

III.  Problem  I.  Mud  Deposit  of  Homogeneous  Material — 
Uniform  Rate  of  Sedimentation — Bottom  Surface 
Impermeable  and  Horizontal.  Consolidation  Due 
TO  THE  Weight  of  the  Deposit  Itself 

1.  Formation  of  mud  deposits.  Fig.  4  shows  a  deposit  of 
homogeneous  material  of  total  thickness  H.  As  the  true  thick¬ 
ness  at  any  time  varies  from  /f'  »  0  to  a  final  value  H,  the 
reduced  thickness  varies  from  A'  *  0  to  A'  —  A.  We  choose  the 
bottom  surface  as  the  origin  of  coordinates.  Since  the  con- 
ditbns  in  any  horizontal  plane  are  the  same  at  all  points,  there 
will  be  flow  of  water  in  only  one  direction,  and  we  can  take  a 
cylinder  of  the  material  of  unit  cross-sectional  area  whose  height 


increases  continuously  up  to  a  value  11  (reduced  —  h)  to  repre¬ 
sent  the  actual  conditions. 

Fi^.  5  illustrates  the  case  of  sedimentation  in  an  inclined  plane- 
Here  there  will  be  flow  of  water  in  two  directions,  but  if  the  slope 
of  the  plane  is  small,  as  is  usually  the  case,  the  lateral  flow  may 
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l)e  disregarded  and  the  problem  treated  under  the  case  of  linear 
flow  of  water. 

Before  attempting  to  solve  the  problem  illustrated  by  Fig.  4, 
we  will  show  why  there  is  flow  of  water  in  the  vertical  direction 
and  how  it  affects  the  state  of  internal  stresses. 


Fig.  4. 


Let  7  -f  1  be  the  specific  weight  of  the  deposited  material 
when  dry,  then  7  will  be  its  specific  weight  under  water.  Let  g 
l)e  the  quantity  (grams)  of  dry  substance  deposited  per  unit 
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surface  per  unit  time,  and  q  the  corresponding  quantity  under 
water  which  is  different  from  %  since  it  is  expressed  in  grams, 
i.e.,  as  weight. 

Then 


9 


7  +  1*' 


(U) 


Consider  the  deposit  at  a  time  when  its  total  reduced  thickness 
is  A'  (Fig.  6).  As  time  goes  on,  more  and  more  material  is  being 
sedimented  so  that  after  a  certain  lapse  of  time  the  top  surface 
of  the  deposit  is  located  at  a  height  h"  (reduced)  from  the  bottom. 
Pick  out  an  arbitrary  point  at  a  distance  z  (reduced)  from  the 
bottom.  As  the  top  surface  of  the  defxisit  increased  from  a 
position  a  to  a  position  b  the  total  weight  of  the  material  (or  the 


total  pressure)  at  P  increased  from  yfA'  —  z)  to  yfA"  —  z). 
Part  of  this  increase  in  the  total  pressure  at  P  is  taken  up  by  the 
solid  particles,  and  part  by  the  water.  Therefore  the  hydro- 
dynamic  pressure  increases  continuously.  But  since  a  difference 
in  hydrodynamic  pressure  implies  flow  of  water  (in  the  same  way 
as  a  difference  in  temperature  (or  potential)  implies  flow  of  heat 
(or  electricity)),  we  will  have  water  coming  out  continuously  from 
the  top  surface.  As  a  consequence  the  water  content  at  P 
decreases  as  the  thickness  of  the  deposit  increases,  and  the  smaller 
*  is  the  smaller  will  be  the  water  content  for  a  given  thickness  of 
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the  deposit.  On  the  other  hand,  the  granular  pressure  (p)  at  P 
must  increase  with  the  increase  in  the  thickness  of  the  deposit 
(as  can  be  seen  from  pressure-moisture  curves  in  Section  If), 
and  also  the  smaller  x  is  for  a  given  thickness,  the  greater  will  be 
the  granular  pressure  p. 

VVe  will  now  pass  to  the  solution  of  our  problem,  first  by 
applying  the  differential  equation  for  k  constant  and  then  for  k 
variable. 

The  differential  equations  (12)  and  (13)  for  the  case  of  linear 
flow  of  water  become : 


and 


dp  k  dhu  dhv 

dt  a  dz*  ^  ds*  ' 

dp  dhv  1  dk  dw 

dt  ^  dz*  a  dz  dz 


(15) 

(16) 


2.  Solution  of  Equation  (15).  (a)  First  stage.  Since  time  is 

not  an  independent  variable  during  the  first  stage  of  the  process 
of  consolidation,  we  write  (15)  as  follows: 


dp  dhv 

a?  *  “  dx*  ’ 


t 

(15a)  . 


Let  the  total  reduced  thickness  of  the  deposit  be  h'  and  let  t\  be 


the  time  required  for  the  deposit  to  reach  a  height  h'.  The 
volume  of  material  sedimented  per  unit  area  and  unit  of  time  is 
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q/y  and  this  is  also  the  thickness  of  the  layer  of  material  deposited 
per  unit  of  time.  Therefore  in  a  time  interval  t'l,  the  thickness 
of  material  deposited  is  (qly)t'u  and  this  must  be  equal  to  h'. 


h 


Consider  now  any  point  at  a  height  z  from  the  bottom  such  that 

The  time  required  for  the  layer  at  height  z  to  come  into  exist¬ 
ence  is 


// 


7 

-z. 

<7 


Of  course  no  flow  of  water  through  the  layer  located  at  a  dis¬ 
tance  z  from  the  bottom  could  possibly  exist  before  the  layer 
itself  had  come  into  existence.  Since  the  variable  time  in  the 
differential  equation  (15a)  concerns  the  interval  from  which 
water  begins  to  percolate  through  the  layer  under  consideration 
(i.e.,  from  which  the  layer  has  come  into  existence)  up  to  any 
value  /',  we  must  have  C  —  0  for  a  time  It  —  {yl<l)z,  and  therefore 


*). 


(17) 


The  total  downward  pressure  acting  at  a  height  z  from  the 
bottom  is  y(h'  —  z),  and  this  must  be  balanced  by  the  granular 
and  hydrodynamic  pressures  in  order  to  maintain  equilibrium; 


hence 

/>  +  tc  -  7(A  -  z), 

(18) 

or 

dw  dp 

(19) 

and 

dhv  d'p 

dz*  dz* 

(20) 

From  (17)  and  (19)  we  obtain  the  relation 

dp  q  dp 

m'  ~  ~y'^' 
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By  substitution  in  (15a)  we  get 


q  dp  tPp 

y  dz  ^  dz^  ’ 
or 

where 

(21) 

yc 

The  solution  of  (21)  is 

(22) 

/>  -  .4  +  Be-*', 

(23) 

where  A  and  B  are  constants  of  integration. 

To  determine  A  and  B  we  know  that  p  and  w  are  zero  for 
z  h'  (Fig.  7)  and  since  the  bottom  surface  is  assumed  to  be 
impermeable,  we  must  have  dwjdz  «  0  for  z  «  0,  that  is,  the 
curve  of  hydrodynamic  pressure  must  be  perpendicular  to  the 
bottom  surface.  To  dwidz  *  0  corresponds  dpjdz  *  —  y  and 
therefore  the  boundary  conditions  are 

z  h’  :  p  ^  0,  »  0, 

(24)^ 

dw  dp 

(25) 

From  conditions  (24)  and  (25)  we  find 


and 

0  0 

Therefore 

-  e-‘*').  (26) 

The  hydrodynamic  pressure  is  then  found  from  (18).  The 
pressure  distribution  when  h'  *  h,  i.e.,  at  the  time  when  sedi¬ 
mentation  is  assumed  to  stop  is 
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and 

(28) 

(b)  Second  Stage.  Wc  will  consider  here  the  effect  of  the 
weight  itself  of  the  material  on  the  process  of  consolidation.  In 
this  stage  the  time  is  independent  of  x  and  therefore  from  (18) 
we  get 

dp  dw 


Substituting  in  (15)  we  have  the  following  differential  equation: 


dw  dhu 
dt  ^  dz* 


(29) 


which  is  identical  with  Fourier’s  equation  for  the  linear  flow  of 
heat,  provided  w  and  c  are  made  to  correspond  to  the  temper¬ 
ature  difference  and  the  diffusivity  respectively.* 

If  we  make  use  of  this  analogy,  our  problem  will  be  equivalent 
to  that  of  non-steady  flow  of  heat  through  a  plate  of  isotropic 
material  of  thickness  h,  having  one  bounding  plane  impermeable 
to  heat  and  the  other  at  zero  temperature. 

We  will  solve  (29)  by  Fourier’s  method;*  we  will  find  a  Fourier 
series  development  for  w  which  will  satisfy  (29)  and  also  the 
boundary  conditions. 

The  property  that  the  bottom  surface  (z  ~  0)  is  impermeable 
gives  rise  to  the  following  interpretation.'  Suppose  that  we 
have  a  |>late  of  thickness  equal  to  2h  (Fig.  8),  provided  with  a 
plane  of  separation  at  its  center  which  is  impermeable  to  heat. 
Let  both  halves  of  this  plate  have  identical  temperature  distri- 

*For  a  thermodynamic  analogy  of  this  problem,  aee  “Principles  of  Soil 
Mechanics,"  by  C.  Teraaghi,  Erniituering  News  Record,  Nov.  26,  1925,  and 
also  Tersaghi's  “  Erdbaumechanic,"  pp.  142-143. 

’Cf.  Byerly's  “Fourier’s  Series  and  Spherical  Harmonics,”  and  also 
Ingcrsoll  and  Zobel’s  “  Mathematical  Theory  of  Heat  Conduction,”  pp.  44-65. 

'Cf.  Ingersoll-Zobel’s  “Mathematical  Theory  of  Heat  Conduction,”  p.  72 
and  p.  107. 
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butions  as  shown  in  Fig.  8.  Then  either  half  (1)  or  (2)  may  be 
removed  without  changing  the  temperature  distribution  on  the 
other  half,  since  there  is  no  flow  of  heat  through  the  central  plane. 
(>n  making  the  transformation 


z  h  —  X, 

the  boundary  conditions  will  be 

w  »  0  for  X 


and 


0, 


(30) 


u/  *  0  for  X  —  2h.  (31) 

In  order  to  simplify  our  equations  we  will  count  the  time  so 


Fio.  8. 


that  /  ~  0  corresponds  to  the  time  when  sedimentation  no 
longer  occurs. 

The  initial  distribution  of  the  hydrodynamic  pressure  (or 
temperature)  throughout  the  layer  of  thickness  2h  is,  according 
to  equations  (18)  and  (26) 

tt’i  •  Mx)  -  yx  -^e-**(f*'  -  1) 
for  /  —  0  and  0  ^  x  ^  h,  (32) 

-  Mx)  »  7(2*  -  x)  -  ^c-**[e*«*-*>  -  1] 
for  /  *  0  and  h  ^  x  ^  2h.  (33) 


J 
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Equation  (29)  after  the  transformation  (30),  becomes: 


dw  dhu 

It  “ 


(34) 


To  solve  (34)  let  w  —  where  a  and  ^  are  constants  to 
be  determined.  Substituting  this  assumed  value  of  w  in  (34) 
we  obtain  the  relation 

o  ”  f/3* 

and  in  order  to  have  our  solution  in  terms  of  trigonometric 
functions  (instead  of  hyperbolic)  we  set 

/3*  —  —  X*  or  /3  —  ±  *X  where  i  —  V— ^1. 

Therefore  w  *  solution  of  (34).  Remembering 

that  »  cos  y  ±  t  sin  y,  we  shall  have 

w  -  cos  Xx,  (35) 

and 

w  —  e~^“  sin  Xx,  (36) 

as  particular  (or  partial)  solutions  of  equation  (34). 

Now  solution  (36)  will  satisfy  both  of  the  boundary  conditions 
(31)  for  all  values  of  /  provided  that  we  take 


where  n  is  an  integer  («  *  1,  2,  3,  .  .  .). 

Therefore 

■  «»****  nr 

w  ^  e~  sinrj-x  (37) 


is  a  particular  solution  of  (34). 

If,  in  (37),  we  assign  to  n  any  arbitrary  positive  integral  value, 
the  equation  thus  obtained  will  satisfy  both  (31)  and  (34)  and 
will  therefore  be  a  particular  solution.  Consequently  there  are 
an  infinite  number  of  particular  solutions  satisfying  (31)  and 
(34).  Any  of  these  particular  solutions  when  multiplied  by  a 
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constant  is  also  a  solution,  and  therefore  a  solution  of  equation 
(34)  is  given  by 

w  *  L  <*•«"  ***  sin^rjc,  (38) 


where  each  a.  is  a  constant. 

To  complete  the  solution  it  remains  only  to  determine  a»  as  a 
function  of  n.  To  do  this  we  make  use  of  the  fact  that  the 
initial  distribution  of  hydrodynamic  F>re88ure  is  known  (equa¬ 
tions  (32)  and  (33)),  that  is,  for  /  —  0,  ir  —  ^(*)  where  <p{x) 
stands  for  both  /i(x)  and  /*(x). 

Therefore 


From  this  expression  we  obtain 


--i£ 


[  (p(x)  sin  xdx. 


Substituting  in  this  expression  the  two  values  of  (x)  given  by 
(32)  and  (33)  we  get 


i  {r[* "  T-''*'  - 


Integrating  and  simplifying  we  obtain 


h  AhU  nw\  Ah*/  .  nr 

-a.-  --\ccnr-cc^y)  +  -^[2,m-^ 

nr  \  2ke-*>^ , 

—  nr  cos—  -4-  nr  cos  nr  } - 7“  (cos  nr  —  1) 

2  /  nro 

r<-“i  f'“  j) "  ^  "  ''1 


-m- 


I 
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The  right-hand  member  of  this  equation  vanishes  for  all  tven 
values  of  n  and  therefore  only  odd  values  of  n  should  be  considered. 
When  n  is  odd  we  have: 


h 


-a 

y 


8A* 


sin-r — 


2hb 


4A»6*  -I- 


or 


Therefore 

167**6 


2*6  .  tiT 

L*j.  — Sin— + 
167**6  nr  2 

7~  '  »(4**6*  -I-  n*ir») 


E 


2*6  ,  nw 

—  sin  —  + 
nw  2 


n(4**6*  +  n*v») 

.  nir  ,, 
e  sin  ^  (* 


(39) 


(40) 


is  the  equation  giving  the  value  of  the  hydrcxlynamic  pressure 
for  any  positive  values  of  t  and  s.  Knowing  tv  we  can  compute 
*P  from  equation  (18). 

Equation  (40)  is  seen  to  satisfy  the  differential  equation  (34) 
and  both  of  the  boundary  conditions:  w  —  p'-O  for  *-0 
and  du'/dx  »  0  for  *  —  0  and  for  all  values  of  /.  When  t  —  « 
equation  (40)  gives  w  0,  p  ^  7(*  —  s)  as  should  be  the  case. 

The  series  represented  by  equation  (40)  converges  very  rapidly 
(as  will  be  shown  later  in  applying  it  to  a  concrete  problem),  so 
that  an  approximate  solution  may  be  obtained  by  setting  n  —  1, 
and  disregarding  the  subsequent  terms  in  the  series.  Doing 
this  we  have 


167**6 


2*6 
- + 


ir  4**6*  +  ir» 


sin  ^(*  “  *) 


(41) 


We  will  now  attempt  a  solution  for  the  case  in  which  due 
account  is  taken  of  the  variation  of  the  coefficient  of  permea¬ 
bility  k,  and  the  modulus  of  compression  a. 
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3.  Solution  of  Equation  (16).  (sl)  First  Stage.  From  equation 
(3)  we  have 

a 


and 


dt 

dp  P  +  ^ 
k  ^  ac 


ca 


\  dk  c  da 
a  dt  a  dt 


P  +  /3 

c  dp 


p  dt 
and  w  ■■  7(A  —  t)  —  p. 


Therefore 

dp 
dt' 


q  dp  dw  dp  cPw  d^p 

y  dz  dt  dt*  dt*  dt* 


Substituting  in  (16)  we  get 

y  dz  \_dz*  p  P  dzX"*  dz  )  \ 


dt* 


-f 


This  differential  equation  is  of  a  type  seldom  encountered,  and 
therefore  we  will  give  all  the  steps  required  for  its  solution. 

, ,  dp  ,  d*p  dm  , 

First,  let  w  *  3- ,  then  3-7  “  m  -7-  and  we  get 

dz  dz*  dp 

dm  /  q  O  \  c 


7  \ 

<fp  ^  \  7C  P  +  / 


P  +/3 


0. 


Let  now  m  *  mo  +  «  where  mo  is  a  constant  at  our  dispiosal 
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to  which  we  will  give  such  a  value  as  to  simplify  our  differential 
equation.  Substituting,  we  have: 

du  1  y  q  ,  mo 

dp  p  P  •¥  yc  P  ^ 

Take 

m,  -  —  7, 


du  \  q 

dp~  p  +  0**  ^  yc' 

Let  now  u  ~  xy  where  both  x  and  y  are  variables.  Therefore 

\dp  p  +  ^  x\^  dp^  yc  ) 

Now  let  y  be  such  that 

dy  1 
dp  p  0^ 

A  solution  is  y  —  ^  With  this  value  of  y  the  differential 

equation  becomes 

.  dx  <7 


which  has 


X  - - -log R{p  -I-  0), 

yc 


as  a  solution,  R  being  a  constant  of  integration. 


u  ~  xy  ~  -  —  ip  +  0)  \og  R  (p  -i-  0), 
yc 


^  «  m  -  mo  -h  «  -  -  7  -  -H  log  /?(/>  -f  /3), 


^  +  log  /?(/>  +  ^)  -h  7  -  0.  (43) 
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The  boundary  conditions  are,  as  before, 


X 


or 


y- 


If  we  call  Pi  the  value  of  p  at  the  bottom  of  the  deposit 
(*  —  0)  where  dpjdz  »  —  7  we  will  have  from  (43)  the  following 
condition: 

3  {pi  +  «  log  R{pi  +  /5)  -  0. 


Since  0  is  essentially  positive  and  R  must  be  finite,  we  must 
have 

R{pi  +  -  1.  (44) 

Let  r  —  log  Rip  +  0).  Then  the  solution  of  (43)  is 

'aCt^ - + 

J  7  +  ^' 

where  5  is  a  constant  of  integration  and 


9 


In  order  to  evaluate  the  integral  in  (45),  expand  e~'  in  a  power 
series,  and  then  the  integral  will  take  the  form 


If  f  is  small  we  can  disregard  the  terms  in  the  series  develop¬ 
ment  containing  r  in  powers  higher  than  the  second.  With  this 
assumption  only  an  approximate  solution  can  be  obtained  but 
such  a  solution  is  not  expected  to  differ  appreciably  from  the  exact 


CONSOLIDATION  OF  MUD  DEPOSITS  97 

solution,  since  for  small  values  of  s  (where  the  variation  of  p 
is  greater)  r  is  very  small,  it  being  zero  when  z  >■  0  on  account 
of  (44)  if  (44)  is  still  to  hold  true  after  the  above  assumption  is 
made.  (This  will  be  shown  later  to  be  the  case). 

Equation  (45)  then  becomes: 
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One  solution  of  this  equation  is  RiPi  +  B)  »  1  which  is  in 
accordance  with  equation  (44). 

The  equation  of  the  pressure  distribution  is 


log  Rip  +  ^)  -  1 

1  Ry’c) 

I-V 

('  Ih'c] 

f-2 

log  Rip  +  ^)  -  1 

f-2 

_  [e-iry^i-<*/jnr*e>i»-*#][e-»r^i-(*/jrTV>i*-*s],  (46) 

The  constant  P\  is  determined  from  (44)  and  R  and  S  from  the 
following  equations: 


log  -  1 

l-V 

('  Ity'c] 

X 

1  “2 

log  /?/3  -  1 

l+\/ 

f-2 

_  2 

SB  - ,  .  .  ■  ■  - .  (48) 

By  worlfing  out  the  solution  in  terms  of  trigonometric  func¬ 
tions,  (solution  (B)),  and  determining  the  constants  R,  S  and 
Pu  it  was  found  that  the  condition  expressed  by  equation  (44) 
does  not  hold,  and  therefore  it  does  not  represent  the  solution  of 
our  problem.  K 

Kquation  (47)  can  be  solved  only  by  trial.  In  order  to  make 
the  solution  of  equation  (47)  easier  we  will  work  out  a  less  ■ 
accurate  solution  by  setting  e~^  »  1  —  r  which  is  not  much  in  B 
error  for  small  values  of  r.  The  equation  thus  obtained  will  l)e  B 
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less  complex,  and  will  show  approximately  the  values  of  R  to 
be  tried  in  equation  (47).  We  have 


1  /•  dr 

A  I  7 

.)  A  +  '-' 


Integrating  and  simplifying  we  get 

(l  -  7«(/»  +  -  1  - 

Introducing  the  boundary  conditions,  we  have 


('  Ky'c) 


log  R(Pi  +  d)  + 


R{pi  +  0) 


one  solution  of  which  is  R{Pi  +  0)  —  1,  and  this  is  also  in 
accordance  with  (44). 

Also  5  —  0, 

(l  -  log  *  1  -  (50) 

and 

(l  -  log  Rip  +  0)  •  \  -  (5t) 

R  can  be  found  from  (50)  and  then  values  of  p  for  several  values 
of  2  are  given  by  (51). 

(b)  Second  Stage.  In  this  stage,  since  t  is  independent  of  2, 
the  differential  equation  is  partial  instead  of  ordinary  and  if  it 
can  be  solved  at  all  the  resulting  equation  will  be  so  complex  as 
to  make  the  analysis  worthless.  As  a  matter  of  fact,  a  com¬ 
parison  between  the  results  obtained  by  applying  equations 
(27)  and  (46)  to  a  concrete  problem,  which  will  be  given  later, 
conclusively  shows  that  they  differ  but  slightly,  and  therefore 
equation  (27)  is  accurate  enough  for  any  practical  purpose.  The 
same  would,  of  course,  be  true  for  the  second  stage  of  consoli¬ 
dation.  Consequently,  there  is  no  need  of  trying  to  solve 
etjuation  (16)  for  the  second  stage. 
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So  far  we  have  determined  the  pressure  distribution  with 
reference  to  the  reduced  depth  of  the  deposit.  We  will  now 
show  how  it  can  be  determined  with  reference  to  the  actual  or 
true  thickness  of  the  dep>osit,  and  also  its  settlement  at  any  time. 


4.  Actual  Pressure  Distribution  and  Settlements.  I^t  II  lie 
the  actual  thickness  of  the  deposit  which  corresponds  to  the 
reduced  thickness  h.  Let  also  Z  be  the  distance  of  a  point  in  the 
actual  deposit  measured  from  the  bottom  surface,  and  cor¬ 
responding  to  the  reduced  distance  z.  Then 


and 


II 

Z 


r(i +€)</*. 

(52) 

fo 

r  (1 + .  )dz. 

'o 

(53) 

where,  as  before,  <  is  the  voids-ratio  and  measures  the  water 
content  per  unit  of  solid  matter. 

In  general  we  know  the  true  depth  of  the  deposit  and  what  we 
want  to  hnd  is  its  reduced  thickness.  If  c  is  known  for  several 
depths,  then  a  curve  can  be  plotted  and  the  integrals  (52)  and  * 
(53)  calculated  graphically. 

Now  it  was  pointed  out  that  there  is  a  definite  relation  between 
the  water  content  and  the  granular  pressure  for  any  given 
material  and  this  is  given  by 

*  ■*  —  <*1  log  (P  +  ^)  —  ot(P  -h  ^)  +  Cl, 
or,  since  is  very  small,  we  may  write 

€  “  —  o  log  (P  +  /3)  +  Cj. 

Now  p  can  be  expressed  as  a  function  of  z:  For  the  first  stage 
of  consolidation  it  is  expressed  by  equation  (27)  and  for  the 
second  stage  by  equation  (40)  where  p  ««  yik  —  z)  —  w,  the 
variable  t  being  kept  constant  during  the  integration  since  this 
is  performed  with  resfiect  to  z  only. 
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Therefore 

z  -  jTc-  a  log  (/»  -f  ^)  +  cyiz,  (54) 

where  C  “  1  4-  Cj. 

Having  thus  obtained  Z  as  a  function  of  z,  and  the  pressure 
distribution  in  terms  of  z,  the  latter  will  be  determined  in  terms 
of  Z  by  simply  changing  the  ordinates  by  the  transformation 
(54).  In  practice,  however,  the  variation  of  c  with  z  is  small  and 
practically  uniform  so  that  an  average  value  of  c  may  be  taken 
and  introduced  in  equation  (53).  Let  co  be  the  average  value  of 
€,  then 

»  Z  -  (1  +  t.)z,  (55) 

which  is  a  linear  transformation  and  is  equivalent  to 

Z  -  ^s.  (55a) 


To  compute  the  settlement  of  the  top  surface  of  the  deposit, 
let  Hi  and  cg  respectively,  be  the  true  depth  and  the  voids- 
ratio  at  time  /  0,  i.e.,  just  after  sedimentation  has  stopped. 

,Let  III  £md  ci  be  the  corresponding  quantities  at  any  subsequent 
time  t  »  /|.  If  we  denote  by  s  the  settlement  of  the  top  surface 
at  any  time  /,  we  will  have  5i  ~  //g  —  Hi  as  the  total  settlement 
of  the  top  surface  of  the  deposit  in  the  time  interval  h. 

Now  the  time  rate  of  change  in  water  content  per  unit  of  solid 
matter  is  dt/d/  which  is  a  negative  quantity  since  c  decreases 
with  the  time  and  therefore  the  time  rate  of  change  in  water 
content  in  a  layer  of  thickness  dz  located  at  distance  z  above 
the  bottom  surface  is 


d*.  dp 

- dz  “  a  — dz. 

dt  dt 


Hence  the  rate  at  which  the  top  surface  of  the  deposit  is 
settling  at  any  specified  time  /  »  /i  is 
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Therefore  the  total  settlement  which  takes  place  in  a  time 
interval  from  /  »  0  to  /  »  /i  is 

and  that  from  a  time  /  —  /i  to  a  time  /  >■  /]  is 

dp  (  dw  \ 

Introducing  the  value  ~  equation  (40)  in 

equations  (56)  and  (57)  and  keeping  a  constant  during  the 
integrations,  we  get: 


ds 


2hb  .nr 

- sm  —  + 

nr  2 

4A*5*  -I-  «*ir*  ' 


(56a) 


and 


L 

a-l,  S.  i 


2hb  .nr 

n  *  ti - S'"  T  +  ^ 

i2a}qh*  rnr  2 

~k7*  n*(4A*5*  +  B»T*) 


(1  -  (57a) 


as  the  rate  of  settlement  and  total  settlement  of  the  top  of  the 
depiosit  at  any  time.  t. 

At  this  point  it  is  well  to  point  out  the  fact  that  the  coefficient 
of  permeability  K,  as  used  in  the  previous  equations  is  in  terms 
of  the  reduced  dimensions,  while  in  performing  the  experiment 
already  described,  its  value  was  obtained  in  terms  of  the  true 
dimensions  of  the  layer  of  material  under  test.  In  applying  the 
law  of  Darcy,  let  »  k'i'A^  refer  to  the  true  dimensions  of  the 
layer  and  Q  *  kiA  to  the  reduced  dimensions.  Then,  since 
Q  Of  and  A  *  i4'  we  must  have 

*'»'  -  ki. 
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or 


h 

i'  I  k' 

k  W,  k'  -  ^  k' - - -  -  — —  * 

i  A(/  +  €)  /  +  € 

/ 


(58) 


according  to  Fig.  1  where  /  is  the  true  thickness  of  the  layer  and 
h  the  hydraulic  head. 

If  the  average  value  of  c  is  again  introduced,  we  shall  have 

*  -  ^  (58a) 

We  are  now  in  a  position  to  apply  our  formulae  to  a  specific 
problem,  but  before  we  do  so  we  will  investigate  the  meaning  of 
some  of  the  previous  equations. 

Equation  (27)  shows  that  the  smaller  b  {b  ^  qalyk)  is,  the 
greater  will  be  />  for  a  given  value  of  t.  Hence,  of  two  mud 
deposits  for  which  a,  y  and  k  are  the  same,  the  one  for  which  q 
is  smaller  {q  measures  the  rate  at  which  solid  matter  is  being 
sedimented)  will  be  in  a  more  consolidated  state  than  the  other. ^ 
This  fact  deserves  some  consid^ation  for  frequently,  at  the  same 
basin,  for  some  reason  or  other,  sedimentation  is  much  more 
intensive  in  some  particular  locations  than  in  others,  and  the 
fact  that  the  material  deposited  is  the  same  throughout  the  basin 
would  lead  to  the  erroneous  conclusion  that  the  state  of  internal 
stresses  should  be  the  same  throughout  the  basin.  Also,  other 
things  being  equal,  the  greater  is  the  coefficient  of  permeability, 
the  more  consolidated  will  be  the  dep)osit. 

Equation  (26)  shows  that  the  state  of  internal  stress  is  inde¬ 
pendent  of  the  hydrostatic  head  under  which  the  depx)sit  is  being 
formed,  and  merely  depends  on  the  thickness  of  the  depxeit. 
This  is  evident  because  the  excess  in  hydrostatic  pressure,  i.e., 
the  hydrodynamic  pressure  is  what  produces  the  flow  of  water 
within  the  material. 

Equation  (40)  shows  that  the  time  rate  of  change  of  the 
hydrodynamic  stress,  (dwjdt),  decreases  with  the  time  in  the 
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same  rate  as  the  hydrodynamic  stress  itself.  The  slope  {dwjdz) 
of  the  w{t)  curve  for  a  given  value  of  t  is  continuously  decreasing 
as  time  goes  on,  and  therefore  the  quantity  of  water  percolating 
through  a  given  section  of  the  deposit  per  unit  time  decreases 
with  the  time.  This  means  that  the  variation  of  p  with  the  time 
is  greater  at  the  beginning  of  the  process  of  consolidation  than 
for  large  values  of  /,  i.e.,  the  consolidation  is  more  effective  at  the 
beginning  of  the  (second)  stage. 

S.  Example.  We  shall  now  take  up  the  problem  of  deter¬ 
mining  the  state  of  internal  stress  and  settlements  of  a  delta 
deposit  advancing  at  a  given  constant  speed  towards  the  ocean 
as  is  given  on  p.  177  of  Terzaghi's  “  Erdbaumechanik.”  The 
consolidation  of  the  deposit  is  due  only  to  its  own  weight.  The 
deposit  is  advancing  towards  the  ocean  at  a  rate  of  1  m.  per  year 
and  its  true  depth  is  50  m.;  the  plane  on  which  sedimentation 
takes  place  has  a  slope  of  1  to  10  and  therefore  the  time  required 
for  the  formation  of  a  layer  of  50  m.  is  500  years.  The  specific 
weight  of  the  material  sedimented  is  2.7  grams  per  cubic  centi¬ 
meter,  and  this  gives  7  2.7  —  1  »  1.7  grams  per  cubic  centi-  * 

meter.  The  average  value  of  the  voids-ratio  is  1.0  and  therefore  ♦ 
the  reduced  thickness  of  the  deposit  is  25  m.  The  rate  of  sedi¬ 
mentation  is  then  10/2  —  5  cubic  centimeter  per  year  and  per 
unit  of  area.  Therefore: 

5  —  5  X  1.7  —  8.5  gr/cm*  per  year. 

The  true  average  value  of  the  coefficient  of  permeability  is 
1 .63  cm./y^r  and  therefore  its  reduced  value  is 

1.63  1.63 

k  “  — —  “  — r-  -  0.815  cm./year. 

1  +  «•  2 

The  average  value  of  the  modulus  of  compression  is 
a  *  0.00024  cm.‘/gr. 

Having  this  information  we  are  in  a  position  to  determine  the 
pressure  distribution  throughout  the  deposit. 
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(a)  First  Stage.  Let  A'  —  10  m.  »•  1,000  cm. 


90  8.5  X  0.00024 

®  ^  “  1.7  X  0.815 

c  «  -  .  3,395, 

2  ,  J  l-  ,  t  153 
b  0.001472  ’  ’ 


0.001472, 


f-**'  -  0.2305, 

yh  ^  1.7  X  2,500  —  4,250  gr./cm.*. 


From  equation  (26)  we  obtain  the  following  values  of  p  and 
for  *  0,  and  z  ^  500  cms.,  respectively: 


p  -  1,153  (1  -.0.2305)  -  887  gr./cm.* 
w  —  813  gr./cm.* 
p  -  1,153  (0.4790  -  0.2305)  -  287  gr./cm.* 
w  —  563. 


At  the  end  of  the  first  stage  of  consolidation,  (A  —  2,500  cms.) 
we  have  the  following  pressure  distribution: 


scms.  0  500-1,000  1,500  2,000  2,500 

gr./cm.*  1,125  525  237  110  30  0 

w  gr./cm.*  3,125  2,875  2,313  1,590  820  0 


(b)  Second  Stage.  In  this  case  we  will  compute  the  pressures 
for  t  »■  500,  1,000  and  5,000  years,  the  time  being  measured 
from  the  beginning  of  the  stage,  i.e.,  after  the  sediment  has 
reached  a  height  equal  to  A. 

Equation  (40)  may  be  written  in  the  form : 


where 


^  ^  sin  ^  (A  -  *), 


Nn 


2kb  .  nw 
—  sin  —  -H 
nr  2 

~  »(4A*A*  -I-  »*»*) 
167A*A 

— - —  -  79,700. 


8 
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The  results  may  now  be  tabulated  as  follows: 


n 

A'. 

.  HW  ,,  . 

2*  *  “  * 

t-500 

/-l.OOO 

<-5,000 

t-0 

i-l* 

>-}A 

1 

-1-0.0370 

0.512 

0.262 

0.00122 

-♦-1 

-fO.924 

-1-0.707 

-1-0.38,1 

3 

-0.00264 

0.00238 

0.0000061 

— 

-1 

-0.216 

-1-0.707 

-1-0.924 

5 

-1-0.000820 

— 

— 

+  I 

-0.383 

-0.707 

-1-0.924 

From  this  table  we  can  compute  the  values  of 


sin  ^(h-z) 

which  are  {{iven  in  the  following  table. 


Valim 

<-500 

<-1,000 

<-5,000 

of  s 

M-1 

11—3 

M-l 

»  -3 

N-1 

■  -3 

0 

-1-0.0190 

-1-6.28  X10-* 

■fO.00969 

-1-1.61  X10-* 

4-0.0000451 

— 

1* 

-1-0.0175 

-1-1. 36X10-* 

-1-0.00895 

4-0.348X10  * 

4-0.0000416 

— 

ik 

-1-0.0136 

-4.44X10-* 

-1-0.00685 

-1.14X10-* 

4-0.0000319 

— 

ih 

-1-0.00776 

-5.80X10-* 

-i-o.oai7i 

-1.49X10-* 

4-0.0000173 

— 

All  the  computations  were  carried  through  in  order  to  show 
how  rapidly  the  series  involved  in  equation  (40)  converges. 
From  the  above  table  we  see  that  the  error  introduced  by  neglect¬ 
ing  the  terms  for  which  n  »  3,  5  ...  is,  in  all  cases,  much  less 
than  one  in  one  thousand.  Therefore  equation  (41)  may  be 
used  to  advantage  in  all  cases,  except  for  very  small  values  of  /. 

The  following  table  gives  the  values  of  p  and  w  for  the  above 
values  of  t  and  z 


1 

1 

. 
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X 

Values  of  «  in  gr./cm.* 


1-500  1-1, 


Values  of  p  in  rr./cm. 


/.500  f- 1,000  f-5, 


2,740  3,479 


2,483 


1,042  1,579 


484  767 


The  times  500,  1,000  and  5,000  years  correspond  respectively  to 
points  in  the  deposit  at  the  distances  500,  1,000  and  5,000  m. 
from  the  coast.  From  the  above  table  we  see  that  at  a  point 
5  Icm.  from  the  coast  the  deposit  is  practically  consolidated.  It 
should  be  remembered  that  so  far  we  have  studied  only  the 
process  of  consolidation  of  the  deposit  under  the  action  of  its 
own  weight,  and  evaporation  together  with  other  irregular 
phenomena  occurring  at  the  top  surface  of  the  deposit  play  an 
important  part  during  the  process  of  consolidation  as  will  be 
shown  later. 

No  data  are  available  to  compute  the  water  content  throughout 
the  deposit,  but,  at  least  for  the  first  stage  of  consolidation,  we 
can  take 

Z  -  2*. 


Vsluo  of  w  ••  Vajy,,  o#  p  m 
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and  by  this  single  transformation  obtain  the  actual  pressure 
curves. 

The  results  given  in  the  above  table  are  shown  graphically 
in  Fig.  9. 

(c)  Settlements  and  Rates  of  Settlements.  These  are  found 
from  equations  (56a)  and  (57a)  which  were  obtained  for  the  case 
of  a  «  constant. 

If,  however,  there  is  an  appreciable  variation  in  the  values  of 
a,  we  have,  as  already  pointed  out, 

where  a  and  /3  are  constants.  Then 

ds  ^  a  j 

and 


The  above  integrations  would  lead  to  such  complex  expressions 
as  to  be  of  no  practical  value  and  therefore  it  seems  that  if  the 
variation  of  a  is  to  be  accounted  for,  it  is  better  to  compute  a 
for  several  values  of  t  and  then  find  the  rates  of  settlement  for 
these  values  of  t  and  a  from  (56a).  Then  the  total  settlement 
during  any  given  time  interval  can  be  computed  by  simple 
additions.  It  is  however,  believed  that  equations  (56a)  and 
(57a)  are  accurate  enough  for  any  practical  purpose. 

Equation  (56a)  shows  that  the  rate  at  which  the  top  surface 
of  the  deposit  is  settling  decreases  exponentially  with  the  time, 
it  being  a  maximum  at  the  beginning  of  the  stage  (/  >=  0)  and 
zero  for  /  *  « .  Equation  (57a)  shows  that  the  total  settlement 
of  the  top  surface  increases  exponentially  with  the  time  and  is 
zero  at  the  beginning  of  the  stage  (/  *  0).  All  of  these  facts 
have  been  actually  observed  in  Nature. 

We  will  now  apply  (56a)  and  (57a)  to  the  previous  example 


Values  of 
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for  /  «  0,  50,  100,  500,  1,000,  2,000,  3,000  and  5,000  years.  The 
results  are  given  in  the  following  table,  and  represented  graphic¬ 
ally  in  Fig.  10. 


Tim«  tn  ^eors 

Fig.  10. 


\atues  of  i 
\ears . 

0 

50 

100 

500 

1,000 

2,000 

3,000 

5,000 

90 

ds. 

—  in  cm. /year 

Of 

1.35 

1.26 

1.20 

0.71 

0.40 

0.105 

0.0276 

0.00184 

0 

5  in  ni . 

0 

0.611 

1.29 

5.27 

8.30 

10.25 

10.82 

11.00 

11.05 

Both  equations  (56a)  and  (57a)  depend  directly  on  a  since 
k  ^  ca  or,  in  other  words,  the  constants  b  and  c  are  not  affected 
by  the  variation  in  a.  Now  a  decreases  with  the  time  and  there¬ 
fore  the  curve  of  ds/dt  should  be  lower  for  large  values  of  t, 
but  this  does  not  indicate  that  the  curve  of  s  would  be  lowered 
in  the  same  proportion,  for  it  depends  also  on  the  previous 
values  of  o.  Thus,  if  for  /  —  2,000  years  the  value  of  a  were 
one-half  of  that  used  in  computing  the  above  table,  we  would 
have  curves  as  those  shown  dotted  in  Fig.  10. 

We  can  compute  Z  in  terms  of  z  and  hnd  the  actual  pressure 
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distribution  for  given  values  of  /.  Since  we  do  not  know  the 
values  of  a  and  for  the  material  of  the  deposit  in  question,  we 
will  use  equation  (55a)  instead  of  equation  (54).  ^e  results 
are  as  follows: 


L _ 

_ 

N’alim  of  1  yran . 

HQIIII 

50 

100 

500 

5,000 

Ratio  ZIt  or  H/k . 

2 

1.976 

1.948 

1.779 

1.668 

1.560 

(d)  Solution  by  Applying  Equations  (46)  and  (51).  In  order 
to  obtain  the  pressure  distribution  we  need  the  value  of  0. 
This  is  not  known.  We  will  therefore  proceed  to  find  the  vari¬ 
ation  of  the  pressures  p  with  The  computations  are  very 
tiresome,  and  will  not  be  given  here.  The  results  obtained  by 
applying  equation  (51)  are  given  in  the  following  table,  where  p\ 
is  the  granular  pressure  at  the  bottom  surface  of  the  deposit. 


K 

$ 

Pi 

Maximum  Error 
in  Per  Cent 

8,820 

1,180 

0.72 

20 

3,770 

1,230 

3.31 

25 

2,750 

1,250 

— 

30 

2,060 

1,270 

8.46 

36 

1,480 

1,295 

— 

1,200 

16.8 

50 

685 

1  1.315  1 

18.7 

The  last  column  indicates  the  maximum  error  introduced  by 
placing  1  —  r.  This  of  course  does  not  mean  that  the 

results  obtained  deviate  from  the  exact  ones  by  the  same 
amounts,  since  r  is  not  a  constant  but  a  variable,  no  fixed  relation 
existing  between  the  two  errors  in  question. 

The  above  results  are  illustrative  in  that  they  show  how  little 
Pi  depends  on  0.  0  was  made  to  vary  from  8,820  to  685  while 
the  corresponding  values  of  p  were  found  to  be  1,180  and  1,315. 

We  turn  now  to  the  more  accurate  solution  represented  by 


fa  ilit  ‘r‘ 
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equation  (46).  As  already  pointed  out,  this  equation  represents 
the  solution  of  our  problem  only  when 


1  - 


Rfc/ 


Y> 


2. 


This  shows  that  R  in  this  case  must  be  less  than  about  0.000.159. 
For  this  value  of  R  the  equation  does  not  hold,  the  pressure  curve 
being  a  triangle.  Pi  was  computed  from  equation  (46)  for  two 
values  of  R  and  the  results  are  as  follows: 


R 

Px 

0.00010 

8,820 

1,180 

0.000.10 

1,960 

1,370 

The  maximum  errors  introduced  by  placing 


are  in  both  cases  very  small. 

The  pressures  for  other  values  of  z  were  computed  the  results 
being  shown  in  Fig.  11. 

Now  the  values  of  $  are  in  general,  much  smaller  than  those 
for  which  Pi  was  computed,  so  that  it  seems  that  there  would  be 
wider  discrepancies  than  those  shown  by  the  preceding  curves. 
But,  on  the  other  hand,  in  order  to  compare  the  results  of  the 
two  theories,  a  and  0  must  be  such  as  to  make  the  average  value 
of  a,  as  computed  from 


compatible  with  the  average  value  of  0.00024.  The  value  of  a 
(0.00024)  was  computed  from  a  range  in  voids-ratio  of  from  1.2 
to  0.8*  which  correspond  Respectively  to  the  voids-ratio  at  the 
top  surface  where  p  ■  0  and  the  bottom  surface  where  p  —  Pi. 

’Teriaghi’t  "  Erdbaumechanik,”  p.  178,  aee  also  p.  141. 
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ence 

-  0.00024  or  />,  -  1 ,668  gr./cm. 

-  0 

1.2  -  —  a  log  (0  +  ^)  +  C. 


0.8  *  -  a  log  {pi  +  /5)  +  C"- 


Therefore 


a 


0.4 

~  /  PA 
log!  1+^ 


0.4 


1,668  y 

a  ) 
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If  then,  a  varies  according  to  the  above  law,  a  and  d  must  be 
such  that  the  average  value  of  a,  as  ^  is  made  to  vary  from  0  to 
1,668,  will  be 

Combining  the  two  last  equations,  we  get: 

0.4 

- 7 - TTTTT  (1.668  -|-  2^)  -  0.8  -  0.00048^*  »  0. 

/  ,  1 ,668  \ 

'"*('  +  —  ) 

Solving  this  equation,  we  get: 

P  —  3,730  and  a  »  1.06. 

If  the  pressure  distribution  is  now  computed  from  equation 
(46)  for  the  above  value  of  /5  the  resulting  p{z)  curve  will  be  closer 
to  that  represented  by  equation  (27)  than  the  one  shown  in  the 
preceding  figure  for  which  —  1,960  gr./cm.*.  This  leads  to 
the  conclusion  that  the  theory  developed  for  a  constant  is  far 
more  accurate  than  one  could  ever  expect.  Hence,  the  differ¬ 
ential  equation  (16)  can  be  entirely  dropped  out  of  consideration, 
and  equation  (15)  used  instead.  This  will  be  done  in  what 
follows. 

IV.  Problem  2.  Mud  Deposit  under  the  Influence  of  a 
Very  Permeable  Fill,  Placed  on  Top  of  it  at  the 
Beihnning  of  the  Second  Stage  of  Consolidation. 

1.  Determination  of  Stresses.  The  consolidation  due  to  the 
weight  of  the  material  itself  has  already  been  considered  in  the 
preceding  section.  The  combined  effect  of  the  weight  of  the 
material  itself  and  that  of  the  top  fill  will  be  ascertained  by 
properly  combining  the  solution  obtained  for  the  two  cases 
separately.  Therefore  in  order  to  study  the  behavior  of  the  mud 
deposit  under  the  influence  of  the  top  fill  alone,  we  disregard  the 
weight  of  the  material  and  proceed  as  follows,  after  neglecting 
the  time  required  for  depositing  the  fill,  and  also  the  resistance 
of  the  fill  against  percolation. 
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Let  h  be  the  reduced  thickness  of  the  deposit,  and  let  p  and 
w,  be  the  granular  and  the  hydrodynamic  pressures  respectively 
at  any  section  distant  t  (or  x)  from  the  bottom  (or  top)  surface 
at  any  particular  time  1. 

Let  /  »  0  correspond  to  the  instant  at  which  sedimentation 
has  just  ceased  and  let  the  fill  be  deposited  at  this  same  instant. 


Let  Pi  be  the  pressure  per  unit  area  exerted  by  the  fill  resting  on 
the  top  of  the  deposit. 

Since  the  resistance  of  the  fill  against  percolation  of  water  is 
neglected,  the  hydrodynamic  pressure  at  the  surface  of  the 
deposit  will  be  zero  and  the  granular  pressure  will  be  equal  to  Pi 
(Fig.  12).  In  order  to  have  equilibrium  we  must  have  the 
following  relation  between  p  and  w.‘® 

/>  +  w  -  p,.  (59) 

As  before,  we  have 

dp  dHv 

Jt  “  “  d?’ 

“Cf.  Terxaghi,  “Erdbaumechanik,”  pp.  14J-144. 
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and  from  (59)  we  get 

dw  Shv  d*w 

•57 -'a? -'ft?'  <“> 

where  x  h  —  t. 

No  water  can  possibly  flow  during  the  period  of  time  in  which 
the  dll  is  deposited,  (which  is  practically  equal  to  zero  and  so 
considered)  and  therefore  we  must  have  tc  «■  ^1  throughout  the 
deposit  for  /  “  0. 

Hence  the  boundary  conditions  are 


0 


for 


dw 


0 


and 


t  >  0. 


for 


A. 


(61) 


w  —  Pi  for  /  ■*  0. 

The  second  of  the  above  boundary  conditions  is  equivalent  to 

u>  —  0  for  Of  —  2h, 

•  as  already  pointed  out. 

0  Let 

w  - 

be  the  solution  of  (60).  Then 


therefore 


-  fX*. 

cos  Xjc, 

(62) 

sin  Xx, 

(63) 

are  particular  solutions  of  (60). 

Now  (63)  is  seen  to  satisfy  both  U'  *  0  for  z  *  0,  and  w  *  0 
for  *  2h,  provided  we  set 


nr 
2A  ’ 


where  n  —  1 ,  2,  3,  .  .  .  . 
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Hence  the  general  solution  of  the  differential  equation  (60) 
is  given  by 


tt’  *  E 


Sin  2^  X, 


(64) 


where  the  a,  represent  constants  multiplying  every  term  of  the 
series. 

But 

and  therefore 


_  .  nv 

2-  On  sin  rr-JC, 

M-l 


w  »  pi  for  /  »  0, 
Pi 

2  .  »T  ^ 

“•’ui 

On  * - (1  —  COS  nr), 

tlT 


and  this  is  zero  for  even  values  of  n  and  equal  to  Apilnr  for  odd 
values  of  n. 


Hence  we  have 


and 


w  =  -  pi  E 

^  il-l,  8. 


-(ol«*t/4W),  ^  , 

.  nr 
n  sin  — 


p  =  p,  I  1  -  -  X 

*  Il-l,  S, 


COS  2^  S 


(65) 


(66) 


With  regard  to  the  boundary  conditions  we  made  use  of  two 
conditions  which,  at  first,  seem  to  be  inconsistent,  namely; 
u'  “  0  for  X  “  0  and  «»  =  Pi  for  /  *  0  throughout  the  deposit. 
Now,  at  the  very  surface  of  the  deposit  the  granular  pressure 
must  always  be  equal  to  Pi,  while  at  any  other  section,  Pi  is 
taken  up  partly  by  the  capillary  water  and  partly  by  the  granular 
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material  (according  to  (59)),  but  at  /  »  0,  when  Pi  is  supposed 
to  be  applied,  no  water  can  possibly  flow  on  account  of  the 
smallness  of  the  value  of  the  coefficient  of  permeability,  and 
since  water  is  practically  incompressible,  it  follows  that  at 
/  »  0  the  whole  pressure  p\  must  be  taken  up  by  the  capillary 
water.  Consequently  there  is  a  discontinuity  in  the  pressure 
distribution  at  the  surface  of  the  deposit  at  the  instant  /  0. 

The  assumption  that  tc  »  for  /  *  0  may  be  readily  con¬ 
firmed  by  applying  Heaviside’s  Operational  Method  "  to  the 
differential  equation  (60).  Since  this  method  affords  a  simple 
way  of  solving  the  above  differential  equation  and  at  the  same 
time  no  assumption  concerning  w  is  involved,  it  will  be  given 
below. 

We  will  now  use  the  differential  equation  in  terms  of  p  instead 
of  w.  It  is 


and 


P  •  pi 

dp 


dz 


0 


e>  d*p 

f  “  dz*' 

(67) 

are 

.for 

z  ~  h, 

(68) 

for 

z  “  0. 

(69) 

We  now  introduce  an  operator  in  (67),  i.e.,  we  set 


Then 


d 

dt 


r. 


rp. 


or 


d^p  r 


(70) 


"  Cf.  “Heaviside’s  Operators  in  Engineering  and  Physics,”  by  E.  J.  Berg, 
Journal  of  the  Franklin  Institute,  Nov.  1924.  Also:  “An  Analogy  between 
Pure  Mathematics  and  Operational  Mathematics  of  Heaviside  by  Means  of 
the  Theory  of  //-Functions,”  by  J.  J.  Smith,  Journal  of  the  Franklin  Institute, 
Oct.,  Nov.,  and  Dec.,  1925. 
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where  X*  —  —  rjc,  X  being  a  function  of  r  (i.e.  of  t)  but  not 
of  t. 

The  solution  of  (70)  is 


P  ^  Cl  cos  Xr  -I-  Cj  sin  Xt, 

where  Ci  and  Ct  are  functions  of  r. 

Introducing  the  boundary  conditions  (68)  and  (69)  we  have 


and 


Hence 


Ct  *  0, 


c  --A_. 

‘  cos  \h 


P 


cos  Xz 
cos  XA  ^  ’ 


(71) 


where  1  is  the  so-called  "  unit  function." 
Equation  (71)  may  be  written  as  follows 


P 


Z(r) 


(72) 


where  Y{r)  and  Z(r)  are  functions  of  r. 

The  Solution  of  equation  (72)  is  given  by  Heaviside  in  the 
form  of  a  series  which  is  called  the  "  Expansion  Theorem.”  It 
is  as  follows 


I<!L>  .  Y 

Z(0)  <fZ(r) 


(73) 


>■1.  ft-  etc.  being  the  roots  of  the  equation  Z^r)  —  0,  and 
F(a)  and  Z(o)  being  the  values  of  ¥{,)  and  Z(r)  when  r  is  zero. 

We  can  now  apply  the  expansion  theorem  (73)  to  equation 
(71). 

We  have 

K(,)  »  cos  Xz  and  Z(,)  —  cos  \h. 


A 
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The  roots  of  Z(,)  “  0  :  cos  \k 
X 


nr  , 

TT  (« 


2h 


0  are 
-  1.  3,  5. 


But 

Therefore 


-  fX». 
cn'w* 


Now  X  —  0  when  r 


4A* 

0  and  therefore 


(74) 


y<»  ^  /  cos  Xx\ 
Z(o)  “  \  cos  XA  /x 


dZ 


<r) 


dr 


.  dZ(,)  dX  nr  .  nr 

“^d; 


(75) 

(76) 


Substituting  (74),  (75)  and  (76)  together  with  the  value  of 
K(r)  in  the  expansion  theorem  (73)  we  have: 


P~  Px 


-r  ^ 

■  ii-i.  i.  • 


_ 2h 


nr 

n  sin  — 


which  is  the  same  as  equation  (66). 

Before  we  take  up  any  specific  problem  we  will  investigate 
how  the  state  of  internal  stresses  is  affected  by  the  presence  of 
evaporation  at  the  surface  of  the  deposit. 


2.  Consolidation  by  Evaporation.  Evaporation  of  water  at 
the  surface  of  the  deposit  produces  surface  tension  at  the  en¬ 
trances  of  the  voids,  which  in  turn  brings  the  water  within  the 
voids  into  a  state  of  tensile  stress.  The  intensity  of  the  stress 
depends  on  the  temperature  and  degree  of  humidity  of  the  atmos¬ 
phere  and  also  upon  the  velocity  of  the  wind  at  the  surface.  We 
will  not  describe  here  the  phenomenon  of  evaporation,**  but  just 
•*Cf.  Terzaghi,  "  Erdbaumechanik,”  pp.  137-139,  162. 


120 


ORTRNBLAD 


point  out  that  it  produces  tension  in  the  capillary  water,  which  in 
turn  affects  the  state  of  stresses  in  the  granular  material. 

l.et  Wi  be  the  intensity  of  tension  existing  in  the  capillary 
water  at  the  surface  of  the  deposit.  Since  there  is  equilibrium 
the  hydrodynamic  and  the  granular  pressures  must  be  equal  and 
opposite  in  sign,  in  every  section  of  the  deposit.  It  follows 
then  that  at  the  top  surface  there  must  be  granular  pressure 
equal  to  Wi  but  opposite  in  sign.  Hence,  although  no  granular 
pressure  exists  at  the  very  surface  of  the  deposit,  there  will 
always  exist  a  pressure  Pi  (»  —  Wi)  at  an  infinitesimal  distance 
below  the  surface.  We  have  here  the  same  type  of  discon¬ 
tinuity  in  the  pressure  distribution  at  the  surface  as  in  the  case 
of  the  permeable  top  fill. 

The  problem  of  determining  the  effect  of  evaporation  on  the 
process  of  consolidation  of  a  mud  deposit  is  largely  indeterminate 
for  the  following  reasons:  first  Wi  is  variable  and  does  not  seem 
to  follow  any  definite  law,  its  value  varying  from  zero  up  to 
values  higher  than  100  kg. /cm.*;  second,  as  evaporation  becomes 
intensive,  the  water  withdraws  from  the  surface  towards  the 
interior  of  the  deposit  (as  is  the  case  when  the  quantity  of 
water  percolating  upwards  from  the  interior  of  the  deposit  is 
less  than  that  which  is  l)eing  evaporated),  thus  forming  a  more 
compact  layer  of  material  at  the  surface  which  is  less  permeable 
than  the  rernainder  of  the  deposit. 

If,  however,  we  assume  a  constant  value  for  Wi,  which  may  be 
taken  as  the  averc^e  value  during  a  certain  period  of  time  the 
solution  will  be  represented  by  equation  (66)  or 


-  p  -  -  w, 


1--  L  - 

"  «"i. ». » 


nx 

cos-z 


.  (77) 


3.  Settlements.  The  time  rate  of  settlement  of  the  surface  of 
the  deposit  due  to  a  granular  pressure  Pi  at  the  surface  can  l)e 
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found  from  equation  (56).  It  is 
dt  k 


(78) 


This  converges  very  rapidly  and  therefore  we  can  take 


^  -((vl/4«l)l 

dt  k  ‘ 


(78a) 


unless  /  is  small,  in  which  case  (78)  should  be  used. 
The  total  settlement  at  any  particular  time  /,  is: 


s 


SaPih  (1  - 


(79) 


If  /  is  large  we  can  use  the  following  formula  which  gives 
sufficient  accuracy 

s  -  (1.052  -  (79a) 

In  both  cases  a  was  considered  constant  during  the  integrations. 

'  4.  Example.  We  will  now  investigate  the  conditions  of  stress 

and  settlements  of  the  mud  deposit  of  Problem  I,  under  the 
influence  of  a  permeable  fill,  exerting  a  pressure  of  1  kg./cm.* 
on  the  top  surface  of  the  deposit. 

We  have 

c  -  3,395,  pi  =  1.000, 

a  -  0.00024,  k  -  2,500. 

The  results  of  the  computations  are  shown  in  Figures  13  to 
17.  Fig.  13  shows  the  stress  distribution  for  the  case  of  a  top 
permeable  fill  exerting  a  pressure  of  1,000  gr/cm*  at  the  top 
surface  of  the  deposit. 

Fig.  14  shows  the  stress  distribution  due  to  the  above  pressure, 
and  that  of  the  weight  of  the  solid  matter  itself. 

Fig.  15  shows  the  influence  of  evaporation  for  a  value  of  Wi 
equal  to  10  kg/cm*.  The  value  of  W\  is  in  general  much  larger 
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and  variable,  but  this  serves  the  purpose  of  showing  the  general 
shape  of  the  curves. 

Fig.  16  shows  the  rates  of  settlement  and  total  settlements  due 
to  the  weight  of  the  top  hll. 


Fig.  17  shows  these  same  two  items  combined  with  those  due 
to  the  wreight  of  the  deposit. 

The  shape  of  the  curves  in  Fig.  14  is  seen  to  agree  with  that  of 
experimental  curves  obtained  by  Dr.  C.  Terzaghi  and  published 


'  I 

•  i 


Fic.  14. 


Ciirttof  9 


Tme  m  yMr« 

Fig.  16. 


in  the  Journal  of  the  Boston  Society  of  Civil  Elngineers  (Vol. 


XII,  No.  10,  Dec.  1925). 
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V.  Problem  3.  Mud  Deposit  having  within  it  a  Thin 
Layer  ok  less  Permeable  Material 

VVe  will  assume  here  that  at  a  height  /  from  the  bottom  of  the 
deposit  whose  depth  is  h,  there  exists  a  layer  of  material  of 
thickness  {m  —  t)  having  a  coefficient  of  permeability  smaller 
than  that  of  the  remainder  of  the  deposit.  (See  Fig.  18.) 
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In  a  problem  of  this  sort,  we  can  not  expect  to  have  an  accurate 
solution  by  applying  the  simple  differential  equation 

dp  d*w 


liTne  tn  yeare 
Fio.  17. 

since  the  conditions  are  too  variable  throughout  the  de(>osit. 
If  we  attempt  to  use  the  more  complex  differential  equation 
(16)  the  problem  will  be  beyond  solution.  Even  by  applying 
the  above  differential  equation  [equation  (15)3,  the  mathe- 


p 
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matical  analysis  becomes  so  complicated  that  we  are  forced  to 
make  some  approximations. 

In  Fig.  18  the  deposit  is  shown  divided  into  three  layers.  Let 
the  characteristic  constants  (already  defined)  for  layers  (1)  and 
(3)  be  y,  q,  a,  and  k  and  let  those  for  layer  (2)  be  71.  qu  Oi,  and 
ki.  Let  also  the  granular  and  the  hydrodynamic  pressures  in 
in  these  layers  be  respectively  P\,  Pt,  Pt  and  W\,  trj,  and  wi. 


1.  First  Stage.  In  this  stage  the  differential  equation  can 
be  solved  without  any  difficulty. 

W’e  have 


dp\  S^W\ 
dpt  d*Wt 
dpt  d*Wt 

df^  ^'dF' 


for 

O^z^  1. 

(80) 

for 

i 

VI 

VI 

(81) 

for 

m^z-^h. 

(82) 

•  The  values  of  t'  as  functions  of  s  corresponding  to  the  above 
« differential  equations  are  respectively, 


/'«-(/-*) +  —  (m  -/)+- (A  -  m), 


Z'  «  ^  (w  -  s)  +  ^  (A  -  m), 
9i  9 


m. 


and 


m-^z^h. 

Hence  the  differential  equations  (80),  (81),  and  (82)  become: 

(80a) 


dz'  ^  dz 


0, 


(81a) 
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where 


and 


dz^  dt 


1C 


(82a) 


6i  =  — -  . 

1\C\ 

The  solutions  of  (80a),  (81a)  and  (82a)  are,  respjectively. 


=  >1  -1- 

(83) 

Pi  =  C  "h 

(84) 

Pi  *  £  “b  Fe~^', 

(85) 

and 


where  A,  B,  C,  D,  E  and  F  are  constants  to  be  determined. 
The  relations  lietween  the  ic's  and  the  p'i  are; 


therefore 


and 


tCi 

-  7(A  - 

-  w)  +  7i(w 

— 

1)  +  7(/  -  *)  -  Pi. 

(83a) 

U-i 

*  l{h  - 

-  w)  +  7i(m 

- 

*)  -  Aj. 

(84a) 

tCi 

•  l{h  - 

-  z)  -  pi, 

(8.Sa) 

s 

dw\ 

dpi 

dz 

1 

dz  ' 

dwi 

li 

dp. 

$ 

dz 

dz  ’ 

du’i 

dz 

1 

dz 

Remembering  that  the  quantity  of  water  (per  unit  of  time) 
which  leaves  layer  (1)  is  the  same  as  that  which  enters  layer  (2) 
(the  same  thing  lieing  true  for  layers  (2)  and  (3)),  we  will  have 
the  following  tx)undary  conditions: 
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For 

2  =  0:  -3—  =  0, 

dz 

(a) 

For 

z  =  h  :  p%  —  {), 

(b) 

For 

II 

II 

(c) 

For 

2  =  m  :  />,  =  p,, 

(d) 

For 

du'i  dwi 

*  “  ^  dz  dz' 

(e) 

For 

.  dtt'i  ^  dWi 

z  »  m  :  ki—j—  =  k-j— . 

dz  dz 

(0 

Introducing  these  boundary  conditions  we  get  the  following 

relations  between  the  constants  A,  B,  C,  D,  E  and  F: 

—  Bb  ^  —  y. 

(a') 

E  +  £e-**  =  0, 

(b') 

A  +  =  C  + 

(c') 

£  +  £«“*“  -  C  + 

(d') 

—  ky  +  kbBe~^‘  =  —  kiyi  -F  k\b\De~*'', 

(e') 

-  k\yi  +  kibiDer*i-  =  -  *7  +  kbFe-^. 

(f') 

Solving  these  six  equations  as  simultaneous,  we  get: 


D 


kiji  4-  kyie-^‘  -  1) 


- )]• 


£  =  _  ^>-6*, 


C  *=  £  +  £«■*"  — 


\  r  / 

kb  \1 

1 

1 

<% 

1 

1 

1 

i 
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Hence  the  distribution  of  pressures  throughout  the  deptosit 
is  fully  determined  for  the  first  stage. 


2.  Second  Stage.  In  this  stage,  since  /  is  independent  of  z, 
the  three  differential  equations  will  be  partial  instead  of  ordinary. 
Unfortunately  these  differential  equations  can  not  be  solved  and 
therefore  we  will  take 


or 


dp  d^w 

dw 

It  “  ''  d?’ 


(86) 


as  the  general  equation  for  the  second  stage,  where  r  stands  for 
c  for  layers  (1)  and  (3),  and  for  Ci  for  layer  (2).  r  is  then  variable 
but  will  be  considered  constant  in  order  to  make  the  problem 
solvable. 

Changing  the  origin  of  coordinates  to  the  top  surface  (86) 
becomes 


dw  d*w 
'’d?’ 


(86a) 


where  x  h  —  z. 

We  now  proceed  as  in  the  case  of  the  mud  deposit  of  homo¬ 
geneous  material. 

The  boundary  conditions  are 

1C  =  0  for  X  «  0, 

and 

'  tt'  =  0  for  X  “  2h, 


the  last  condition  resulting  from  the  fact  that 


dw 

dx 


0. 


The  conditions  are  now  represented  by  Fig.  19,  where  the 
pressure  distribution  is  symmetric  with  respect  to  the  imper¬ 
meable  surface. 
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The  solution  of  equation  (86a)  is  given,  as  before,  by 


When  /  *  0,  w  »»  ^(*),  where  ^(x)  indicates  the  pressure 
distribution  at  the  end  of  the  first  stage  and  is,  therefore,  a 
discontinuous  function,  but  always  finite.  Therefore  its  inte¬ 
gration  should  be  performed  by  parts. 

Since  for  /  =  0,  w  *■  ^(x),  we  must  have 


The  expressions  for  ^(jc)  are  as  follows  (see  Fig.  19): 
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For  layer  (v?)  :  w»  —  yx  —  E  — 

For  layer  (2)  :  wt  =  (y  —  yi)ih  —  m)  +  ytx  —  C  — 

For  layer  (1)  :  Wi  —  (yi  —  y){m  —  1)  -i-  yx  —  A  — 

For  layer  (T)  :  tt/j  =  (yi  —  y){m  —  1)  —  yx  —  A  —  5e"***“*’. 

For  layer  (2')  :  w'  *  =  y(h  —  m)  +  yi{h  +  m)  —  y^x  —  C 

For  layer  (3')  :  tr'i  =  2yh  —  yx  —  E  — 

Therefore 


A.h 


Jr*“"  .  nx  .  nx 

I  «’jsinrr*ax+  I  if*  sm  tt- JcOAf 

0  2h  2h 

r*  .  .  nx 

+  I  tt’i  sin  vr  xdx  +  I  U'l  sin  —  xdx 
Jk-i  2h  2h 

/**■*■"  « X  n  X 

+  I  tTj'  sin  vr  +  I  sin  —  xdx, 
Jk+i  2h  2A 


where  the  values  of  the  w's  are  given  by  the  preceding  equations. 
Performing  the  above  integrations  and  simplifying  we  get  # 
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+  (1  —  cos  »t)  =}■  IBh  sin  ^ 

4A  .  nirf  ^  -  nx  «x  .  wx  \ 

-  4w+;?pP®*'"tL'  A  ■  2*  J*  “"S  V 
-'■*'"(*■  co*^™- if  ’”)]}■ 


(88) 


Now  once  the  values  of  the  trigonometric  functions  are 
tabulated,  expression  (88)  is  not  very  hard  to  compute,  but  it 
seems  to  be  too  long  to  be  of  any  practical  value. 

In  case  the  thickness  of  layer  (2)  is  not  large,  we  can  set 
I  —  m  and  get  a  much  simpler  equation  for  An-  This  will  be 
shown  later,  by  an  example,  to  involve  a  very  small  error.  Also 
i4a  is  seen  to  be  small  for  even  values  of  n,  the  prevailing  term  in 
(88)  being  Syhln^iA  sin  nx/2. 

Setting  I  =  m  =  I'  (where  /'  is  now  the  average  between  / 
and  m)  in  (88)  we  get: 


,  Syh  . 


nir  2  r  ^  .  «x,,,  ,  «x„ 

-+-[2,.n-y(i-.4)s,n3^; 

+  £(cos  »>-!)]-  4^--^ »in  Y  «'* 

(,  nr,,  nr  .  nr  \ 


-f  f -rr  e"**(l  —  cos  nx)  +  2Bb  sin 
2h 


.  nr  1 

m-  J. 


(89) 


A  still  more  roughly  approximate  expression  is 


A. 


Syh  ,  nr  ^HBb  nr 

+  n*x»*'"T' 


(90) 


It  should  be  rememl)ered  that  the  assumption  or  approximation 
/  =  w  was  made  only  in  order  to  obtain  a  simpler  expression  for 
An  and  should  not  affect  the  constants  A,  B,  C,  etc. 
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The  fact  that  the  state  of  stress  for  the  first  stage  of  con¬ 
solidation  can  be  determined  furnishes  valuable  information. 
For  the  second  stage  of  consolidation,  we  can  obtain  only  an 
approximate  solution,  and  therefore  we  will  not  enter  into  many 
details  with  regard  to  the  mathematical  analysis. 

We  will  now  determine  the  value  of  r  which  will  represent, 
approximately,  the  state  of  stress  in  layer  (1).  To  do  this,  we 
know  that  the  quantity  of  water  which  leaves  layer  (1)  per  unit 
time  must  be  the  same  as  that  which  enters  layer  (2)  per  unit  of 
time.  If  a  solution  could  be  obtained  for  this  stage,  we  would 
have  three  stress  equations — one  for  each  layer,  and  instead  of  r, 
we  would  have  c  for  layers  (1)  and  (3),  and  Ci  for  layer  (2). 
Assuming  that  equation  (87)  represents  the  solution  of  our 
problem  is  equivalent  to  assuming  that 


.Mthough  this  is  not  true,  it  affords  a  means  of  estimating  the 
value  of  r  with  the  following  modifications:  Compute  values  of 
kidw/dz)  ^1,  r..f  for  several  values  of  /,  within  a  certain  period 
of  time,  and  then  compute  the  corresponding  values  of 
)ti(du’/dz)«-i,  r.r,  for  the  same  values  of  t.  Now  take  the 
average  of  each  pair  of  values  for  the  same  value  of  /  which  then 
represents  the  quantity  of  water  percolating  through  the  section 
2  »  /  per  unit  of  time  and  per  unit  of  area.  After  this  is  done 
we  determine  the  value  of  r,  say  ri,  which  will  make  the  same 
average  values  between 


approximately  the  same  as  the  average  values  already  obtained. 

Another  method  which  may  be  used  to  determine  r  is  the 
following.  The  rate  at  which  the  granular  stress  p  is  increasing 
with  the  time  {dpidt')  at  the  end  of  the  first  stage  of  consolidation 
for  sections  far  away  from  the  top  surface  of  the  deposit,  should 


tl  .4 

i'Jt 
^  '■ 


The  right  hand  member  of  this  equation  can  be  computed  only 
by  taking  /  >  0,  and  finding  its  limit  as  t  is  made  to  approach 
zero,  otherwise  a  very  large  number  of  terms  would  be  required 
in  the  series  (87).  The  method  of  procedure  is:  compute 
iPwlds*  for,  say,  *  *  0  and  *  =  /  (equation  (83)).  Then  compute 
S‘wldt'  (equation  (87))  for  the  same  values  of  z  and  for  several 
values  of  t,  say,  50,100,  and  500  years  by  assigning  to  r  a  trial 
value.  With  these  values,  plot  curves  between  (d*tt’/dz*),_,|. 
and  t  and  produce  them  to  meet  the  axis  /  0.  r  should  then 

be  such  as  to  satisfy  the  above  equation. 

In  all  cases  r  must  be  C|  <  r  <  c. 

We  are  not  interested  in  the  stress  distribution  in  layer  (2) 
which  may  be  considered  as  a  plane  of  separation  between  layers 
(1)  and  (3). 

The  stress  distribution  in  layer  (3)  can  not  be  determined 
unless  we  make  some  approximations.  In  this  case,  however, 
we  know  the  limiting  values  between  which  the  pressures  must 
lie.  Let  the  granular  and  hydrodynamic  stress  for  this  layer 
be  Pt  and  t0|,  respectively.  The  two  limiting  values  for  Wi  are 
given  by  equation  (87)  for  r  =  ri  and  r  *=  c  for  0  s  x  ^  A  —  m. 
They  are 

Wt  «  Y.  i4  ,«"“"*'*'****'  sin  ^x,  (91) 

■.I 

and 

wr  =  "if  A  sin  ^  X.  (91  a) 
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be  about  the  same  as  its  rate  of  increase  at  the  beginning  of  the 
second  stage.  In  other  words. 


Now  the  change  in  water<ontent  of  layer  (2)  is  very  small, 
and  can  be  neglected.  Therefore  we  can  assume  that  the 
quantity  of  water  which  leaves  layer  (1)  per  unit  time  is  the 
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same  as  that  which  enters  layer  ^3)  per  unit  of  time.  This 
leads  to  the  equation : 

where  dwxjdx  has  an  intermediate  value  between  dv/ldx  and 
dw"fdx.  This  equation  serves  either  as  a  check  on  the  results 
or  as  a  means  of  determining  to  which  of  the  equations  (91)  and 
(91a)  the  pressure  Wi  is  closer. 


3.  Settlements  and  Rates  of  Settlements.  These  can  be 
determined  by  directly  applying  equations  (56)  and  (57).  Let 
wt  be  the  average  between  v/t  and  and  let  /'  be  the  distance 
of  the  center  of  la>'er  (2)  from  the  bottom  of  the  deposit.  Then, 
taking  a  constant,  we  have 


rr-’J.  77'''  +  “!  sT'''' 

r'  aTr.  a  r‘' /  dwi 

“  -‘■J.  + 

Integrating,  we  will  hav'e  for  the  rate  of  settlement, 

.  nr  .  nr  \ 

I  +  2»ny.in25-/  ) 

(l  (93) 


*  il'f 

dt  “  4*  ir. 


+  ce 


The  total  settlement  of  the  top  surface  of  the  deposit  at  any 
time  /  is:  , 


nr  .  nr 

1  +  2  sin  —  sin  I  —  cos 
I  Zh 


-/'"i 

2h  ) 


X  (1  -  ^  ^  1  _  cog  ^  (I  _ 


(94) 


In  computing  the  values  of  dsjdt  and  s  from  (93)  and  (94) 
for  very  small  values  of  t,  two  or  more  terms  should  be  considered. 
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For  large  values  of  /,  only  one  term  in  the  above  series  will  give 
results  accurate  enough  for  any  practical  purpose. 

4.  Example.  We  will  now  investigate  the  state  of  stresses  in 
a  mud  depK>sit  with  a  total  reduced  thickness  of  25  m.  and 
having  within  it  a  layer  of  less  permeable  material  with  a  reduced 
thickness  of  50  cm.  Such  a  large  thickness  for  this  layer  is 
chosen  in  order  to  give  an  idea  of  the  discrepiancies  in  the  values 
of  >1.  as  computed  from  equations  (89)  and  (90). 

The  characteristic  constants  of  the  materials  are**: 

Layers  (1)  and  (3):  y  =  1.7,  a  —  0.00024,  k  —  0.815. 
Layer  (2):  y,  =  1.9,  a,  =  0.00050,  ki  =  0.20. 

Take  q  ^  q\  ^  8.5.  Therefore 

c  «  -  =  3,395,  b 
a 

and 

f ,  =  =  400,  b 

ax 

*  The  reduced  dimensions  are 

/  *  1,200  cm.,  m  =  1,250  cm.  and  h  =  2,500  cm. 

It  would  take  too  much  space  if  we  were  to  reproduce  here  all 
the  computations  involved  in  the  determination  of  the  state  of 
stress  in  each  layer.  Therefore  we  will  illustrate  only  the  steps 
in  which  some  doubt  might  arise  in  the  interpretation  of  the 
equations. 

(a)  First  Stage.  There  is  nothing  in  particular  to  be  said 
about  the  determination  of  p  and  w  for  this  stage.  We  first 
compute  the  values  of  the  constants  A,  B,  C,  D,  E  and  F.  Then 
the  granular  pressures  are  determined  from  equations  (83),  (84) 
and  (85)  and  the  hydrodynamic  pressures  from  equations  (83a), 

“Cf.  Terzaghi,  “Erdbaumechanilc,”  Fig.  30,  p.  171.  Also  “Principles 
of  Soil  Mechanics,”  Eniinfrring  Nrws  Record,  Nov.  26,  1925. 


=  —  =  0.001472, 
yc 


=  =  0.01118. 
yicj 
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(84a)  and  (85a).  The  results  of  the  computations  are  graphic¬ 
ally  represented  by  Fig.  20. 

(b)  Second  Stage.  The  values  of  A^,  computed  from  equa¬ 
tions  (88),  (89)  and  (90)  for  n  «  1,  «  *=  2  and  n  *  3  are 

Formula  (88):  Ai  ■»  2,820,  i4i  =  practically  zero. 

Formula  (89):  A\  ■=  2,825,  At  ^  0,  i4i=—  330. 

Formula  (90):  Ai  *  2,930,  i4j  *  0,  i4i  ■=  —  150. 


Fic.  20. 

This  shows  that,  for  «  =  1,  either  formula  (89)  or  (90)  may  be 
used  to  compute  A^,  while  for  large  values  of  n,  formula  (89) 
should  be  used. 
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Determination  of  r :  The  average  values  between  kidwjdt)  ,«i, 
and  kiidwjdz) for  /i  =  100,  500  and  1,000  years  are, 
respectively, 

0.91,  0.68  and  0.46  cm.’/year. 

The  value  of  r,  (ri),  which  gives  average  values  of 
k{dwfdz)p^t^,  r-r,  and  ki{dwldz) ,«,r,  closer  to  the  above  one 
is  fi  =  2,600.  These  average  values  for  the  above  values  of 
are,  respectively, 

0.91  +,  0.71  and  0.42  cm.*/year. 

The  second  method  gives  a  value  for  ri  of  about  2000  +. 

We  will  therefore  take  ri  =  2,300.  This  value  is  not  too  large 
because  part  of  the  influence  exerted  by  the  more  impermeable 
layer  is  already  included  in  the  values  of  ^4.. 

The  results  of  computations  are  shown  graphically  in  Fig.  20 
for  /  =  0,  100,  500  and  1,000  years. 

VI.  Problem  4.  Consolidation  of  Mud  Deposits  by  Drainge 

1.  General.  We  have  seen  .how  slow  is  the  process  of  con- 
'solidation  of  mud  deposits  (or  of  fine-grained  materials)  when 
under  the  influence  of  the  weight  of  the  material  itself.  This  is 
due  to  the  extremely  low  value  of  the  coefficient  of  permeability 
of  fine-grained  soils.  It  is  evident  that  in  order  to  effectively 
drain  a  mud  deposit,  we  must  have  at  least  one  layer  of  coarser 
material  (like  sand)  within  the  deposit.  If,  in  the  mud  deposit 
discussed  in  Problem  III,  the  interposed  layer  had  been  com¬ 
posed  of  a  coarser  material  like  sand,  the  hydrodynamic  pressure, 
at  the  bottom  and  top  of  the  layer,  would  be  the  same  because 
of  the  extremely  high  value  of  the  coefficient ’of  permeability 
of  sand  compared  with  that  of  mud  or  clay.  Hence,  when  a 
layer  of  very  permeable  material  (which  we  may  call  sand) 
comes  between  the  layers  of  mud,  this  layer  can  be  entirely  dis¬ 
regarded  in  the  computation  of  the  stresses,  using  as  reduced 
dimension,  that  of  the  deposit  without  the  sand  layer. 

10 
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2.  Determination  of  Stresses.  Consider  now  a  mud  deposit 
of  total  reduced  thickness  A,  interposed  by  a  sand  layer  whose 
center  lies  at  a  distance  (reduced)  /  from  the  bottom  surface 
which  we  assume  horizontal  and  impermeable. 

Let  us  now  suppose  that  a  pipe  is  driven  into  the  deposit  to 
reach  the  layer  of  sand  and  that  the  water  is  discharged  at  the 
top  surface  of  the  deposit.  Under  these  conditions,  the  pressure 
in  the  water  at  the  section  r  *  /  is  hydrostatic,  i.e.,  the  hydro- 
dynamic  pressure  is  zero.  Let  t  =  0  correspond  to  the  instant 
at  which  drainage  begins.  This  instant  is  a  short  time  after  the 
pipe  has  been  driven,  to  account  for  the  rapid  change  in  the 
hydrodynamic  pressure  in  the  sand  layer  itself. 


The  boundary  conditions  are  (Fig.  21): 


and 


dw 

dz 

w 

w 


for  *  «  0, 

for  •  *  *  /, 

for  z  ^  h. 


w  ■=  f(z)  for  T  =  0. 


We  will  need  to  consider  only  the  case  in  which  the  deposit 
is  in  its  second  stage  of  consolidation.  The  effect  of  drainage  at 
a  particular  location  of  the  deposit  is  effective  over  a  considerable 
distance  from  it  on  account  of  the  high  value  of  the  coefficient 
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of  permeability  of  the  sand,  unless  the  sand  layer  is  discon¬ 
tinuous. 

For  T  »  0,  and  for  any  value  of  t,  the  pressure  distribution  is 
given  by  equation  (38)  or 

w  *  L  a.rsin^x,  (95) 

■-1, 1,  ••• 

where 

T  -  e-^^,  (96) 

and  a.  is  given  by  equation  (39). 

T  is  not  a  function  of  T,  because  t  refers  to  the  time  before 
drainage  has  started. 

Let  Pu  tt>i  and  Pt  be  the  granular  and  hydrodynamic  pressures 
at  the  portion  of  the  deposit  below  and  above  the  sand  layer, 
respectively  (see  Fig.  21).  Let  also 

a,r  »  -  K,.  (97) 

then,  for  t  »  0, 

*  L  Knsin^ X.  (95a) 

a.I.l. ... 


*  We  have  now  to  solve  two  differential  equations,  namely: 


dwi  dhvi 

(98) 

IT  “ 

and 

dwt  dhvt 

17  “  ^IF' 

(99) 

(o)  Solution  of  equation  (99).  This  equation  is 
the  following  boundary  conditions: 

subjected  to 

Wj  *  0  for  *  =  0 

(100) 

Wj  =  0  for  X  ^  h  —  1, 

and 

Wi  =  w  =  fix),  for  7=0 

and 

(101) 

0  X  ^  A  -  /. 

(102) 

tv 
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The  particular  solutions  of  (99)  are,  as  before, 

tfj  *  sin  Xx,  (103) 

and 

tcj  *=  cos  Xx.  (104) 

Now  the  particular  solution  (103)  will  satisfy  both  (100)  and 
(101),  for  all  values  of  t,  provided  that  we  take 


m  =  1,  2,  3, 


h-l 

Hence  the  general  solution  of  (99)  is 


Mai  ft  —  I 


mir 

sin  - ;  X. 


To  determine  Rm  we  have  that  for  r  =  0, 


tc,  =  Y.  Kns\n  —  x  =  f(x). 


L  Rm  sin 

mml 


M-l.I. 

mx 


.  ,x  =  L  AT,  sin  —  X. 
n  ^  I  11-1.3. ...  In 


Therefore 


„  2  r*-'  ^  ^  .  nr 

Integrating,  we  get 


.  «T  nr 

-  w  sin  —  cos  m  x  cos  —  / 

»  V  ^ 

(A  -/)*,-5...  " 


Therefore  • 


^  iU  _  /\*  ^  ^ 

(«  »)  M.l  a-i,  a.  ••• 


K, 


and 


X 

pt-  yx  -  Wt. 


(105) 


(106) 


X  sin  7 - -.xdx.  (107) 

n  ^  I 


.  nx  nx 

m  sin  —  cos  mx  cos  ^  / 

mx  1 
A  -  / 


(108) 


(109) 

(109a) 
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(b)  Solution  of  equation  (98).  The  solution  has  to  hold  for 
A  —  /  *«  jf  ^  A.  Let  (Fig.  22) 


The  boundary  conditions  are 


This  latter  condition  reduces  to 


Now  the  particular  solution  (103) 
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will  satisfy  both  (110)  and  (111),  if  we  set 

mr  ^  _  _ 

^  “  IT’  »»  -  1.  2,  3, 

Hence  the  general  solution  of  (98a)  is: 


mir 

sin^y. 


(113) 


When  T  *  0,  Wi  =  ^(y)  and  therefore 

1  f  _  ^  .  mir 

*=  j  j  L  a:,  sin  ^  (y  +  A  -  /)  sin 

+  1^  E  A:,sin^(A  +  /  -  y)  sin  ^ydy 
Integrating  we  shall  have: 


.nr  mr 

,  m  sin  —  cos  tt-  I 

c  r  1C  2  2A 

'(Ty-iT)” 

being  zero  for  even  values  of  m.  Hence 
.  «T  nir 

.  m  sin  -T-  cos  -rr  / 

4  „  v  i'  2  2h 

tt'i  *  7i  E  E  A, 

*  in-I.a.*" 


(114) 


(t)'-(t)' 


^  X  sin -^y.  (115) 

It  is  more  convenient  to  have  our  equations  referred  to  a  single 
origin  of  coordinates.  Take  this  as  the  bottom  surface  and  let 
z  lie  the  distance  of  any  section  from  this  surface.  We  hav'e 


X  “  A  —  f 

for 

/  <  z  <  A, 

y  -  /  -  z 

for 

0  S  z  S  / 
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And  therefore 


Wi 


2 

w{h  -  /)* 


L  L 

■"I  •«i, *,  ••• 


for  /  <  s  <  A,  and 


Wl 


_4 

t/* 


E 

■••i,  t. 


L 

K-I.  S. 


X  sin  ^  (/  -  r),  (1 1 71 


forO^ss/.  In  both  cases: 


Pi,  *  =  7(A  -  2)  -  Wi. 

3.  Sand  Lajrer  at  the  Bottom  of  the  Deposit.  In  case  the 
layer  of  sand  is  located  immediately  above  the  bottom  imper- 
*  meable  surface,  the  pressure  distribution  will  be  the  same  as 
that  given  by  equation  (116)  by  setting  /  =  0.  It  is: 


w 


8"-* 

-  L  L 

*'  ai»l 


K. 


m  sin  —  cos  mw 
n*  -  4w* 


X  sin  -7-  (A  -  z),  (118) 

H 


and  p  s*  y(h  —  z)  —  w,  the  solution  now  holding  for 
0  ^  ^  A. 


4.  Settlements  and  Rates  of  Settlement  The  effect  of 
drainage  on  the  settlements  and  rates  of  settlement  of  the  top 
surface  of  the  deposit  can  be  found  by  applying  equations  (56) 
and  (57)  to  the  above  equations. 
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We  have 


ds  r'  dwx  r*  dwj 

7- =  —  I  a-r—dz—  I  a-r—dz. 

UT  4/0  3t  4/1  vT 


Substituting  the  values  of  dtvi/dr  and  dwtldr  froni  (116)  and 
(117)  and  taking  a  constant  during  integrations,  we  get 

,  .  nr  nr, 

m*sin  — cosrr/ 

dr  I*  . A ... 


.  nr  nr 
m*  sin-r-cosrr/ 

S'  K  2  2A 

■^(/«-/)*,-r,. . h...  "  /  V  /"Y*" 


as  the  rate  of  settlement  of  the  top  surface  of  the  deposit.  The 
total  settlement  of  the  top  surface  at  any  time  t,  due  to  drainage 
alone,  is: 


=  L  L 

Jo  M-I.  1,  ...  il-l.  8.  ... 


.  nr  nr 

sin  —  cosjrl 

ww 


X  (1  -  c- 


»*(/.  -  /) 

.  «ir  nr 


XL  L  ^  X8  7— V8(^ 

M.i.s. ... K.i.s....  /  _!L_  1  _  I  .51.  1 

\h-l)  \2h)  (121) 

I 

Equations  (120)  and  (121)  refer  to  the  case  in  which  the  layer 
of  sand  is  located  at  a  distance  I  from  the  bottom  surface. 

For  the  case  of  the  sand  layer  located  at  the  bottom  surface, 
we  have  from  equation  (120)  by  setting  /  “  0  in  the  second  term 
of  the  right  hand  member. 


^  I6ib  _ 


u  ^  ^ 

n  m-l,  8, ...  *-1. 1, . 


L  K. 


4m*  —  n* 
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Placing  /  =  0  in  the  second  term  of  the  right  hand  memlier  of 
equation  (121)  we  get 


These  two  last  equations  give  the  rates  of  settlement  and 
total  settlement  of  the  top  surface  of  the  deposit  at  any  time,  r. 

It  should  be  noticed  that  the  total  settlement  given  by  equa¬ 
tion  (121)  and  (123)  is  that  due  to  drainage  alone.  Therefore, 
if  the  total  settlement  from  the  beginning  of  the  second  stage,  to 
a  time  r  =  ti,  is  desired,  we  will  have  to  add  to  the  above 
equations,  a  constant  term  giving  the  total  settlement  at  a  time 
t  =  ti  corresponding  to  t  *=  0. 


5.  Example.  We  will  now  determine  the  stress  distribution 
and  settlements  of  the  mud  deposit  discussed  in  Problem  I, 
for  /  =  500  and  t  =  1,000  years.  Two  cases  will  be  considered: 
that  in  which  the  sand  layer  is  located  at  the  center  of  the  deposit, 
and  that  in  which  it  is  located  at  the  bottom. 

The  constants  are: 


c  =  3,395,  o  =  0.00024,  h  =  2,500  cm.,  /  =  1,250  cm.  and  /  =  0. 


(a)  Sand  Layer  at  Middle  of  Deposit.  The  results  of  com^ 
putations  are  as  follows: 


Initial  State:  I » 1,000  Years 


Initial  State:  I~500  Years 


z 

Values  of  w  for  (gr./cm.*) 

Values  of  w  for  (gr./cm.*) 

k 

r-50 

r-100 

r-500 

•4 

1 

O 

r-100 

t-500 

0 

1,370 

1,060 

97 

700 

540 

50 

1/4 

950 

750 

68 

485 

380 

35 

3/8 

514 

405 

37 

260 

210 

27 

5/8 

193 

64 

— 

96 

33 

— 

3/4 

266 

91 

_ 

136 

47 
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The  rates  of  settlement  and  total  settlements  are: 


Initial  State:  /  »  500  Years 

Initial  State  < 

-1,000  Years 

r-10 

t-50 

r-lOO 

r-500 

r-10 

r-50 

ds  . 

T 

dr 

cm./yr. 
i  in  m. 

5.83 

0.69 

2.65 

2.14 

1.43 

3.09 

0.12 

5.50 

2.98 

0.35 

1.35 

1.09 

0.73 

1.57 

0.07 

2.81 

(b)  Sand  Layer  at  the  Bottom  oj  the  Deposit:  The  hydrodynamic 
pressures  are : 


Initial  State:  I«500  Years 


Initial  State:  1,000  Years 


s 

Values  of  «  for  (gr./cm.*) 

Values  of  w  for  (gr./cm.*) 

h 

r-50 

miQi 

r-500 

r-50 

r-100 

r-50:) 

1/8 

501 

330 

256 

168 

17 

1/4 

873 

590 

445 

296 

32 

1/2 

986 

750 

503 

382 

45 

3/4 

523 

470 

34 

262 

240 

17 

The  rates  of  settlement  and  total  settlements  are : 


Initial  State:/  — 500  Years. 

Initial  State:  /  — 1,000  Years. 

r-50 

r-100 

r-10 

r-50 

r-100 

r-500 

ds . 

57'" 

cm./yr. 
s  in  ni. 

/ 

4.26 

0.52 

2.02 

1.69 

1.53 

2.59 

0.14 

5.21 

2.18 

0.27 

1.03 

0.86 

0.79 

1.32 

0.07 

2.66 

These  results  are  plotted  in  Figs.  (23),  (24),  (25),  and  (26). 
From  them  we  learn  how  much  more  rapid  the  process  of  con¬ 
solidation  due  to  drainage  is  than  that  due  to  the  weight  of  the 
material  itself.  Consider,  for  instance,  the  deposit  whose 


Depth  mm.  •  Depth 
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Fig.  24. 


Voluc»  of  •  ir»  mn. 
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initial  state  (t  =  0)  corresponds  to  /  *  500  years.  After  500 
years  the  total  settlements  for  the  two  cases  considered  are  5.50 
m.  and  5.21  m.  while  the  total  settlement  due  to  the  weight  of 
the  material  itself  for  the  same  period  of  time,  (/  =  500  to 
t  =  1,000  years)  is  3.03  m.  (Problem  I),  This  difference  is  not 
very  large,  but  if  we  compare  the  rates  of  settlement  due  to 
drainage  with  those  due  to  the  weight  of  the  material  itself 
(Problem  I),  we  will  notice  a  very  large  difference. 


ON  THE  DERIVATION  OF  POISSON’S 
DISTRIBITION  LAW 

Bv  D.  J.  STtUIK 


§  1.  De  Moivre,  in  his  “Doctrine  of  Chances”  '  derived  from 
the  binomial  distribution  function  (or  Bernoulli  law) 

(1.1)  PM  -  W(i  -  />)— 

(m  and  p  constants,  p  <  I,  m  and  n  integers),  with 

m! 

C"  « - , 

n!(m  -  «)! 

a  law,  closely  related  to  the  case  n  »  1  of  the  distribution  function 

(L2)  />(„).—, 

in  which  r  is  a  constant.  De  Moivre  indeed  studi^  distributions 
for  which  p  is  small  and  m  large  and  so  connected  that 

mp  “  finite 

with  increasing  m  and  decreasing  p.  and  this  is  the  essential 
reasoning  by  which  the  general  law  (1.2)  can  be  derived  from 

(1.1) . 

Poisson*  found  the  general  expression  (1.2),  but.  just  as  De 

'  A.  de  Moivre,  Doctrine  of  Chance,  1718,  Problem  V,  p.  14.  This  was 
brought  to  my  knowledge  in  a  paper  by  Ethel  M.  Newbold:  "  Practical  .Appli¬ 
cations  of  the  Statistics  of  Repeated  Events,  particularly  to  Industrial  .Acci¬ 
dents,”  Journal  Roy.  Statist.  Society,  90  (1927),  pp.  487-535.  It  is  curious  that 
recently  the  origin  of  the  normal  law  has  also  been  traced  back  to  De  Moivre, 
see  f.i.  D.  E.  Smith,  "Source  Book  in  Mathematics.”  The  relation  to  Poisson’s 
law,  however,  is  still  remote  in  De  Moivre,  and,  contrary  to  Miss  Newbold,  I 
think  that  we  are  historically  justified  in  calling  the  law  after  Poisson. 

'S.  D.  Poisson,  “Recherches  sur  la  probability  des  jugements  en  matiere 
criminelle  et  en  matiere  civile,  prycedyes  des  rygles  gynyrales  du  calcul  des 
probabilitys,”  Paris,  1837,  pp.  40  and  205.  On  p.  40  the  relation  to  De 
Moivre’s  work  is  clear. 
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Moivre  in  his  special  case,  as  a  transitory  result.  It  is  not  ap¬ 
parent  that  they'  attached  much  weight  to  it.  In  the  last  twenty 
years  the  importance  of  this  law  for  many  cases  has  been  recog¬ 
nized.  especially  after  the  publication  of  Von  Bortkiewicz’s  little 
book  on  “the  law  of  small  numbers"  (perhaps  better  called  "the 
law  of  small  probabilities"),  in  1898.* 

\'on  Bortkiewicz  accepted  the  law  as  Poisson  had  found  it,  as 
a  special  case  of  the  Bernoulli  law,  and  from  that  point  of  view  it 
is  still  considered  by  several  authors.  As  an  example,  we  take  a 
paper  by  Pollaczek-Geiringer  in  1927,*  followed  by  a  generaliza¬ 
tion  of  Poisson's  law  in  1928*  in  the  same  line  of  thought.  In 
1910,  Lucy  Whittaker  analyzed  the  use  in  actual  statistics  of 
Poisson's  law  as  a  limiting  case  of  the  binomial  law,  she  showed 
that  it  often  corresponds  to  negative  m,  and  concluded  that  a 
general  interpretation  based  on  a  simple  conception  was  needed 
for  such  cases  in  which  it  had  turned  out  to  correspond  to  such  a 
binomial  law  with  negative  m.* 

The  clever  statistician  of  the  Pearson  school,  who  hides  himself 
under  the  name  of  "Student,"  had  already  given,  in  1905,  an 
interpretation  of  Poisson's  law  which  does  not  depart  from  the 
principles  of  Poisson's  derivation,  but  makes  its  occurrence  more 
plausible.*  In  1918  he  took  up  Miss  Whittaker’s  suggestion  and, 
on  the  same  basis  as  in  his  1905  paper,  gave  some  general  rules 
applying  to  those  distributions  under  which  the  Poisson  law 
holds.*  These  rules  are  (a  large  number  of  individuals  being 
distributed  over  a  large  number  of  divisions:) 

*  L.  von  Bortkiewicz,  “Das  Gesetz  der  kleincn  Zahlen,”  Leipzig,  1898. 

‘H.  Pollaczek-Cieiringer,  “Theorieder  Statistik  seltener  Ereignis-e." 

Zeiischrifl  fur  angewandu  Matkematik  und  Metkanik,  7  (1927),  pp.  445-446. 

*  H.  Pollaczek-(>eiringer,  “Ueber  die  Poisaonsche  Verteilung  und  die 
Kntwicklung  willkUrlicher  Verteilungen,”  Ih.  8  (1928),  pp.  292-309. 

*  L.  Whittaker,  "The  Poisson  I^w  of  Small  Numbers,"  Biometrika,  10 
(1910),  pp.  36-71. 

’  “Student,"  “On  the  Error  of  Counting  with  a  Haemacycometer,"  Ib.  S 
(1905),  pp.  351-360.  The  same  ideas  in  M.v.  Smoluckawski,  Uber  Unregel- 
mlszigkeiten  in  der  Verteilung  von  (iasmolekUlen,  Fesisckrift  L.  BoUtman, 
1904,  p.  626-641. 

'“Student,"  “An  Explanation  of  Deviations  from  Poisson's  I.aw  in 
I’rartice,"  Bumelrika,  12  (1918-19),  pp.  211-215. 


•  DERIVATION  OF  POISSON’s  DISTRIBUTION  LAW  153 

(1)  That  the  chance  of  falling  in  a  division  is  the  same  for  each 
individual. 

(2)  That  the  fact  that  an  individual  has  fallen  in  a  division 
does  not  affect  the  chance  of  other  individuals  falling  therein. 

(3)  That  the  chance  of  an  individual  falling  in  it  is  the  same 
for  each  division.  We  will  call  these  the  Student"  conditions. 

In  the  meantime  Student’s  arguments  of  1905  had  been 
stated,  independently,  by  Borel.*  In  his  book  he  solves  a  large 
number  of  interesting  mathematical  problems  on  the  Poisson 
distribution  of  points  on  a  line. 

The  Poisson  law  is,  in  all  these  investigations,  a  limiting  case 
of  the  Bernoulli  law.  The  "Student”  conditions  themselves, 
however,  do  not  imply  this  law.  In  1910  Bateman,'*  ignorant 
of  Poisson’s  and  Bortkiewicz’  work,  showed  how  we  can  come 
to  a  Poisson  distribution  without  any  reference  to  the  binomial 
law,  by  simply  assuming  that  a  distribution  of  points  on  a  line 
obeys  the  following  laws: 

(1)  The  chance  that  a  point  falls  in  a  segment  dx  of  the  line  is 
kdx,  k  independent  of  x. 

«  (2)  The  chance  that  n  -{-  1  px>ints  fall  in  a  segment  of  length 

X  +  dx  is  the  sum  of  the  chances  that 

(a)  No  px)ints  fall  in  segment  x  and  no  pmint  falls  in  segment  dx, 
and 

(b)  n  points  fall  in  segment  x  and  1  p>oint  falls  in  segment  dx. 
(Bateman  does  not  take  condition  (2)  as  a  special  assumption, 
but  uses  it  as  self-evident).  We  will  call  these  conditions  the 
Bateman  conditions. 

In  such  manner  we  see  connection  with  the  investigations  by 
('harlier,  which  established  a  kind  of  duality  between  the  normal 

*E.  Borel,  "Introduction  gtom^trique  a  quelques  th^ies  physiques," 
Paris,  1914,  Note  V,  pp.  109-112.  Further  work  on  the  subject  in  E.  Borel. 
"Trait4  du  Calcul  des  Probability  et  de  ses  Applications,"  Tome  I,  Fasc.  I 
(redigys  par  R.  l.agrange),  Paris,  1924,  p.  57  and  following. 

'*H.  Bateman,  "On  the  Probability  Distribution  of  a  Particle,"  Philos. 
Magaaine  (6),  20  (1910),  pp.  704-707.  Inapaper  "Some  problems  in  the  the¬ 
ory  of  probabilities,"  lb.  (6)  21  (1911)  p.  745-752  Bateman  discusses  several 
applications  of  the  Poisson  law  in  physics. 
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law  and  the  Poisson  law,  both  obtainable  independently  of  the 
binomial  law.  In  1921  Fujiwara  took  up  Bateman’s  investiga¬ 
tions.  He  remarked  that  Bateman  accepted  condition  (2)  as 
self  evident  and  showed  what  could  be  done  by  making  a  spe¬ 
cial  assumption  instead.  He  did  not  take  (2),  but  the  more 
general  condition  which  Fry  recently  called  the  “collectively  at 
random  “  condition.  Fry  "  assumed  that 

(1)  The  chance  that  n  points  fall  in  a  segment  of  length  x 
depends  only  on  n  and  x,  not  on  any  information  about  line 
segments  not  wholly  or  partly  included  in  x.  (This  is  called 
collectively  at  random.) 

(2)  Elach  point  of  the  set  is  placed  at  random,  independent  of 
all  the  rest  (this  is  called  individually  at  random.)  We  will  call 
these  conditions  the  Fujiwara-Fry  conditions.  Fry  stated  condi¬ 
tion  (1)  in  a  paper  of  1925.'* 

In  this  paper  we  will  compare  the  derivation  of  the  Poisson 
distribution  from  the  binomial  law  with  the  derivation  on  an 
independent  basis,  compare  the  different  conditions,  and  study 
one  of  the  generalizations. 

§  2.  In  the  derivation  from  the  binomial  law,  as  done  by 
“Student"  in  1905  and  by  Borel,  we  will  first  suppose  that  N 
congruent  balls  are  to  be  distributed  among  I  urns,  each  of  which  is  as 
likely  as  the  others.  Be  Px  the  probability  that  one  ball  comes  in 
one  of  x  of  the  /  urns.  Then  the  probability  that  n  balls  are  in  x 
of  the  /  urns  is  given  by  the  binomial  law: 

N! 

(2.1)  ^  p(n,x)  -  „j(jv  - 

Now  change  the  statement  of  the  problem  as  follows:  Distribute 
iV  points  over  a  line  segment  of  length  I,  each  element  of  which  is  as 
likdy  as  the  other.  Required  be  the  probability  that  n  points  are 
in  a  segment  of  length  x. 

M.  Fujiwara.  Ein  Problem  der  Wahrscheinlichkeitsm'hnung,  TAhoku 
Mathematical  Journal  20(1921)  p.  40-50;  T.  C.  Fry,  “Probability  and  Its 
Engineering  Uses,”  New  York,  Van  Nostrand,  1928,  p.  232. 

**T.  C.  Fry,  "The  theory  of  the  Schroteffekt,"  Journal  Franktin  Institute, 
199  (1925),  pp.  203-220. 
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The  probability  p,  that  a  point  comes  in  a  segment  of  length  x  is 

X 

j.  Therefore  the  required  probability  is 

- ,!(/-i,)!(r)' ( '  ■  0  ' ■ 

Let  us  now  suppose  that  the  line  segment  I  extends  to  infinity 
and  that  at  the  same  time  the  number  of  points  N  increases 
indefinitely.  In  this  case  we  find  for 


/>(0.  x) 


then  and  only  then,  a  finite  limit,  different  from  0  or  1,  if 


lim  7-  —  finite,  say  i, 

S-^m  t 


where  <  is  a  positive  number  differing  from  zero.  We  then  find 
for  p(0,  x)  in  the  limit 


P(0.  *) 


From  (2.2)  we  get 


pin  +  1,  Jc)  iV  —  n  X 


Pin,  x) 


n  +  l/-x  n  +  lZ-x’ 


which  in  the  limit  passes  into: 

'  ’  '  Pin,  x)  »  4-  1 

From  (2.7)  and  (2.5)  we  find  by  passing  from  ^(0,  x)  to  pi\,  x), 
from  p(l,  xj  to  pi2,  x),  etc., 

(2.8)  Pin,x)~^-^^, 

which  is  Poisson’s  law  (1.2)  for  r  *  6x. 

The  expected  number  of  balls  in  x  urns  is,  according  to  (2.1) 

•(jc)  *  L  npin,  x)  -  Npx. 


(2.9) 
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This  pasites  into 

(2.10)  .(x)  -  Sj. 


for  the  expected  number  of  points  on  a  se(;ment  of  length  x,  and 
by  virtue  of  (2.4)  into 

(2.11)  ,(x)  -  ar. 


the  expectation  of  Poisson’s  law. 

In  the  same  way,  we  hnd  for  the  standard  deviation  for  (2.1) 


/L  (n  -  Np,)*p(n,  x)  -  Np,{\  -  p,). 


which  passes  into 

o 

for  (2.2),  and  into 


for  the  Poisson  law.  This  gives  «  *  a*  for  the  Poisson  law. 

§  3.  L^t  us  now  set  up  a  series  of  .conditions  containing  the 
“Student,”  Bateman  and  Fujiwara-Fry  conditions,  which  lead  di¬ 
rectly  to  the  Poisson  law  without  passing  to  a  limit  in  the  binomial 
law.  For  this,  we  introduce  for  a  moment  a  denumerable  number 
of  points  of  different  weight  Pt,  Pt,  •  •  •.  Pk  •  *  •,  and  call  p{Pn, 
Pit,  •  •  •  Pin,  /,  Jc)  the  probability  that  the  points  Pn,  P,i,  •  •  • 
fall  on  the  line  segment  of  length  /  between  /  and  I  +  x.  In  this 
way  of  writing  it  is  already  assumed  that  there  are  no  other 
quantities  than  the  P.  I  and  *  to  determine  the  chance.  (VVe 
might  f.i.,  suppx)se  that  the  distribution  of  the  other  points 
influences  that  of  the  Pn  •  •  •  Pin).  Then  we  assume. 

(1)  All  points  have  the  same  weight,  so  that  they  may  be 
taken  as  congruent.  This  reduces  the  probability  function  to 
pin.  I,  x)  as  the  chance  that  n  points  fall  on  the  segment  between 
X  and  *  +  /. 


(2)  Pin,  I,  x)  is  independent  of  /,  so  that  we  may  write  pin,  x). 


(3)  lim 


Pd.x) 


k,  a  constant. 
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(4)  lim  ^  —  0,  *  *  2,  3,  4,  •  •  •. 

The  Student  conditions  1,  2,  3  return  as  1,  2,  4;  the  Bateman 
condition  1  returns  as  3,  the  other  is,  as  we  shall  see,  a  consequence 
of  2,  3.  4;  the  Fujiwara-Fry  conditions  1  and  2  are  our  conditions 
.  ^  2  and  4. 

The  derivation  of  Poisson’s  law  from  these  conditions  is  very’ 
simple,  and  goes  entirely  as  Bateman  has  done. 

From  (2)  we  have 

p{n,  *  -F  A)  -  Pin,  x)/>(0,  h) 

-F  pin  -  I,  x)pi\,  *)  +  •••+  />(0,  x)pin,  h), 

and,  as 

p(0.  A)  -  1  -/,(!.  A)  -  pi2.  A) - -  Pin,  A) - 

we  hnd : 


(3.5) 


Pin,x  -F  A)  —  Pjn.x) 


[-  Pin  x)  +  Pin  -  l.x)] 


P(l.A) 


-F  [-  Pin,x)  +  pin  -  2,  + 

But  according  to  (3)  we  have 

lin. 

*-*o  A 
dpin,  x) 

80  that,  according  to  (4),  — — —  exists,  and  is  equal  to 


-  A[-  Pin,  x)  +  Pin  -  1,  x], 

equation  given  by  Bateman,  who,  however,  assumed  (4)  as  self- 
evident,  contrary  to  Fry  later.  The  first  equation  of  this  set  is: 


dpjO,  x) 
dx 


Ap(0,  x). 


We  know  besides  p(0,  0)  —  1 ,  pin,  0)  —  0  and  this  gives  as 
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solution,  by  successive  steps: 


the  Poisson  law. 


Pin,  x) 


n! 


Fujiwara  has  shown,  l)esides,  that  from  condition  (2)  alone, 
that  is,  from  equation  (3.5),  we  can  find  an  explicit  expression  for 
pin,  x),  which  passes  into  the  Poisson  expression  through  con¬ 
dition  (3). 

$  4.  We  can  also  find  the  Poisson  law  by  sul)stituting  for 
assumption  (3)  the  other 
(3*)  p(0,  x)  is  finite  and  different  from  0  and  I. 

Then  the  derivation,  however,  lasts  somewhat  longer.  This 
condition  is  implicit  in  Fry. 

Then  we  follow,  from  (1),  for  a  segment  of  finite  length  x 

(4.1)  />((),  X)  - 

But  as 

so  that 

^(0,  X)  -  (1  -  //)-, 


we  must  have,  for  n  ->  « ,  and  a  well  known  law  of  the  theory  of 
infinite  pnxlucts: 


lim  Hn  »  finite  and  different  from  zero,  say  »  k{x). 


Hence: 

I 

and,  from  (4.1) 


p(0,  x)  - 


The  equation  (see  f.i.  E.  Picard’s  “Equations  fonctionelles ’’) 
(4.2)  ki<fi)  *  -kiftifi), 

where  n  runs  from  0  to  <»  o\'er  all  positive  values,  admits  only 
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one  continuous  solution  existing  for  all  real  values  of  namely 


(4.3) 

k{p)  - 

where  k 

is  a  constant: 

*  -  *(t). 

fc-'* 

'  i 

This  can  be  seen  by 

deducing  from  (4.2)  successively 

•  f 

■(?)- 

(for  any  real  p). 

■  • 

*(»)  - 

"(;) 

(for  n  —  p), 

- 

‘(7) 

(by  division). 

(for  ^  —  1). 

;  ✓ 

The  equation  is  now  proved  for  rational  values  of  ip,  and  therefore 
for  all  positive  values,  if  k{if>)  is  assumed  to  be  continuous. 
Hence: 

P(0^x)  » 

This  leads  immediately,  using  assumption  (4),  to 


lim - 

I— *0  X 


hm  - - — 

0  X 


which  is  assumption  (3). 

§  5.  In  the  binomial  law  assumption  (4),  as  we  saw,  corresponds 
to  the  balls  being  congruent,  (2)  to  the  urns  being  equally  likely, 
(3)  and  (4)  to  the  fact  that  each  ball  falls  independent  of  the 
other,  also  in  the  limit.  Then  (2.4)  corresponds  to  (3). 

§  6.  Among  the  generalizations  that  we  can  make,  we  will 
consider  the  case  that  (2)  is  omitted.  Fry  shows  how  this  can  be 
found  without  the  binomial  law.  We  will  here  show  how  this 
distribution  can  also  be  obtained  from  a  modified  binomial  law, 
with  variable  probabilities.  For  this  purpose  we  therefore  change 
from  a  Bernoulli  scheme  to  a  Poisson  scheme,  the  expression 
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“Poisson  scheme"  used  as  is  done  in  statistics  (opposed  to 
Bernoulli  and  Lexis  scheme,  without  any  relation  to  the  con¬ 
ception  of  ‘•Poisson's  distribution  law"). 

Suppose  that  N  points  have  to  be  distributed  over  a  line- 
segment  /  of  which  not  all  segments  are  equally  likely.  In  the 
expression  for  the  probability  the  /  enters  as  a  parameter. 

l^t  p{x,  l)dx  now  be  the  probability  that  a  point  on  a  line  of 
length  /  comes  in  the  segment  between  the  points  x  and  x  +  dx. 
Then  the  probability  that  n  points  lie  in  the  segment  between  the 
points  X  and  x  -f  A  is: 

(6.1)  />(«.  X,  h)  -  »’(1  -  P:  *)"'”. 

where 

pM.  h  -  p{x,  l)dx 
and  on  account  of  this 

(6.2)  />(0.x.A)  -  (1  -  p,.,r. 

Now  let  N  and  /  become  infinite,  under  the  condition,  that 
lim  Np{x,  /)  -  p{x) 

S—m 

is  a  function  lying  between  0  and  1  for  all  values  of  x,  and  such 
that  its  integral  from  x  to  x  -H  A 

r+* 

p{x,  l)dx  -  I  P{x)dx  -  (say)  A(x,  A) 

Jm 

exists.  Then  (6.2)  passes  into 

p{0,  X,  A)  -  «-*<*•  *>. 

.According  to  (6.1) 

p{n  +  \,  X,  A)  ^  iV  -  w  p,,  k 
p(n,  X,  A)  «  +  1  \  -  pM.k 

In  the  limit  this  leads  to 

p{n  -f  1,  X,  A)  A(x,  A) 
p{n,  X,  A)  «  +  1  ’ 
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SO  that  our  final  result  is 


p{n,  X,  h) 


*)]■ 


which  has  a  form  similar  to  that  of  the  Poisson  formula.  For 
k(x,  h)  we  may  write 

*(*,  A)  -  r  p(x  +  h)dh. 

•'0 

Thus  we  can  reach,  by  a  way  similar  to  the  ‘‘Student’’-Borel 
method,  a  generalization  of  Poisson's  law.  This  is  worked  out  in 
another  way  by  Fry.'*  In  the  same  line  of  thought  is  a  generaliza¬ 
tion  by  (Greenwood  and  Yule.'* 

'•Fry,  I.  c.  (II),  p.  235. 

'•Major  (ireenwood  and  G.  U.  Yule,  "An  Inquiry  Into  the  Nature  of 
Frequency  Distributions,"  Journal  Roy.  Statistical  Soc.,  83  (1920),  pp.  255-279. 


MUTUAL  INDUCTANCE  OF  SHORT 
CONCENTRIC  SOLENOIDS 

H,  B.  Dwight  and  P.  \V.  Sayi.es 

In  comparing  formulas  for  the  self-inductance  of  solenoids,  it  is 
noticed  that  a  series  which  is  most  rapidly  convergent  for  very 
short  srilenoids,  namely  that  of  Rayleigh  and  Niven,'  contains 
log  terms,  while  most  series  formulas  which  are  convergent  for 
very  long  solenoids,  such  as  the  VV'ebster- Havelock  formula,*  do 
not  contain  log  terms.  Similarly,  the  series  formula  of  Maxwell  * 
for  the  mutual  inductance  of  two  circles  near  together  contains 
log  terms,  but  many  series  formulas  for  the  mutual  inductance  of 
two  circles  which  are  far  apart,  such  as  eq.  (5)  of  Scientific  Paper 
169  of  the  Bureau  of  Standards,  do  not  contain  log  terms. 

It  would  be  expected  from  the  preceding  paragraph  that  a 
series  formula  containing  log  terms  would  be  very  rapidly 
convergent  for  mutual  inductance  of  short  solenoids  close  to¬ 
gether.  This  has  been  found  to  be  the  case.  Such  a  formula 
has  been  derived  and  is  presented  in  this  article.  The  range  of 
application  is  indicated  in  Fig.  2,  and  it  is  shown  that  for  very 
short  solenoids  near  together,  the  other  series  formulas  with 
which  comparison  is  made,  are  not  rapidly  enough  convergent  for 
practical  numerical  calculations. 

The  mutual  inductance,  in  abhenrys,  of  two  short,  thin, 
coaxial  and  concentric  solenoids  of  Ni  and  Nt  turns,  of  diameters 
m  and  m  2p  cm.,  respectively,  and  of  equal  length  b  cm., 
(See  Fig.  1),  is 

K16m*  \  /  p 

i<>8"ir+7)  ('+;;  + 5;?+ 

‘  Proc.  Royal  Soc.,  Vol.  32,  p.  104,  1881.  See  also  formulas  (69)  and  (71) 
.SW.  Pa.  169  of  the  Bur.  of  Standards. 

‘  Bull.  ofAmer.  Math.  Soc.,  Vol.  14,  No.  1,  p.  1,  1907;  Phil.  Mag.,  Vol.  15,  p. 
332,  1908;  and  eq.  (79),  Set.  Pa.  169  of  the  Bur.  of  Standards. 

*  Elec,  and  Mag.,  Para.  705  and  eq.  (10),  Set.  Pa.  169  of  the  Bur.  of  Standards. 
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Flu.  1. — Two  Coaxial,  Concentric  Solenoids  of  Equal  Length. 


This  is  derived  by  integrating  eq.  (14)  of  Scientific  Paper  169, 
which  is  an  extension  of  the  formula  cf  Reference  3,  twice  over  the 
length  of  the  solenoids.  Note  that  logn  denotes  natural  logarithm. 

The  mutual  inductance  of  two  short  solenoids  of  unequal 
length  is  obtained  in  a  manner  similar  to  the  derivation  of  (1). 
As  the  formula  is  somewhat  long,  it  is  not  given  here.  It  may  be 
found  in  the  S.  M.  thesis  by  P.  W.  Sayles,  Mass.  Institute  of 
Technology,  1929,  equation  (16), 
formula  (1)  gives  the  mutual  inductance  of  two  thin  solenoids 
with  slide-rule  accuracy,  for  values  of  p/m  up  to  .25  and  of  bjm 
up  to  .8,  as  is  indicated  by  the  vertical  dotted  line  of  Fig.  2. 


^1] 
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'Fhe  convergence  is  most  rapid  for  very  small  valuM  of  6/m. 
Other  series  formulas  which  apply  to  this  case  have  the  most 
rapid  convergence  for  large  values  of  6/m,  and  as  6/m  decreases, 
they  give  less  accurate  results  and  finally  cease  to  be  of  practical 
use.  A  com|}arison  of  several  formulas  for  coils  of  equal  length 
is  given  on  page  75  of  Scientific  Paper  169  of  the  Bureau  of 


0  V  ^  ^  ^  ^  ^  ^  ■$ 

^/n, 

Kiti.  2. — Ranges  of  Application  of  Two  Mutual  Inductance  Formulas. 


Standards,  and  Maxwell’s  formula  given  in  Electricity  and  * 
Magnetism,  para.  678,  is  recommended  in  preference  to  the 
others  for  short  coils.  This  formula,  considerably  extended,  is 
given  in  Eq.  (36),  Scientific  Paper  169, 

A  comparison  of  the  applicability  of  Formula  (1)  of  this  ptaper 
with  that  of  Eq.  (36)  mentioned  in  the  preceding  paragraph,  is 
given  in  Fig.  2.  It  is  seen  that  there  is  a  considerable  range  in 
which  lx)th  ^formulas  can  be  used,  but  that  for  cases  represented 
by  the  region  to  the  left  of  the  curved  line,  Eq,  (1)  is  to  be  used, 
if  a  series  formula  is  employed  !is  is  usual  for  computations  of 
this  kind.  While  the  curved  line  of  Fig.  2  shows  the  limit  beyond 
which  Maxwell’s  formula  in  its  extended  form  cannot  be  used,  the 
sloping  dotted  line  shows  the  approximate  boundary  to  the  left 
of  which  Maxwell’s  formula  is  inferior  to,  that  is,  more  slowly 
convergent  than,  Eq.  (1)  of  this  paper. 

A  measurement  of  the  mutual  inductance  of  two  concentric 


INDUCTANCE  OF  CONCENTRIC  SOLENOIDS 


165 


solenoids  of  equal  length  was  made.  The  length  of  the  solenoids 
was  4.29  cm.  The  smaller  coil  had  95  turns  and  a  mean  diameter 
of  7.68  cm.  The  larger  one  had  91  turns  and  a  mean  diameter  of 
11.20  cm.  The  measured  mutual  inductance  was  .437  milhenrys 
and  the  calculated  value  by  Eq.  (1)  was  .450  milhenrys. 

The  work  described  was  done  in  the  Department  of  Electrical 
Engineering  at  the  Massachusetts  Institute  of  Technology. 
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TABLES  AND  METHODS  OF  EXTENDING  TABLES  FOR 
INTERPOLATION  WITHOUT  DIFFERENCES 


Bv  (lEORGE  Ki'TLEDC.E  AND  PrESCOTT  CrOUT 

1.  Introduction.  The  classical  formulas  of  Newton,  Gauss,  and 
Stirling  approximate  a  function  f(x)  by  means  of  the  algebraic 
polynomial  Pt»{x)  of  lowest  degree  which  takes  given  func¬ 
tional  values  at  the  points  jc  “  —  nh,  •  •  • ,  —  A,  0,  A,  •  •  • ,  nh,  this 
polynomial  being  expressed  in  terms  of  differences  of  the  given 
values.  It  is  thus  in  every  case  necessary  to  form  a  table  of 
differences  before  using  such  approximation  formulas.  (>1  the 
other  hand  the  formula  of  l^grange  approximates  the  function 
f{x)  by  means  of  this  same  polynomial;  but  since  in  this  case  the 
polynomial  is  expressed  linearly  in  terms  of  the  given  values,  no 
preliminary  differencing  is  required,  and  the  computation  of  an 
interpolated  value  of  /(x)  with  a  modern  computing  machine 
reduces  to  one  continuous  machine  operation. 

Tables  of  l.agrangean  coefficients  have  been  recently  published 
by  Huntington  *  which  permit  the  insertion  of  ninety-nine 
interpolated  values  between  each  two  of  four  or  of  six  equally 
spaced  points,  the  approximation  being  by  means  of  polynomials 
of  the  third  or  of  the  fifth  degree. 

In  this  paper  tables  of  Lagrangean  coefficients  are  given  for  the 
cases  of  three,  five,  and  seven  equally  spaced  points.  In  com¬ 
puting  the^  coefficients,  meth(xls  and  tables  were  used  which 
were  developed  by  Rutledge,*  by  means  of  which  the  Lagrangean 
('oefficients  may  be  computed  for  odd  numbers  of  equally  spaced 
|)oints  from  three  to  seventeen  inclusive.  The  computed  coef- 

'  Huntington:  “Tables of  l.agrangean  Coefficients  for  Interpolating  Without 
Differences,"  Proreedings  of  the  A  meruan  Academy  of  A  rts  and  Sciences,  vol.  6J, 
p.  421. 

*  Rutledge:  “  Fundamental  Table  for  l.agrangean  Coefficients,"  this  Journal, 
vol.  8,  p.  I. 
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ficients  were  then  checked  by  substitution  in  a  set  of  equations 
derived  by  Crout;  *  and  since  this  set  of  equations  constitutes  not 
only  a  necessary  condition,  but  a  sufficient  condition  for  their 
determination,  the  check  is  conclusive.  The  values  {(iven  in  the 
accompanying  tables  are  exact  terminated  decimals. 

V'alues  of  the  error  coefficient,  which  arises  in  a  certain  ex¬ 
pression  limiting  the  error,*  are  also  given  in  this  paper.  These 
values  were  first  computed  using  the  newly  calculated  Lagrangean 
coefficients,  the  method  being  given  by  Crout  in  a  previous  paper.* 
They  were  then  computed  directly  as  products,  which  checked  not 
only  the  error  coefficients,  but  the  Lagrangean  coefficients  as  well. 

In  most  practical  problems  the  functional  values  are  given  only 
approximately;  for  example,  the  given  values  may  be  empirical, 
or  correct  to  a  certain  number  of  decimal  places.  Methods  and 
tables  are  given  in  this  paper  by  means  of  which  the  additional 
error  arising  from  this  source  may  be  limited. 

Methods  are  here  given  by  means  of  which  the  given  tables 
of  Lagrangean  coefficients  may  be  used  for  interpolation  at 
points  not  tabulated  directly,  and  for  extrapolation ;  also,  methods 
are  developed  whereby,  by  the  use  of  matrix  multiplication,  the 
given  tables  may  be  extended  indefinitely  to  reduce  the  tabular 
intervals  or  to  increase  the  range  of  tabulation. 

2.  Lagrangean  Interpc^tion  Coefficients.  Let  there  be  given 
the  values  of  a  function  f{x)  at  2n  +  1  equally  spaced  points. 
Without  loss  of  generality  the  origin  may  be  placed  at  the  mid¬ 
point;  thus  the  given  values  are 

/(-  «A),  /r),/(0),/(A),  ...,/(»A),  (1) 

where  h  is  the  interval  between  adjacent  points.  It  may  be 
shown  that  the  algebraic  polynomial  of  degree  2n  (at  most) 
determined  by  the  values  (1)  is  given  by  the  expression 

Pu{x)  .  K.^{-  «/,)  +  ...+  K.Ji-  h) 

-I-  +  K^{h)  +  • . .  -h  K^{nh),  (2) 

•  Crout:  "A  Method  for  Deriving  Formulas  of  Interpolation,”  this  Journal, 
vol.  8,  p.  18. 


If  f(x)  has  a  derivative  of  order  2n  -f-  t  at  each  point  of  the 
interval  —  nh  <  x  <  nh,  it  is  well  known  that  *•* 

fix)  -  Pinix)  +  €,  —  nh  <  X  <  nh,  (3) 

where 

«  -  -nh  <i<nh,  (4) 

and  where  k  is  an  algebraic  polynomial  in  (x/A).  The  values  of  k 


Thrw  Point!,  n  —  1,  «  ■  7  X(X*  —  1). 


where  the  coefficients  K^n,  •  •  •,  K„  are  algebraic  polynomials  in 
(x/h).  Denoting  (x/A)  by  X,  these  coefficients  are  tabulated  for 
«  -  1.  2,  3,  X  -  -  (»  +  2).  -  («  -I-  1).  -  .9.  •  •  •,  -  .1,  .1.  •  •  •,  .9, 
(n  +  1),  («  -f  2)  in  the  following  tables: 


Tables  of  Exact  Valves  of  Laceancean  Coefficients  and  of  Coekk- 
SPONDINC  EeEOE  FaCTOES 


3.000 

6.000 
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-3.000 

-8.000 


-.0560 

-.0625 

-.0640 


-.0595 

-.0480 

-.0285 


1. 000 
3.000 


-  .120 

-  .125 

-  .120 


.840 

.750 

.640 


.280 

.375 

.480 


-  .105 

-  .080 
-  .045 


.510 

.360 

.190 


.595 

.720 

.855 


Exact  Values  of  Laceanckan  Coefficients  and  of  CoEEEsroNDiNo  Eebob  Factobs 


.00000  CDtOOO  -7.00000  OOtttOW  21.00000  OOOOflH  -35.00000  OOOOd  35.00000  00000 
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for  fi  —  1,  2,  3,  X  —  —  .9,  •  •  •,  —  .1,  .1,  •  •  •,  .9 are  tabulated  in  the 
above  tables.  From  (4)  it  follows  directly  that 

1*1  :S  (5) 

where  M  is  the  largest  I  the  interval  *  —  nh  <  x  <  nh. 

In  practice  the  functional  values  (I)  are  generally  given 
only  approximately  (to  a  certain  number  of  decimal  places  for 
example);  thus  we  have  an  additional  error  c'  due  to  this  cause. 
Let  us  suppose  that  the  absolute  values  of  the  differences  between 
the  functional  values  and  their  given  values  are  smaller  than 
S  0,  respectively,  »  *  —  n,  •  •  n;  then  t  is  obviously  limited 
by  the  expression 

(6) 


If,  in  addition,  we  know  that  *  4*  <  i,  i  «  n;  then  from 

(6)  it  follows  that 

(7) 

m 

In  the  table  on  the  following  page  the  e.xact  values  of  53 

'  are  given  for  «  *  1,  2,  3,  |x|  *  .1,  .2,  •  •  •,  .9. 

We  now  consider  the  following  examples: 

Example  /.  Let  us  approximate  sin  .808  from  the  given 
values 

sin  .785  -  .70682  51811  053 
sin  .795  -  .71386  36049  350 
sin  .805  -  .72083  06429  990 
sin  .815  -  .72772  55985  995 
sin  .825  -  .73454  77822  465, 

*  Equations  (3),  (4),  and  (5)  hold  also  for  the  case  where  |x|  >  nh,  except 
that  in  this  case  {  lies  somewhere  within  the  interval  bounded  by  the  two 
outermost  points  of  the  set  —  nh,  nh,  x,  and  that  M  denotes  the  greatest 
I  in  this  same  interval.  For  any  X,  k  is  given  by  the  expression 


k 


2n  4-  l!<-i 


n  (X*  -  **). 


*  If  the  functional  values  are  taken  from  a  m  place  table,  then  it  is  evident 
that  t  “  10“**,  or  4  «  5  •10“**“',  depending  upon  the  signifirance  of  the  last 
place. 
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|X| 

N  -  1 

11-2 

11—3 

.1 

1.09 

1.13702  5 

1.16884  525 

.2 

1.16 

1 

1.24640  0 

1.30553  600 

.3 

1.21 

1.32602  5 

1.40608  225 

.4 

1.24 

1.37440  0 

1.46758  400 

.5 

1.25 

1.39062  5 

1.48828  125 

.6 

1.24 

1.37440  0 

1.46758  400 

.7 

1.21 

1.32602  5 

1.40608  225 

.8 

1.16 

1.24640  0 

1.30553  600 

.9 

1.09 

1.1.1702  5 

1.16884  525 

which  are  correct  to  13  decimal  places  (5  -•  10“**).  Using  the 
five  point  table,  we  have  «  *  2,  A  «  .01,  /(—  2A)  ■*  sin  .785, 

•••,/(2A)  -  sin  .825,  X  -  .3,  3/  -  cos  .785  <  .71,A  -  .00889  525 

2 

<  .0089,  53  l'^*!  •“  1.32602  5  <  1.33.  From  (5)  and  (7)  we 

I-— 2  * 

have,  respectively,  , 

|f|  <  .0fl«9.10-'«-.71  <  6.32- 10“'*, 

[€'1  <  1.33-10-'»; 

hence 

|(|  +  l«'l  <  io-'». 

VVe  thus  see  that  the  computed  value  of  sin  .808  should  be  correct 
to  at  least  12  decimal  places.*  By  actual  calculation  this  com¬ 
puted  value  is  found  to  be  (exactly) 

^<(.808)  -  .72290  67298  48993  3325, 

*  In  this  paper  a  result  is  defined  to  be  c»rrect,  or  accurate,  to  m  decimal 
fUaces  if  it  is  known  to  be  in  error  by  less  than  10'**.  This  does  not  necessarily 
mean  that  all  digits  to  the  left  of  and  including  that  in  the  «<th  decimal  place  are 
ulentical  with  those  of  the  value  approximated.  For  example 
1.000000  ••• 

and 

.999999  ••• 

are  the  same  number,  though  none  of  the  corresponding  digits  coincide. 
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which  agrees  with  the  above  prediction,  for 

sin  .808  -  .72290  67298  49704  •••. 


Example  2.  Values  of  sin  x  are  to  be  given  at  intervals  of  .01 
along  the  x  axis  over  the  interval  (0,  2t).  These  values  are  to  be 
used  in  connection  with  a  five  point  table  to  compute  values  of 
sin  jc  at  intervals  of  .001  over  this  same  interval,  (0,  2r).  To  how 
many  decimal  places  should  the  given  values  be  obtained;  and 
to  how  many  decimal  places  will  the  computed  values  of  sin  x 
be  accurate?  • 

We  have  n  -  2,  A  -  .01,  |X|  <1.,  M  <  1.,  |A|  <  .012, 

2 

£  j/Cjl  <  1.4,  i  “  lO"",  where  m  is  to  be  determined.  From  (5) 
we  have  at  once 


|(|  <  .012-10-'<»-l  -  1.2-10-'»; 
also,  since  from  (7)  we  see  that 

j/|  <  1.4- 10-', 

it  is  evident  that  the  bound -upon  the  sum  (|(|  +  |c'|)  can  be 
reduced  considerably  by  increasing  n,  until  a  »  12,  in  which  case 

|€|  +  !•'!  <  10-"; 

hence  since 

hi  +  hi  ^  hi. 

and  since  |«|  is  known  only  to  be  smaller  than  1.2*10~‘*,  we 
conclude  the  following:  the  greatest  known  accuracy  of  the 
computed  values  of  sin  x  is  to  11  decimal  places,*  which  may  be 
obtained  by  using  given  values  of  sin  x  correct  to  12  places.^ 

’  Redaction  in  the  Limit  upon  the  Error.  If  f{x)  is  such  that 

^1  ^  —  nk  <  X  <  nk;  (!') 

then  from  (4)  we  see  that 

«i  <  «  ^  *11 

where  «■  *  A4***‘Li  and  n  —  kk*"*^Lt.  Placing 


.1 


•i  +  *» 
2 


(2') 
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3.  Interpolation  at  Points  Not  Tabulated  Directly,  and 
Extrapolation.  By  means  of  the  above  tables  we  may  compute 
Pin(x)  directly  for  values  of  X  spaced  at  intervals  of  .1  throughout 
the  two  central  intervals.  We  shall  now  show  first  how  to  extend 
the  range  of  X  indefinitely,  second  how  to  reduce  the  tabular 


it  follows  from  (3)  that 

fix)  -  I />,.(*)  +  il  (3') 

where 


Since  )(*,  —  ti)  is  smaller  than  the  larger  of  the  quantities  Icil,  Id  except  in  the 
special  case  where  —  «i  “  t,.  in  which  case  J(«t  “  si)  “  si.  w*  from  (4') 
that  the  limit  upon  the  error  is  in  general  reduced  by  using  (Phifx)  +  i|  in 
place  of  Ptnix)  as  an  approximation  to  fix).  In  order  to  compute  i  it  is  ob¬ 
viously  necessary  to  determine  Li  and  L*.  The  generalization  of  this  method 
to  the  case  where  |x|  >  nA  is  obvious.* 

As  an  example  let  us  suppose  that  /(»)  *  logit  «,  and  that  the  midpoint  of 
the  2m  +  1  points  is  m#;  then  from  (4)  we  see  that  the  error  involved  in  approxi¬ 
mating  the  function  at  any  point  u,  where  Uq  —  nh  <  u  <  m»  +  nk,  is 

_  *****''2m!  log  ifC 
*  ' 


where  e  is  the  base  of  the  system  of  natural  logarithms;  hence 
_  W’**‘2m!  logit  e  _  *X’***2m!  logit  e 

”  (Mt  -  M*)‘--^'  '  *'  *  (Mt  +  M*)*-'  ' 

*A»«*'2m!  logit  ef  •  • 

*  “  2  liM,-  (Nt  +  mh)  *•’-« 


also 


ti  _***"♦•  2m!  logit  rf  1 

2  *  2  L  (“•  -  M*)‘»*‘ 


1 

(Mt  +mA)»-*' 


]■ 


I’sing  the  law  of  the  mean  we  hax-e 

I  Ml  ^  *mA***’2m  -f-  1!  logit  e 
•  (Mt  -  mA)*“** 


(S') 

(6') 

(7') 


due  to  (4')  and  (6').  As  a  special  case  let  us  suppose  that  m  *  6.4024, 
Mt  -  6.4020,  M  «  2,  A  «  .001;  then  X  .4,  A  «  .010752;  and 


0  <  t  <  t,  <  I.05-I0.-**, 


due  to  (5').  Krom  (7')  we  also  have 

1#"|  <  1.64.10.-**; 

heni'e  we  see  that  by  using  (Ptfx)  -I-  i|  instead  of  P^ix)  as  an  approximating 
function  in  this  case,  we  reduce  the  limit  upon  the  error  in  the  ratio  1.64-  lO'” 
-I-  1.05-10-**  <  1.57.10-*. 
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intervals  for  X.  In  other  words  we  shall  show  how  by  means  of 
the  above  tables  we  may  compute  Ptn{x)  for  values  of  X  spaced 
at  intervals  of  .01,  .001,  etc.  over  any  arbitrary  range. 

In  each  of  the  above  tables  the  coefficients  are  given  for 
X  »  —  (n  2),  —  (n  +  1),  (n  -h  1),  («  -b  2);  thus  the  values  of 
Ptn{x)  may  be  computed  at  two  additional  points  on  each  side  of 
the  original  2n  +  1  points,  the  result  being  that  we  have  then  a 
set  of  values  of  Ptn{x)  at  2«  +  5  equally  spaced  points.  We 
may  use  any  consecutive  2b  1  of  these  2n  +  5  values  to  fix 
Pin{x) ;  however,  if  we  include  values  of  Pi.(jc)  at  one  or  two  of  the 
additional  points,  the  intervals  for  which  the  coefficients  are  given 
by  our  table  for  values  of  X  spaced  at  intervals  of  .1  are  shifted  a 
distance  h  or  2h,  respectively,  along  the  x  axis,  or  a  distance  1  or  2, 
respectively,  along  the  X  axis.  New  values  of  Pi,(x)  may  then 
be  computed.  We  may,  if  we  desire,  repeat  this  process  any 
number  of  times,  applying  the  table  when  necessary  to  give 
Pinix)  for  new  integral  values  of  X;  hence  we  determine  Pj,(x) 
for  all  values  of  X  spaced  at  intervals  of  .1  throughout  any  range. 

We  may  now  choose  a  set  of  values  of  Ptm(x)  at  2b  +  1 
consecutive  values  of  X  spaced  at  intervals  of  .1,  and  use  the 
original  table  to  obtain  Psm(x)  for  values  of  X  spaced  at  intervals 
of  .01,  since  the  tabular  difference  of  .1  now  corresponds  to  a 
difference  of  .01  in  (x/h).  By  suitably  choosing  the  2b  -b  1 
points,  or  by  using  in  combination  the  methods  of  the  prev'ious 
paragraph,  it  is  thus  evident  that  we  may  from  the  original  table 
determine  Pj„(x)  for  all  values  of  X  spaced  at  intervals  of  .01  over 
any  arbitrary  range.  Repeating  this  process,  we  may  reduce 
the  interval  between  adjacent  values  of  X  to  .001 ;  and  so  on. 
We  may  thus  use  the  original  table  to  determine  P»»(x)  for  any 
decimal  value  of  X. 

4.  Extension  of  Tables.  We  shall  now  use  the  methods  of  the 
previous  section  to  determine  the  I^grangean  coefficients  for 
values  of  X  not  tabulated  directly,  or  in  other  words  to  extend  a 
given  table.  Let  there  be  given  the  2b  =b  1  values  (1)  of  /(x), 
together  with  a  table  of  l^agrangean  coefficients  (any  one  of  the 
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tables  of  Section  2,  for  example)  by  means  of  which  we  may 
compute  directly  the  values  of  Pt^ix)  at  2»  +  1  equally  spaced 
points  corresponding  to  2n  +  1  of  the  tabulated  values  of  X, 
which  we  denote  by  X»,  e.  where  k  —  —  —  1,  0,  1,  •  •  •,  w. 

If  we  denote  the  spacing  of  these  points  along  the  x  axis  by  A',  it 
is  evident  that  since  x  *  XA, 


k*  “  (A*+i.  0  —  Xt,  o)A, 


Noting  that  the  coefficients  K-, 
have  from  (2) 


A  n  —  1.  (8) 

•  •  • ,  /C ,  are  functions  of  X,  we 


P„{K  0  A)  -  L  X,(X*.  t)JUh), 


A  “  —  w, 


,  n. 


i^) 


Using  these  2n  +  1  computed  values  of  Ptn(x),  we  now  apply  the 
given  table  to  compute  the  values  of  Pt»(x)  at  m  points  corre¬ 
sponding  to  X'  —  X/,  Xi',  •  •  •,  X*',  where 


k' 


X  “  Xo,  8  +  ^  X', 


(10) 


the  values  X'  “  X/,  Xj',  •  •  • ,  X„'  being  arguments  of  the  given 
table.  Placing 


Xi.  I  ■ 
we  have  from  (2) 


A' 


Xo.  e  +  ^  X/, 


1,2,  --^m, 


(11) 


P*n(K  I  A)  -  E  •a:*(x/)P„(x*.  0  A) 


'  L  K,(X/)  L  /C,(X*.  o)/Uk). 

tm—m  J^—0 


or 


P7n(Xi.tk)  -  E/O'A)  L  o), 

Jm—m  tm—m 


(12) 


where  i  >>  1,  2,  •  •  •,  m.  It  thus  follows  that 


A,(X.. ,)  -  E  a:*(x/)/c>(x*.  o). 


(13) 


where  *  —  1,  2,  •  •  •,  w,  and  j  —  —  n. 


,  n. 
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From  (13)  we  see  that  the  values  of  i)  form  a  matrix 

which  has  for  the  element  of  the  tth  row  and  jth  column  the 
term-by-term  product  of  the  I'th  row  of  the  2«  -1-  I  column 
matrix  formed  by  the  values  of  /iL*(X/),  and  the  7th  column  of 
the  2n  -f  1  row  matrix  formed  by  the  values  of  0).  This 

relation  may  be  expressed  by  the  product 

II  K,(x,.  ,)  II  -  II  K.(X,')  II  •  II  KAK  .)  II ,  (14) 

the  multiplication  so  defined  being  the  familiar  row-by-column 
product  of  matrices,  which  is  associative  though  not  in  general 
commutative. 

It  is  evident  that  if  m  >■  2»  4-  1,  and  if  the  points  correspond¬ 
ing  to  X  »  X|,  I,  Xs,  1,  ■  * ' ,  X«,  1  are  equally  spaced,  we  may  again 
apply  the  table  as  before  to  compute  the  Lagrangean  coefficients 
at  a  third  set  of  points.  We  thus  arrive  at  another  result  of  the 
form  (14).  It  is  evident  that  this  procett  may  be  repeated 
indefinitely.* 

Noting  that  for  X  “  —  w,  •  •  •,  n 
Ki{i)  -  0,  i 

1,  j  n,  (15) 

#Lj(»)  -  1,  t-j, 

we  see  at  once  that  the  procedure  of  Section  3  may  now  be  used 
to  compute,  by  application  of  (13),  (14),  the  Lagrangean  coeffi¬ 
cients  for  values  of  X  not  tabulated  directly;  thus  we  may  extend  a 
given  table  indefinitely  so  as  to  increase  the  range  of  X  or  to  reduce 
the  tabular  intervals  of  X. 

To  illustrate  the  above  methods  we  now  consider  a  few 
examples. 

Example  1.  Let  us  compute  the  Lagrangean  coefficients  for 

*  It  ia  evident  that  the  repetition  of  this  process  using  the  same  table  leads 
to  a  product  of  matrices  ail  but  the  first  of  which  are  square.  Similarly,  if  the 
same  process  is  repeated  using  tables  with  different  numbers  of  Lagrangean 
roeflicients  (different  values  of  n),  the  result  is  a  product  of  rectangular  matri¬ 
ces.  Such  products  are  associative;  also,  it  is  evident  that  this  property  has  an 
interesting  interpretation  when  applied  to  approximating  polynomials. 
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«  «  2  (five  points),  X  »  1.5.  From  (14)  we  have 

l!A'/(X,.  ,)|1  -  11.02345  75  -  .15625  00 

.70312  50  .46875  00  -  .03906  25|| 


0 

1 

0 

0 

0 

0 

0 

1 

0 

0 

0 

0 

0 

1 

0 

0 

0 

0 

0 

1 

1 

-  5 

10 

-  10 

5 

-  11  -  .03906  25  .21875  00  -  .54687  50 

1.09375  00  .27343  7511. 

Here  the  first  matrix,  11/C*(X/)11,  of  the  right  side  of  (16)  is  taken 
directly  from  the  tables;  the  second  matrix,  ll/r>(Xt,  o)ll,  is 
obtained  from  the  tables  •  and  (15). 

Example  2.  Let  us  determine  the  Lagrangean  coefficients  for 
n  *  1  (three  points),  X  *  .42,  .43.  VV’e  have  at  once 


|!A'y(X,.  ,)11 


-  .080 
-  .105 


.960 

.910 


.120 

.195 


-  .105 

.910 

.195 

-  .120 

.840 

.280 

-  .125 

.750 

.375 

(17) 


-  .12180 

.82360 

.29820 

-  .12255 

.81510 

.30745 

Example  3.  I^t  us  determine  the  l.agrangean  coefficients  for 

*  By  means  of  the  tables  and  (15)  we  may  construct  the  following  table  for 
integral  values  of  X: 


Five  Points,  «  »  2. 
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«  «  1  (three  points),  X  »  1.213,  1.215.  VVe  have 


-  .105 

.910 

.195 

-  .125 

.750 

.375 

0  1.000  0 
-.045  .990  .055 

-.045  .990  .055 
-.080  .960  .120 

0  1  0 

0  0  1 

-.080  .960  .120 

-.105  .910  .195 

1  -3  3 

.12918  45 

-  .471.36  90 

1.. 3421 8 

45 

.13061  25 

-  .47622  50 

1.. 34.561 

25 

(18) 


Here  as  in  Example  1  the  first  three  factors  of  the  right  side  of  ( 1 8) 
are  taken  directly  from  the  tables,  the  last  being  obtained  from 
the  tables  and  (15). 

Example  4.  Let  us  insert  9  sets  of  Lagrangean  coefficients 
in  a  three  pwint  table  («  *  1),  corresponding  to  values  of  X 
spaced  at  intervals  of  .0001  between  X  »  5.327  and  X  *  5.328. 
We  have 


- 

.045 

.990 

.055 

— 

.080 

.960 

.120 

— 

.105 

.910 

.195 

— 

.120 

.840 

.280 

— 

.125 

.750 

.375 

— 

.120 

.640* 

.480 

— 

.105 

.510 

.595 

— 

.080 

.360 

.720 

— 

.045 

.190 

.855 

-  .120 

.640 

.480 

-  .105 

.510 

.595 

-  .080 

.360 

.720 

.045 

.990 

.055 

.080 

.960 

.120 

.105 

.910 

.195 

-.080  .960  .120 
-.105  .910  .195 
-.120  .840  .280 


0  0  1 
1  -3  3 
3-8  6 


0  0  1 

0  1  0 

1  -3  3 

0  0  1 

3-8  6 

1  -3  3 

11.52544  7205 
11.52592  9920 
11.52641  2645 
11.52689  .5380 
11.52737  8125 
11.52786  0880 
11.528.34  .3645 
11.52882  6420 
11.529.30  9205 


-  27.37799  4410 

-  27.37905  9840 

-  27..38012  5290 

-  27.38119  0760 

-  27.38225  6250 

-  27..38.332  1760 

-  27..38L38  7290 

-  27..38.545  2840 

-  27..38651  8410 


16.85254  7205 
16.85312  9920 
16.85371  2645 
16.85429  5380 
16.85487  8125 
16.85546  0880 
16.85604  3645 
16.85662  6420 
16.85720  9205 


(19) 
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It  may  be  noted  that  since  the  multiplication  is  associative,  we 
may  start  from  either  left  or  right  to  evaluate  the  product  of  a 
series  of  factors;  however,  the  size  of  the  matrices  involved  may 
in  the  two  cases  be  considerably  different.  Thus  in  Example  4 
if  we  start  from  the  left,  we  continually  deal  with  matrices  of 
9X3  elements;  whereas  if  we  start  from  the  right,  we  encounter 
only  3X3  element  matrices. 


NOTE  ON  THE  GENERAL  LORENTZ 
TRANSFORMATION 


Bv  N.  Rosen  ' 

The  purpose  of  this  f>aper  is  to  determine  the  pair  of  quaternion 
multipliers  corresponding  to  a  general  rotation  of  a  Cartesian 
coordinate  system  in  four  dimensions,  i.e.  to  the  general  Ix>rentz 
transformation. 

It  has  been  shown  *  that  a  four-dimensional  rotation  can  be 
represented  quite  simply  by  means  of  quaternion  multiplication. 
U  q  »  ixi  +jxt  -f  kxi  +  is  the  quaternion  with  components 
representing  the  rectangular  coordinates  of  a  point  in  four 
dimensions,  then  the  quaternion: 

^  (1) 

represents  a  linear  transformation  of  q,  where  p  ia  jb  -i-  kc 
-f  d  and  r  ia  +  jff  +  ky  -i-  6  are  quaternions  operating  on  q. 
The  multiplication  in  (1)  is  carried  out  according  to  the  usual 
rules  of  quaternions. 

However,  p  and  t  together  involve  eight  parameters,  and  as 
for  a  general  four-dimensional  rotation  six  parameters  are  re¬ 
quired,  we  impose  two  restrictions,  namely: 

o*  +  6*  4- +  rf*  -  1,  1  . 

a*  -f  -f  7*  -H  -  1.  I  ^  ^ 

From  this  it  follows  that,  if  q'  =  ixi'  +  jxt  +  kx/  -f-  x/.  then: 

Xi'*  +  X,'*  -f  X,**  +  X«'*  »  X,*  +  X,*  +  X|*  +  X4*, 

which,  combined  with  the  fact  that  for  a  transformation  carried 

'  With  indebtedness  to  Prof.  M.  S.  Vallarta,  by  whom  the  problem  was  sug¬ 
gested,  for  kind  advice  and  assistance. 

'For  example,  c.f.,  F.  Klein's,  "Elementarmathematik  vom  hdheren 
Standpunkte  aus,”  p.  73  et  seq  (Berlin,  1924). 
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out  in  this  way  the  determinant  can  be  shown  to  be  positive, 
insures  a  true  four-dimensional  rotation. 

Suppose  a  transformation,  representing  a  rotation,  given  by  the 
equations: 

(1-1.  2,  3,4).  (3) 

This  transformation  can  be  represented  by 
x'  —  Ax 

where  A  is  the  matrix  having  a,-,  for  the  element  in  the  i’th  row 
and /th  column. 

To  determine  the  components  of  p  and  t  corresponding  to  the 
matrix  A,  we  carry  out  the  multiplication  in  (1)  and  erquate  the 
corresponding  components  on  each  side  of  the  equation.  This 
gives  a  system  of  linear  equations  of  the  form  (3).  h'rom  this  we 
can  form  a  matrix,  Q.  By  equating  the  corresponding  elements 
of  the  matrices  Q  and  A,  there  are  obtained  16  linear  equations 
with  the  same  number  of  unknowns,  namely  the  16  different 
products  of  p>airs  of  parameters.  These  equations  can  be  easily 
solved  by  adding  or  subtracting  appropriate  p)airs.  Then  having  * 
obtained  expressions  for  the  products,  by  suitable  division,  one  » 
can  obtain  ratios  between  the  components  of  each  quaternion, 
and  taking  equations  (2)  into  account,  the  quaternions  are 
determined.  If  the  matrix  A  represents  a  rotation,  there  are 
sufficient  identities  satisfied  by  its  elements  to  insure  consistency 
of  all  the  equations. 

Consider  an  ordinary  sp>ace  rotation  of  the  coordinates  about 
the  AT-axis.  Taking  that  direction  as  pxwitive  which  corresponds 
to  the  rotation  of  a  right-hand  screw  advancing  towards  the 
px)sitive  end  of  the  axis,  we  have,  from  elementary  analytical 
geometry,  for  the  transformation  matrix: 


1 

0 

0 

0 

0 

cos 

sin  p 

0 

0 

—  sin  tp 

cos  <p 

0 

0 

0 

0 

1 

where  ^  is  the  angle  of  rotation. 
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Suppose  the  axis  of  rotation  M  has  direction-cosines  ai,  at,  ai. 
It  is  most  convenient  to  use  vector  notation  at  this  point.  Take 
a  set  of  coordinates  with  X'  along  Af  and  Z'  perpendicular  to  M 
and  X.  Let  i,J,  k  and  i',f,  k'  be  the  unit  vectors  in  the  respective 
systems.  Then  we  have: 


■r 


iai  jat  +  kat, 
i  X  i'  kat  —  jat 


vr^ 

X  »' 


Ol*  Vl  —  Oi* 

—  ijat^  -b  a»*)  -j-  jaiat  +  katai 

Vl  -  a,* 


If  R  is  the  coordinate  vector  ix  +  jy  -f  kz,  we  have: 


y’^r-R 
t!  -  k'‘R 


ciiX  +  aty  +  atZ, 

{at*  +  Oi*)  aiat 

X  +  ^y  + 


Vl  - 


0  - 


<*1* 

at 


Vl  - 


Vl  —  ai‘ 

aj 


Ol* 


Vl  - 


«!* 


OiO* 


for  which  the  corresponding  matrix  is: 


at 

-  {at*  +  a,*) 

at 

Oiaj 

aio* 

0 

0 

Vl  —  ai* 

Vl  -  Ol* 

< 

1 

a 

—  Ol 

at 

0 

Vl  -  Oi* 

Vl  -  Oi* 

0 

0 

0 

0 

1 

Now  we  apply  first  the  matrix  B  thus  obtaining  a  system  with 
its  X-axis  along  the  axis  of  rotation,  and  then  the  matrix  A,  thus 
carrying  out  the  desired  rotation.  Then  we  apply  a  matrix  B 
obtained  by  transposing  B  (i.e.  interchanging  rows  and  columns). 
This  restores  the  system  to  its  original  (xisition  relative  to  the 
axis  of  rotation.  Thus  the  general  rotation  has  been  effected. 
The  matrix  R  for  this  is  obtained  by  matrix  multiplication: 


13 


R  -  BArB. 
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Carrying;  out  the  multiplication,  the  matrix  for  a  general  three- 
dimensional  space  rotation  is  found  to  be: 


1 

2aiai  sin*  ^ 

p 

2ata\  sin*-r 

—  2(1  —  ai*)8in*^ 

2 

Z 

2 

-b  2ai  sin  —  cos  — 

*  .  V?  ^ 

—  Zassin  —  cos  — 

0 

Ip 

laiOi  sin*- 

1 

.  ^ 
latai  sin*  — 

L 

-2(1  -oi*)sin*- 

z 

—  2aisin  — COS  — 

2 

p  p 

4-  2ai  sin  —  cos  — 

0 

ip 

2aia,8m*-r 

la^az  sin*  — 

1 

iA 

1 

Z 

—  2(1  —  aj*)sin*— 

0 

ip  p 

4-  2ajsin  -  cos- 

.  ^  ^ 
—  2a\  sin  —  cos 

2 

0 

0 

0 

1 

Determining  the  quaternions  corresponding  to  this  as  descril>ed 
above : * 

$ 

ip  ip 

/),  -  cos  -  -  (fa,  +  jai  +  kat)  sin  - ,  • 

ip  ,  If)  • 

T,  =  cos  -  +  (uxi  4-  jat  +  kat)  sin  ^  . 

and  it  is  seen  that  p,  =  ir  r.  These  quaternions  have  already  lieen 
found  by  Klein  and  Sommerfeld,  using  a  different  method. 

For  a  system  of  coordinates  S'  initially  coinciding  with  another 
system  5  dnd  moving  along  the  A'-axis  of  the  latter  with  a  velocity 
V,  we  have  the  following  transformation-matrix,  which  can  be 
shown  to  represent  a  rotation  in  four  dimensions  about  the 
FZ-plane.^  lotting  JCi  *  jc,  x*  *  y,  X|  *  a;,  =  V—  1  ct  where 

*  L.  c.,  p.  78.  AIbo  c.f.,  Klein  and  Sommerfeld,  ‘‘Theorie  des  Kreisels,”  pp. 
16-19  (Leipzig,  1914). 

*  H.  Minkowski,  "Die  (irundgleirh ungen  fiir  die  elektromagnetiM'hen 
VorgSnge  in  bewegten  Korpern,"  p.  10  (I.eipzig,  1910). 
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/  is  the  time  coordinate,  and  c  the  velocity  of  light  in  empty  space. 


cos  ^ 

0 

0 

sin  ^ 

0 

1 

0 

0 

0 

0 

1 

0 

—  sin  4f 

0 

0 

cos  4' 

If  the  velocity  v  has  direction  cosines  Xi,  Xj,  Xi,  by  going 
through  the  same  process  as  above,  we  get  the  general  I^orentz 
transformation  :* 


1  —  2Xi*sin*^ 

.  ^ 

—  2XiXi  sin*  — 

.  ^ 
2XaXi  sin*  — 

Xi  sin  ^ 

X 

—  2XiXt  sin*  - 

1  —  2Xj*sin*-^ 

2XiXi  sin*  — 

Xj  sin  4' 

4' 

—  2X»Xi  sin*  — 

—  2XiXi  sin*  - 

1  -  2X,*sin*^ 

X]  sin  ^ 

—  Xi  sin  4^ 

—  Xj  sin  4^ 

—  Xi  sin  4' 

cos  ^ 

The  quaternions  for  this  are  found  to  l)e: 


=  T,  =  cos  -  -f-  (*Xi  -I-  jXj  +  ^X»)  sin  -j  • 

If  we  perform  a  rotation,  we  have: 

q'  -=  pr-q-Tr. 

If  we  then  carry  out  a  l^orentz  transformation,  we  get 

q"  =  P»’q''ir, 

*  p.'{p,'q'-K,)‘ir, 

“  {P-'P,)'q'{Wr’T.) 

= 

*Cf.  F.  Muglich,  “Zur  Quantentheorie  des  rotierenden  Elelctronj,*' /iJr 
Pkys.  48,  p.  852,  1928. 
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where  P,  *  P»'Pn  H,  *  ir,*T„  since  quaternion  multiplication  is 
associative.  Carrying  out  the  multiplication: 

)t  *p  .  ^  ^  ^  ^  I 

X/ cos -sin  -  —  oi  sin  2<-08  2  +(«tXi'  — aiXj')  sin sin- 1 

{iP  ^  ^  ^  ^  I 

X,' cos  2  sin  2  -o,sin-cos-  +(aiX/  — a,X/)  sin  2  sin 

Xi' cos -sin -2  —oi  sin  2  cos  2  +(aiXj'  — a,Xi')  sin -sin- 

ifi  ^  ^ 

+  cos  2  cos  2  +(a|X|'+a,Xj'+oiXiO  sin -sin-, 


II,»*»jXi'cos  -8in-  -foi  sin-cos  2  +(oiXa'  — ojX,')  sin-sin- 


+j 


Xj' cos  2  sin  2  -l-ojsin-cos-  -i-(ajX/  — oiX*')  sin -sin- 

flp  ^  ^ 

Xs' cos  2  sin  2  +aisin -2CO8-2  +(«iXj'  — ajX/)  sin  — sin- 

ifi  ^  ifi 

•f  cos  2  cos  2  —  (aiXi'+ajXj'+aiX/)  sin -sin  2  •  * 

< 

The  primed  X’s  are  used  because  they  refer  to  the  system  after 
rotation.  By  expressing  them  in  terms  of  the  X’s  of  the  system 
before  rotation  by  means  of  the  matrix  R,  we  obtain : 

•  I  ^  ^  ^ 

P,  =  i{  Xi  2  2  “  “I  sin  -  cos  2  +  (ojXj  —  a,Xi)  sin  2  2 

It  ^  ^  ^  ^  ^  ^ 

Xj  cos  -  sin  -  —  a*  sin  -  cos  -  +  (aiX|  —  a|Xi)  sin  -  sin  - 

i*P  •  ^  ^  m  ^  ^ 

X|  COS  "2  sin  —  —  ajsin  —  cos-^  +  (ojXi  —  oiXj)  sin  — sin - 

tp  ^  .  *p  ^ 

+  cos  -  cos  2  +  (aiXi  +  ajXi  +  o*Xa)  sin  2  sin  — , 
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{ip  ^  ip  ^  ^  ^  I 

X|  COS  -  sin  -  +  ai  sin  -  cos  -  +  (a»X,  —  atXi)  sin  2  2  I 

{ip  ip  ^  ^  ^  I 

Xt  CO8  2  sin  -  +  a*  sin  -  cos  +  (oiXi  —  a,X|)  sin  -  sin  -  > 


’  '  ] 


m  ip  ip  ip  ^ 

-h  *  i  Xj  cos  2  sin  -  4-  ai  sin  -  cos  -  -f  (aiX|  —  oiX»)  sin  -  sin  - 

ip  »  ip  » 

+  cos  2  cos  2  —  (oiXi  -f  ajXi  +  aiXj)  sin  -  sin  2  • 


These  contain  eight  parameters,  but  since  there  are  two 
identical  relations: 

oti*  4-  at*  4-  at*  ”  1, 

X,*  4-  X,*  4-  X,*  -  1, 

only  six  are  independent.  Hence  these  quaternions  give  the 
most  general  four-dimensional  rotation. 

Conversely,  for  any  four-dimensional  rotation  matrix  one  can 
find  the  corresponding  quaternions.  By  equating  their  com- 
,  ponents  to  those  of  P,  and  11,  above,  it  is  not  difficult  to  determine 
ifi,  \lf,  the  a’s,  and  the  X’s. 
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AX  ANALYSIS  OF  ROTATIONS  IN  EUCLIDEAN  FOUR- 
SPACE  BY  SEDENIONS 

By  Frank  I..  Hitchcock 

1.  Cayley’s  decomposition.  C'ayley  showed  '  that  an  orthog¬ 
onal  matrix  of  the  fourth  order  having  determinant  +  1  can 
be  written  as  the  product  of  two  matrices  of  the  form 


a 

—  o 

-  d 

-  7 

a' 

/ 

—  a 

-  d' 

-  7' 

a 

a 

-  7 

a 

and 

a 

a' 

7' 

-  d' 

d 

7 

a 

—  a 

d' 

-  7' 

a' 

a' 

7 

-  d 

a 

a 

7' 

d' 

—  a 

a' 

wherein 

a*  +  d*  +  7*  -I-  -  a'*  +  d'*  -F  7'*  -f  =  L  (2) 

He  pointed  out  that  the  factorization  is  equivalent  to  the  linear 
transformation 

yy  +  ix  -j-jV  +  -  (i  4-  ia  -f  j(i  -F  ky){w  -F  ix 

+  jy  -F  *s)(a'  +  m'  +  0  +  ky')  (3) 

if  i,j,  k  obey  Hamilton’s  rules  for  multiplication.  The  problem 
of  finding  a,  d.  7t  a.  d',  y\  a'  as  explicit  functions  of  the  ele¬ 
ments  a„  of  a  given  orthogonal  matrix  has  recently  been  solved 
by  Mr.  N.  'Rosen.*  The  object  of  the  present  paper  is  to  show 
how  the  decomposition  leads  naturally  to  a  sedenion  algebra 
represented  by  matrices. 

2.  Matrix  algebra.  For  brevity  let  the  matrix  having  +  1  for 
element  in  the  rth  row  and  5th  column  and  all  other  elements  zero 
be  denoted  by  fn.  Call  these  unit  matrices.  The  law  of  multi- 

‘  Recktrckes  VlUrieurs  sur  let  Determinants  Gauches.  Collected  Pafieiii, 
vol.  II,  p.  214.  Crelle's  Jour.,  vol.  50,  (1855),  pp.  299-313.  See  .Art.  6  below. 
*This  Journal,  this  Volume  and  No.,  p.  181. 
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plication  for  unit  matrices  is 

er.e.t  “  e,i,  er.eu»  -  0  if  s  ^  u.  (4) 

Any  matrix  can  be  written  as  a  linear  aggregate  of  unit  matrices, 
A  «  ar.er.,  B  —  XI  ^nq^pq,  etc.  The  product  AB  can  be 
found  by  the  distributive  law  of  multiplication. 

3.  Special  matrices.  The  two  matrices  (1)  can  be  written 

4(cii  +  Cij  +  Cij  +  C44)  +  afcji  —  C)*  +  fit  —  fu) 

"h  ~  ^11  d"  “  fit)  d"  7(^41  “  Ci4  d"  fit  ~  Cm)  (5) 
*  6E  d"  at/  d"  d"  yK, 

say;  and  also 

d*  ftt  d"  Cm  -H  C44)  -)“  at'(c  n  ~  Cij  —  fit  d"  C14) 

d*  0'(ftt  ~  fit  ~  fti  d"  C4j)  —  y'(—  fii  -H  Cu  -}■  Cm  —  Cm)  (6) 
-  S'E  d-  a'/'  d-  -  y'K\ 

The  special  matrices  /,  J,  K,  E  obey  the  same  rules  of  multi¬ 
plication  as  i,j,  k,  1 ;  and  the  same  holds  for  /',  J',  K',  E.*  Because 
the  factors  in  (3)  are  associative,  /,  J,  K  must  be  commutative 
with  /',  7',  K',  respectively,  ps  may  be  verified  directly;  that  is, 
the  matrices  (1)  are  commutative. 

The  products  of  /,  J,  K,  with  /',  J',  K'  are  shown  in  the  follow¬ 
ing  multiplication  table: 

r  r  K'  (7) 

I  — Cji  — Cjid"CMd‘C44  C14  — C13  — CMd'C4|  Ci|-|-Cj4-{-eji-|-C4j 

J  ~Ci4  — CJJ  — Cm  — C41  — Cijd"Cjt  — C3|d'C44  — Cis  — C3id‘C34d“C43 

K  C13  — Cj4d‘C3i  —  C41  “CjJ  — Cji  — C34  — C43  Cii  —  Cj3  — C33-f-C44 

It  can  be  seen  by  inspection  that  the  16  matrices  E,  /,  J,  K,  V,  J\ 
K',  ir,  IJ\  •  •  •,  KK’  are  linearly  independent,  for  if  the  fn  be 

*  It  it  of  great  geometric  interest  that  I,  J,  K  are  self-complementary,  while 
/',  J',  K',  are  anti-self -complementary.  These  facts  have  been  made  the 
basis  of  a  highly  elegant  system  of  vector  analysis  in  Euclidean  4-space  by 
Rev.  Father  F.  W.  Sohon,  S.J.; — and  also  of  an  analysis  of  finite  rotation 
troups  in  this  space,  (This  Journal,  this  Vol.  and  No.,  p.  194).  I  take  this 
opportunity  of  expressing  my  appreciation  of  valuable  suggestions  from  him, 
and  from  his  hitherto  unpublished  notes. 
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thought  of  as  basis  of  a  Euclidean  16-sF>ace,  these  matrices  are 
orthogonal  vectors.  They  may  be  taken  as  elements  of  a 
sedenion  alf^ebra,  and  an  arbitrary  matrix  A  of  order  four  may  le 
written  as  a  linear  aggregate. 

A  “  Cf_E  -f-  C\I  4"  CiJ  4*  f»K.  4"  C\V  4*  ci  J*  4" 

4-  C,,//'  +  Cxtir  -f  •  •  •  4-  CitKK\  (8) 

where  rg*  Cii  are  arbitrary  coefficients. 

If  A  is  given,  any  c  can  be  written  at  once  by  starting  with  the 
matrix  it  multiplies,  changing  e„  into  a„,  and  dividing  by  4. 
Example: Cii  -  J(om  -  Oji  -  <*«  -1=  On). 

4.  Consequences  of  Cayley’s  decompotition.  If  i4  corresponds 
to  a  rotation  we  know  that  (8)  factors  into  (5)  and  (6) ;  and  hence 
that  the  matrix 


c* 

Cl 

Ct 

Ct' 

Cl 

Cii 

Cit 

Clt 

Ct 

Ctl 

cn 

Ctt 

Ct 

Cii 

Clt 

Ctt 

is  of  rank  1 . 

1  shall  now  show  that  if  (9)  is  of  rank  1 ,  and  if  the  sum  of  the  * 
squares  of  the  16  coefficients  Ce  •  •  •  in  is  1,  the  matrix  ^4  is  * 
orthogonaf. 

Proof.  A  sufficient  condition  for  orthogonality  i%  A  A'  ^  E 
where  A'  is  the  conjugate  or  transposed  matrix  of  A.  The  terms 
in  I,  J,  K,  r,  J\  K'  are  antisymmetrical,  the  others  symmetrical, 
hence 

A'  “  r^E  ~  Cl/  ~  Cf^  ~  CtK  ~  Cil*  ~  C\J* 

-  ct'K^  4-  cijr  4-  •  •  •  4-  (10) 

If  we  now  multiply  out  AA^  it  is  not  difficult  (by  aid  of  the 
multiplication  table  for  sedenions  given  below)  to  pick  out  the 
coefficients  of  the  sixteen  terms  in  the  product  and  find  that 

1  *.  The  coefficient  of  E  is  the  sum  of  the  squares  of  c*.  •  •  • ,  Cn. 

2*.  The  other  coefficients  either  vanish  identically  or  consist  of 
sums  or  differences  of  second  order  minors  of  (9).  They  ac¬ 
cordingly  vanish  by  hypothesis.  The  proposition  is  therefore 
established. 


ROTATIONS  IN  EUCLIDEAN  FOUR-SPACE  BY  SEDENIONS  191 


As  an  interesting  corollary  we  may  note  that,  under  the  same 
hypotheses 

(f,.//' +  +  •••  +c»xKKy 

-  (cii*  +  •••  +c».*)£.  (11) 

Furthermore,  these  hypotheses  insure  that  the  determinant  of  A 
shall  be  -F  !•  For  we  can  at  once  factor  into  two  matrices  of 
form  (1)  by  noting  that  a,  0,  y,  6  are  proportional  to  the  elements 
of  any  column  in  (9)  not  ail  zero;  and  a,  0',  y\  are  proportional 
to  the  elements  of  any  row  in  (9)  not  all  zero.  By  using  AA'  »  E 
it  can  then  be  shown  that  the  determinant  of  >1  is  -{-  1. 

5.  Group  properties  of  the  sedeoion  expansion  (8).  If  the 
right  member  of  (8)  be  sftoken  of  as  a  vector  in  sedenion  space, 
and  if  a  rotation  be  performed  in  the  original  four-space,  there  are 
-  several  components  of  (8)  which  may  be  said  to  determine 
subspares  in  the  sedenion  space.  The  term  Cf^E  is  invariant. 
The  three  terms  cj  -f  CtJ  -F  cJC  lie  in  a  subspace  in  the  sense 
that  any  "vector”  of  this  form  becomes  another  of  the  same  form. 
*  For  let  the  rotation  be  determined  by  two  matrices  R  and  R'  of 
,  types  (5)  and  (6)  respectively'.  Let  C|/  -F  c^J  -F  CiK  —  V,  which 
becomes  (RR')  V{RR')~^  when  the  four-space  is  transformed  by 
RR',  and  simplifies  to  RVR~^  because  R'  is  commutative  with  V 
and  R.  Formally  /{  is  a  quaternion  and  K  is  a  vector,  hence 
RVRr^  is  V  rotated  through  an  angle  in  the  "three-space”  of 
/,  J,  K,*  a  fact  easily  verified  by  multiplying  out.  The  "norm” 
Cl*  +  Cs*  -F  Ct*  is  invariant. 

A  similar  demonstration  applies  to  the  terms  c//'  -F  Ct'J' 
+  Ct'K'.  The  other  nine  terms  CuJE  •  •  •  CiiKK'  certainly  lie  in 
a  subspace  because  they  comprise  all  the  symmetrical  terms 
except  the  invariant  Cj^E.  What  has  so  far  been  said  in  Art.  5 
is  true  of  an  arbitrary  matrix  A  of  order  4.  If  we  now  restrict 
A  to  denote  a  rotation,  so  that  (9)  is  of  rank  unity,  the  nine 
terms  CuIT  +  •  •  •  +  CiiKK'  factor  into  two  matrices  which  we 
may  call  Vi  and  Vi,  the  first  being  a  linear  function  of  I,  J,  K, 

*  Hamilton,  FJemenIs,  Art.  297. 
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the  second  a  linear  function  of  J',  K'.  If,  then,  A  is  trans¬ 
formed  into  RR'AR'~*R~'  the  nine  terms  are  transformed  into 
RViR  'R'Vi'R'~'  which  is  of  the  same  type  as  The 

norm  of  Vi,  as  well  as  of  V/,  is  invariant. 

6.  Validity  of  Cayley’s  decomposition.*  Any  second  order 
minor  from  (9)  is  easily  seen  to  vanish  if  A  is  orthogonal  of 
determinant  1  by  expressing  the  c*s  in  terms  of  the  a’s  as  in 
Art.  3,  using  the  theorem  that  any  minor  of  A  equals  its  algebraic 
complement.  Hence  (9)  is  of  rank  1  and  the  decomposition  is 
possible. 

Fx.  1.  16(c,c„  -  f,c„) 

“  (ojl  ~  fl|*  "b  <*41  ~  <*14)(~  <*I4  “  <*J1  “  <»ll  “  <*4l) 

~  (<*ll  ~  <*ll  d"  <**4  ~  <*4j)(~  <*11  ~  <*«  "I"  <*M  d"  <*44) 
»  -F  -<*lr<*lr  “  ^drlOrt  —  +  1223  —  3144 

+  1241  -  2433  4-  2231  -  4314  +  1124  -  3243  -  0, 
where  Pqrs  means  Op/ir,  — 

Ex.  2.  16(r,c,i  -  fjc„) 

■“  (<*11  “  <*11  "b  <*J4  “  <*4»)(<*11  ~  <*14  4*  <*11  ~  <*4l) 

“  (<*4l  “  <*14  4"  <*11  “  <*ll)(~  <*14  ~  <*11  ~  <*11  ~  <*4l) 

»=  (flu*  +  Oi,*)  4-  (041*  4-  <*41*)  -  (On*  4-  Oil*) 

-  (0,4*  4-  o,4»)  4-  2[3241  -  1423] 
“  (oii*  4-  o,,*)  4*  (041*  4-  04,*)  4=  (oii*  4-  04,*  —  1) 

4*  (Oi4*  4"  044*  “  1)  “0. 

7.  The  multiplication  table  for  sedenions.  The  commutative 
property  of  the  Cayley  factors,  together  with  Hamilton’s  rules, 
make  it  a  simple  matter  to  write  out  the  multiplication  table 
for  sedenions.  Example;  IJ'Kr  -  IKrr  *  (-  /)(-  A") 
*  JK'.  The  table  follows.  The  first  row  and  first  column 
serve  the  double  purpose  of  denoting  multiplicand  and  multiplier, 
respectively,  and  also  their  products  by  and  into  E.  The 
compound  elements  IT  etc.  are  in  heavy  type  as  aid  to  the 
eye. 

*  A  flaw  in  Cayley's  reasoning,  investigated  by  .\etto,  Act.  math.,  Bd.  ** 
(1887),  p.  295,  is  that  Cayley's  8-parametrr  form,  though  always  valid,  is 
derived  from  6-  and  7-paraineter  forms  which  are  not.  ^yley's  statement. 
Col.  Works,  II,  p.  108,  Phil.  Mag.,  vol.  VI  (1853),  circa,  p.  326,  that  the  6- 
parameter  form  is  always  valid  neglects  possible  vanishing  of  divisor,  which, 
to  be  sure,  is  a  sum  of  squares,  \etto  (woved  the  7-parameter  forms  may 
fail  when  [A  “  0. 
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I.  Quaternion  V'ersor  Groups 
1.  Rotation  Groups  in  Space  of  Three  Dimensions.  The 
rotation  groups  in  ordinary  space  of  three  dimensions  fall  into 
three  divisions.  In  the  first  division  only  one  axis  of  rotation  is 
permitted,  and  different  rotation  groups  are  formed  by  allowing 
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different  amounts  of  rotation  about  this  axis.  These  groups  are 
all  cyclic  groups.  In  the  rotation  groups  of  the  second  division 
there  are  lateral  axes  perpendicular  to  one  principal  axis.  The 
only  rotations  permitted  about  the  lateral  a.xe8  are  rotations 
through  180°,  but  the  rotation  about  the  principal  axis  may  be 
any  aliquot  part  of  360°.  In  obtaining  different  groups  in  the 
second  division,  the  angle  of  rotation  about  the  principal  axis  is 
the  only  thing  varied.  It  is  obvious  that  in  the  first  and  second 
divisions  the  number  of  rotation  groups  will  be  unlimited.  The 
third  division  consists  in  those  groups  having  more  than  one  axis 
alM)ut  which  a  rotation  different  from  180°  is  allowed.  It  can 
be  proved  that  there  are  only  three  rotation  groups  in  the  third 
division,  and  the  proof  of  this  theorem  is  here  assumed.  The 
rotation  groups  of  the  first  division  are  exemplified  by  the  third 
order  forms  of  the  hemi-pyramids  in  crystallography.*  The 
rotation  groups  of  the  second  division  are  found  in  the  forms  of 
trapezohedral  symmetry,  except  that  where  the  principal  a.xis 
allows  only  a  rotation  of  180°  only  and  thus  becomes  indis¬ 
tinguishable  from  this  standpoint  from  a  lateral  a.xis,  the  figure 
obtained  is  called  the  rhombic  bisphenoid.  Only  two  of  the 
three  groups  of  the  third  division  occur  in  crystallography.  The 
tetartoid  has  four  axes  about  which  rotations  of  120°  are  allowed, 
and  three  axes  about  which  rotations  of  180°  alone  are  permitted. 
The  gyroid  adds  to  the  tetartoid  six  more  axes  for  rotations  of 
180°,  and  allows  rotations  of  90°  about  the  three  original  180° 
axes.  The  third  and  last  rotation  group  of  this  division  occurs 
in  the  regular  dodecahedron  where  it  is  combined  with  perver¬ 
sions. 

2.  Quaternion  Versor  Groups.  Rotations  in  space  of  three 
dimensions  may  be  treated  by  means  of  quaternions,  the  operator 
9~'(  )9  where  9  is  a  quaternion  being  equivalent  to  a  rotation 
through  twice  the  angle  of  the  quaternion.  If  we  confine  the 
discussion  to  quaternion  versors,  then  for  every  pair  of  quaternion 

*  Every  different  author  seems  to  have  different  names  for  the  poupe  of 
symmetry  in  space  of  three  dimensions.  The  names  here  used  are  taken  from 
Moses  and  Parsons,  Mineralogy,  Crystallography  and  Blow-Pipe  Analysis. 
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versors  -f  q  and  —  q  there  corresponds  a  unique  rotation  and 
vice  versa,  so  that  except  for  sign  the  multiplication  table  for 
rotations  will  also  serve  for  quaternion  versors.  A  complete 
discussion  of  quaternion  versor  groups  can  therefore  be  based  on 
the  rotation  groups  in  space  of  three  dimensions.  There  are 
rotations  in  space  of  four  dimensions  that  have  the  same  proper* 
ties  as  quaternions.  Hence  the  investigation  of  quaternion 
versor  groups  is  at  the  same  time  a  beginning  of  the  discussion  of 
rotations  in  space  of  four  dimensions. 

3.  Quaternion  Versor  Groups  in  Four  Space.  Transformation 
of  a  figure  into  itself  will  be  represented  by  E.  Orthogonal 
transformations  U  in  space  of  four  dimensions  having  the  prop¬ 
erty  £/*=»—£  will  be  called  Hamilton  Units.  In  particular  the 
three  Hamilton  Units  that  would  be  used  to  denote  the  rotations 
of  the  rhombic  bisphenoid  will  be  called  Sphenoidals,  and  will  be 
represented  by  I,  J,  and  K.  (Cf.  infra  Art.  12.)  Hamilton’s 
multiplication  table  is  used. 

IJ  ^  K  »  -  JI,  JK  ~  I  •  -  KJ,  KI  »  J  ^  -  IK, 

-  y*  =  ^ 

An  orthogonal  transformation  of  the  form  xl  yJ  zK  wE  • 
where  lis  called  a  quaternion  versor  in  this 

discussion,  for  it  has  all  the  formal  properties  of  such.  The 
quaternion  versor  is  also  written  in  the  form  E  cos  q  +  U  sin  q 
where  U  is  a  Hamilton  Unit.  The  angle  q  will  always  be  an 
aliquot  part  of  360^,  and  the  quaternion  versor  group^s  corre¬ 
sponding  to  the  first  division  of  rotation  groups  in  space  of  three 
dimensions  will  each  consist  of  a  single  quaternion  versor  together 
with  its  powers. 

4.  Whorls.  In  order  to  obtain  a  group  corresponding  to  the 
second  division  of  three  dimensional  groups,  we  take  the  quater¬ 
nion  versor  //  »=  £  cos  q  K  sin  q  and  the  Hamilton  Unit  /. 
The  rules  for  multiplying  these  transformations  are  as  follows: 

IH*  =  /  cos  qt  —  J  sin  tq  *  H~*I. 

The  group  will  therefore  consist  of  two  series  of  transformation. 
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one  series  represented  by  IV  and  the  other  consisting  of  Hamilton 
Units  represented  by  IIV  where  /  takes  on  ail  integral  values. 
Such  a  group  is  called  a  whorl.  The  versor  II  is  called  the  stem 
of  the  whorl,  and  the  Hamilton  Units  are  called  peripherals.  It 
is  important  to  have  a  test  as  to  whether  a  given  Hamilton  Unit 
will  do  as  peripheral  for  a  given  versor.  Now  it  is  quite  clear 
that  if  we  examine  the  coefficient  of  E  in  the  product  UII  and 
find  that  it  vanishes,  the  series  UIV  will  consist  entirely  of 
Hamilton  Units. 

Put 

(uivy  =  -  £, 

then 

UIV  UIV  =  -  £. 

UIVU  =  -  //-», 

UIV  =  //-‘U. 

and  the  same  multiplication  table  is  obtained.  Hence  we  may 
generalize  and  formulate  the  following  definitions: 

A  Hamilton  Unit  is  said  to  be  peripheral  to  another  quaternion 
versor,  if  the  product  of  the  two  is  another  Hamilton  Unit,  that 
is,  if  the  coefficient  of  E  in  the  product  UII  vanishes. 

A  group  of  rotations  developed  from  a  quaternion  versor  and  a 
peripheral  (Hamilton  Unit)  is  called  a  whorl. 

5.  The  Tetartoid  Umbel.  There  remain  three  more  quaternion 
groups  to  be  constructed  to  correspond  to  the  rotation  groups  of 
division  three.  Quaternion  versor  groups  that  are  neither  cyclic 
groups  nor  whorls  will  be  called  umbels. 

Corresponding  to  the  tetartoid  we  define  a  group  called  the 
tetartoid  umbel  consisting  of  the  sphenoidals  /,  J,  K  and  four  new 
versors  defined  as  follows: 

A  ^  \{E  -  I  -  J  -  K),  U  =  J(£  +  /  -  y  4-  K), 

£  =  i(£  +  /  +  y  -  £),  D  ^  \{E  -  I  A-  J  K). 

It  will  be  convenient  to  call  these  new  versors  tetartoidals.  The 
sphenoidals  are  of  the  fourth  order,  V  —  J*  =  K*  =  E  and  the 
tetartoidals  are  of  the  sixth  order.  A*  —  B*  ^  C*  —  D*  —  E. 
14 


200 


SOHON 


The  tetartoid  umbel  is  a  rotation  group  containing  24  members. 
9C.  A,  B,  C,  D,  I,  J,  K  and  their  powers,  and  a  multiplication 
table  for  it  is  contained  in  the  multiplication  table  for  the  follow¬ 
ing  umbel  in  which  the  tetartoid  umbel  plays  the  part  of  a  sub¬ 
group. 

6.  The  Gyroid  Umbel.  Corresponding  to  the  gyroid  we  con¬ 
struct  a  gyroid  umbel.  Two  new  sorts  of  transformation  are 
required.  The  cardinals  are  defined 


^£-1-/  y  E+J  ^  E-^K 

\2  \2  V2 

and  peripheral  to  these  we  have  six  new  Hamilton  Units  to  be 
called  gyroidals: 


F 

G 


J  -  K 
\2  ’ 
J  +  K 

V2  ’ 


M 


K  -  I 

V2 

K  +  r 

^'2 


P  = 


7-7 

\2 


<?  = 


l  +  J 

<2  ‘ 


A  multiplication  table  has  been  constructed  for  the  gyroid  umbel. 

7.  The  Icosahedral  Umbel.  The  construction  of  a  quaternioit 
versor  group  to  correspond  to  the  rotation  group  of  the  regular 
icosahedron  is  a  much  more  elaborate  affair.  The  group  has 
120  transformations  and  a  multiplication  table  would  be  too 
cumbersome.  The  treatment  is  therefore  a  little  different  from 
the  preceding.  One  new  versor  of  the  tenth  order  is  defined: 

W  -  !{£(!  +  <l)  +  2/  +  (1  -  <S)K\  abbreviated  |£  /  A'|. 
The  120  transformations  are  obtained  by  applying  powers  of  11’ 
H’’ -  1/ -  £  -  £|,  IT*-|/-££|. 


as  postfactors  to  the  24  transformations  of  the  tetartoid  umbel. 
For  algebraic  work  the  following  rules  are  of  service: 

|£  £  £|  «  2|0  £  0),  {££-£}*  2|£  0  01, 

|£  -  £  £|  -  0,  !-£££!  =  2|0  0  £|, 

{0  £  0|  =  i£, 

{£  0  0)*  =  J{£  £  0|,  {£  0  0|{0  0  £)  »  §|0  -  £  0), 

{0  0  £)*  »  ||0  £  £). 
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Tables  are  given  to  enable  the  transformations  to  be  expressed 
either  in  terms  of  E,  /,  J  and  K,  or  in  terms  of  the  transformations 
of  the  tetartoid  umbel  with  the  decimal  versor  powers  either  as 
prefactors  or  as  postfactors. 

8.  Types  and  Species.  The  transformation  of  a  transforma¬ 
tion  by  a  transformation  will  be  called  a  conversion.  Thus  the 
operator  Rr\  )R  will  be  called  a  convtrter,  and  the  result  ob¬ 
tained  R~'SR  will  be  called  the  conversion  of  S  by  R.  If  R  is 
allowed  to  take  on  all  p>ossible  values  for  which  a  reciprocal 
exists,  then  the  values  obtained  for  R~^SR  constitute  the  species 
of  S.  Transformations  of  the  same  species  are  said  to  be 
similar.  If  is  restricted  to  a  transformation  of  the  group 
under  discussion,  then  the  conversions  obtained  constitute  the 
type  of  S  in  that  particular  group.  A  theorem  proved  for  a  par¬ 
ticular  transformation  generalizes  at  once  by  conversion  to  all  the 
transformations  of  that  type,  but  not  necessarily  holds  for  all 
transformations  of  that  species.  In  the  tetartoid  umbel  the 
tetartoidals  and  their  reciprocals  belong  to  different  types,  and 
therefore  in  the  tetrahedron  one  end  of  the  three  fold  axis  emerges 
in  a  vertex  while  the  other  emerges  in  a  face.  In  thegyroid  umbel 
the  sphenoidals  and  the  gyroidals  both  belong  to  the  same  species 
for  they  are  both  Hamilton  Units.  But  they  belong  to  different 
types,  and  as  a  consequence  some  of  the  planes  of  symmetry  of 
the  cube  emerge  in  edges,  and  some  in  the  middle  of  faces. 
When  the  tetartoidals  are  taken  as  part  of  the  gyroid  umbel 
they  are  found  to  be  of  the  same  type  as  their  reciprocals  and  in 
the  cube  opposite  ends  of  the  threefold  axes  emerge  alike.  In  the 
icosahedral  umbel  very  fortunately  the  types  and  species  are 
co-extensive.  Tables  for  conversions  have  been  constructed, 
and  the  types  may  be  determined  immediately  by  an  inspection 
of  the  tables.  For  whorls  the  following  formulas  are  easily 
derived,  from  the  last  two  of  which  we  conclude  that  alternate 
peripherals  are  of  different  types,  as  2n  will  always  be  an  even 
number. 
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(///")-'//-(///")  = 

//  -///-//-  »  7//*-^-, 

(///")-'///-(///")  *  ///»—". 

The  stem  of  a  whorl  may,  without  loss  of  generality,  be  taken  as 
of  even  order,  because  the  square  of  a  peripheral,  —  E,  may  be 
multiplied  into  the  stem  where  the  latter  is  of  odd  order,  and  the 
product  will  be  a  quaternion  versor  of  twice  the  order  of  the 
original  stem. 

II.  Rotations  and  Perversions 

9.  Versors  and  Perverters.  A  versor  is  definetl  to  be  an 
orthogonal  transformation  with  determinant  -|-  1.  A  perverter 
is  defined  to  be  an  orthogonal  transformation  with  determinant 
—  1.  The  result  of  applying  a  versor  to  a  figure  is  called  a 
rotation.  The  result  of  applying  a  perverter  to  a  figure  is  called 
a  perversion.  The  locus  of  points  left  unchanged  by  a  trans¬ 
formation  is  called  the  stator  of  that  transformation.  Thus  in 
space  of  four  dimensions  the  stator  of  a  versor  will  in  general  be^ 
a  point,  but  sometimes  a  plane,  and  the  stator  of  a  pterverter, 
will  in  general  be  a  line  but  sometimes  a  planoid  or  spread  of 
three  dimensions.  A  versor  whose  stator  is  a  plane  is  called  a 
simfde  versor.  A  perverter  whose  stator  is  a  planoid  is  called  a 
simple  perverter.  A  plane  that  is  so  transformed  that  its  direction 
or  aspect  remains  unchanged,  but  in  which  every  point  undergoes 
rotation  in  the  plane  itself,  is  called  a  rotor  plane.  A  simple 
versor  has  one  rotor  plane  normal  to  its  one  stator  plane.  Other 
versors,  except  quaternion  versors,  may  be  considered  as  having 
a  pair  of  normal  rotor  planes.  The  perverter  in  general  will  be 
found  to  have  a  rotor  plane  perpendicular  to  its  stator  when  the 
latter  is  a  line.  The  line  perpendicular  to  the  stator  of  a  simple 
perverter,  and  the  line  perpendicular  to  the  planoid  containing 
rotor  and  stator  in  the  case  of  other  perverters  is  called  the  axis 
of  perversion,  l.ines  parallel  to  the  a.xis  of  fjerversion  have  their 
directions  reversed  by  the  perverter. 
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10.  Elements  of  a  Versor.  By  the  choice  of  a  suitable  con¬ 
verter  ♦“'(  )♦  any  v^ersor  can  be  converted  into  the  form  of  the 
followinft  matrix: 


1  cos  q 

sin  q 

0 

0 

—  sin  q 

cos  q 

0 

0 

0 

0 

cos  q' 

sin  q' 

0 

0 

sin  q' 

cos  q' 

It  is  obvious  that  this  matrix  can  l^e  written  as  the  product  of 
two  factors 


cos  q 

sin  q 

0 

0 

1 

0 

0 

0 

—  sin  q 

cos  q 

0 

0 

0 

1 

0 

0 

U 

0 

1 

0 

0 

0 

cos  q' 

sin  q' 

0 

0 

0 

1 

0 

0 

—  sin  q' 

cos  q' 

Each  factor  represents  a  simple  versor.  If  we  apply  the  con¬ 
verter  ♦(  )♦“'  to  each  factor,  the  prixluct  returns  to  the  original 
versor  which  is  now  expressed  as  the  product  of  two  simple 
versors.  VVe  have  then  the  theorem  that  in  general  a  versor  can 
*  be  expressed  as  the  product  of  two  simple  versors,  and  except  in 
the  case  of  quaternion  versors  there  is  only  one  way  In  which 
the  factorization  into  simple  versors  can  be  effected  into  factors 
that  will  be  commutative  with  each  other.  The  two  com¬ 
mutative  simple  versors  into  which  a  given  versor  can  be  factored 
are  called  the  elements  of  the  versor.  The  term  compound  versor 
can  be  used  for  any  versor  other  than  a  simple  versor,  but  will 
not  usually  be  applied  to  quaternion  versors  because  the  elements 
of  a  quaternion  versor  are  Indeterminate. 

11.  Elements  of  a  Perverter.  The  general  case  of  the  per- 
verter  can  be  converted  into  the  matrix 


cos  q 

sin  q 

0 

0 

—  sin  q 

cos  q 

0 

0 

0 

0 

1 

0 

0 

0 

0 

-  1 
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which  can  be  written  as  the  commutative  product  of  a  simple 
versor  and  the  simple  pjerverter  represented  by  the  matrix: 


1 

0 

0 

0 

0 

1 

0 

0 

0 

0 

1 

0 

0 

0 

0 

-  1 

We  can  now  define  the  dements  of  a  perverter  to  be  the  pair  of 
commutative  factors,  one  of  which  is  a  simple  versor  and  the 
other  a  simple  perverter,  into  which  the  given  perverter  can  be 
factored.  A  perverter  that  is  not  simple  is  called  compound. 

12.  Two  Classes  of  Quaternions.  The  quaternion  versors 
that  we  have  been  considering  and  which  we  have  written  in  the 
form  u'E  -f-  xl  yJ  zK  will  be  written  in  matrix  form 


w 

—  X 

-  y 

—  z 

X 

w 

—  z 

y 

y 

z 

w 

—  X 

z 

-  y 

X 

w 

and  the  special  forms  of  each  transformation  considered  can  be 
gotten  by  substituting  for  w,  x,  y,  and  z  their  respective  values 
in  the  particular  case  in  question.  We  next  introduce  a  funda¬ 
mental  perverter  which  may  be  defined  by  the  matrix 


II 


I 

0 

0 

0 

0 

1 

0 

0 

0 

0 

1 

0 

0 

0 

0 

-  1 

If  this  transformation  is  used  to  convert  the  quaternion  versor 
wE  -j-  xl  +  yJ  zK  we  obtain  another  quaternion  versor  of 
the  same  species  represented  by  the  matrix 


w 

—  X 

-  y 

z 

X 

w 

—  z 

y 

y 

z 

w 

X 

n//n, 
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'  which  we  shall  write  wE'  -f  xV  +  yJ'  +  zK'.  To  attach  a 
prime  to  quaternion  versor  is  to  be  interpreted  in  every  case  to 
have  the  effect  of  applying  the  conversion  n(  )n.  The  unprimed 
quaternion  versors  will  be  called  quaternion  versors  of  the  first 
class,  while  the  primed  versors  will  be  called  quaternion  versors 
of  the  second  class.  If  there  are  no  perverters  in  a  group,  a  dis¬ 
tinction  of  type  will  exist  between  the  two  classes,  but  if  per- 
wrters  are.  present  the  types  will  include  perverters  of  both 
classes. 

13.  The  Commutative  Property.  It  can  be  proved  that  if  a 
product  be  formed  using  two  quaternion  versors  of  different 
classes,  this  product  will  always  be  commutative,  and  the  p>roof 
of  this  is  here  supposed.  Quaternions  of  the  same  class  are  not 
commutative  unless  they  have  the  same  Hamilton  Unit,  and 
therefore  unless  one  is  a  power  (not  necessarily  integral)  of  the 
other. 

14.  Quaternion  Factors  of  a  Versor.  Besides  the  factorization 
of  a  versor  into  the  product  of  two  commutative  simple  versors 

I  -  just  given,  it  has  been  shown  by  Cayley  (Col.  Papters  II,  p.  214) 

I  ,  that  every  rotation  in  sp>ace  of  four  dimensions  can  also  be  fact- 

tored  into  the  product  of  two  quaternion  versors  of  different 
I  classes.  Except  for  the  signs  of  the  factors  (since  two  negative 
signs  comp)ensate  for  each  other)  the  resolution  of  a  versor  into 
quaternion  versor  factors  is  unique.  There  is  a  simple  relation 
between  the  angles  of  the  quaternion  versor  factors  and  the 
angles  of  the  simple  versor  factors  of  a  given  versor.  The  sum 
of  the  angles  of  the  quaternion  factors  will  give  the  angle  of  one 
simple  versor  factor,  while  the  difference  between  the  angles  of 
the  quaternion  factors  gives  the  angle  of  the  other  simple  versor 
factor.  In  other  words  if  we  write 

Q  =  (£  cos  q\  U  sin  qi)  (£  cos  -f  V  sin  qt), 

then  the  elements  of  the  versor  Q  will  have  the  angles  q  q\  qt 
and  q^  ^  q\  —  qs  respiectively.  It  can  also  be  shown  that  if  the 
Hamilton  Units  U  and  V'  are  not  varied,  the  rotor  planes  of  the 
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;  versor  12  will  not  be  changed  by  any  change  in  the  angles  91  and 

j  q^.  For  geometrical  interpretation  the  simple  versor  factors  are 

1  of  fundamental  importance,  while  for  algebraic  manipulation 

the  quaternion  versor  factors  are  more  important. 

15.  Composite  Nature  of  Rotation  Groups.  If  we  wish  to  find 
the  product  of  two  rotations  say  {A(/){PX'),  then  since  multi- 
plication  is  associative  we  omit  the  parentheses  and  write 

•I'  AQ'PX'.  The  two  factors  and  P  are  commutative  so  that 

the  product  can  be  written  APQ'X'  and  again  (AP){Q'X')  on 
account  of  the  associative  property.  In  other  words  the  qua- 
tfmion  vfrsors  of  different  classes  multiply  together  separately  and 
I  independently.  Hence  if  the  rotations  themselves  form  a  group, 

,  then  the  quaternion  factors  of  the  first  class  must  form  a  group  among 

■|  themselves,  and  the  quaternion  versors  of  the  second  class  must 

’  I  likeuise  form  a  group.  For  in  forming  all  possible  products  of 

the  rotations  we  also  form  all  possible  products  of  their  respective 
■  8  factors  among  themselves.  This  means  that  in  every  rotation 

group,  the  quaternion  factors  of  each  class  must  be  assembled  from 
one  of  the  quaternion  groups  that  we  have  discussed.  To  know  all  e 
possible  rotation  groups  we  must  therefore  know  all  the  ways  of  « 
combining  quaternion  versors  groups  of  different  classes. 

16.  Perverter  Groups.  The  pnxluct  of  two  versors  is  always 
a  versor.  The  product  of  two  perverters  is  always  a  versor. 
The  product  of  a  versor  and  of  a  perverter  in  either  order  is 

i  always  a  perverter.  If  we  have  a  group  containing  perverters 

and  drop  the  perverters  from  the  group,  we  have  dropped  nothing 
that  could  have  been  formed  by  the  versors,  so  that  the  trans- 

I  formations 'that  remain  must  form  a  rotation  group.  If  w'e 

I  know  all  the  rotation  groups,  the  question  of  finding  the  per- 

5  version  groups  resolves  itself  into  finding  how  to  add  perverters 

'  to  a  group  in  such  a  way  that  no  new  rotations  will  be  produced. 

I  Introducing  perverters  into  a  rotation  group  will  be  spoken  of  as 

perverting  the  rotation  group.  The  number  of  perverters  and 
the  number  of  versors  will  always  be  equal  because  if  ♦  is  a 
r  perverter  and  U  is  a  versor,  then  the  product  'Ml  will  be  different 
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for  every  different  value  of  il  and  as  every  possible  perverter  is 
obtained  from  'I'  by  the  application  of  some  versor  as  postfactor, 
and  the  latter  may  be  recovered  by  applying  ♦  '  as  prefactor, 
then  all  the  perverters  of  the  group  must  be  obtained  by  applying 
as  postfactors  to  'I'  the  various  versors  of  the  group.  It  is  only 
necessary  therefore  to  insert  the  first  perverter  into  a  rotation 
group  and  the  rest  will  be  supplied  by  the  multiplication  of  the 
various  versors.  It  will  usually  be  found  possible  to  pervert  a 
given  rotation  group  in  more  than  one  way. 

17.  The  Perverter  Test.  Since  any  perverter  applied  as  con¬ 
verter  converts  a  quaternion  of  one  class  into  a  similar  quaternion 
of  the  other  class,  the  question  of  the  introduction  of  perverters 
does  not  arise  e.xcept  in  these  rotation  groups  that  have  been 
formed  from  two  siiflilar  (simply  isomorphic)  quaternion  versor 
groups.  Supposing  such  a  group,  the  square  of  the  perverter 
should  first  lie  examined  to  make  sure  that  it  is  a  member  of  the 
rotation  group  itself.  Let  us  suppose  this  condition  also  to  be 
satisfied.  Let  4>  and  Q  be  any  two  rotations  of  the  group. 
■  Form  the  perverters  and  where  'F  is  the  perverter  it  is 
0  proposed  to  introduce.  The ’product  is  the  general  ex¬ 

pression  for  any  versor  produced  as  a  result  of  the  introduction 
of  'If.  As  second  test  this  product  must  for  ail  values  of  Q  and 
<t>  be  a  versor  of  the  group.  If  the  product  be  multiplied  by 
versors  that  are  already  members  of  the  group,  then  the  new 
product  will  be  a  member  of  the  group  when  and  only  when  the 
old  one  was  a  member  of  the  group.  In  particular,  we  multiply 
it  by  as  postfactor,  and  by  as  prefactor,  and  thus  obtain 
the  second  part  of  the  test.  Hence  to  determine  whether  ♦  is 
admissible  to  a  group  as  perverter,  we  first  test  the  square  to  see 
.  if  is  already  a  member  of  the  group,  and  then  we  apply  the 
conversion  test  to  see  if  for  all  values  of  U  the  conversion 
is  still  a  member  of  the  group.  This  is  not  the  simplest  test, 
but  it  is  the  easiest  because  we  have  tables  of  conversions  already 
constructed. 
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III.  Blending  of  Quaternion  Versors 

18.  Graphical  Relations.  The  manner  in  which  the  properties 
of  the  rotation 

(£  cos  qit  +  U  sin  q\t){E  cos  q-it  +  V*  sin  qtt) 

are  controlled  by  the  angles  91  and  q^  is  best  by  means  of  a  diagram 
in  which  the  angles  q\  and  q^  are  chosen  as  abscissas  and  ordinates 
respectively.  Admitting  angles  greater  than  360*  divides  the 
plane  into  a  checkerboard  of  squares  of  side  360*.  The  trans¬ 
formation  E  is  rejjresented  by  the  corner  of  every  square,  as 
well  as  by  the  center  of  each  square.  In  the  latter  case  we  have 
the  product  (—  £)(—  E).  The  middle  point  of  each  side  of 
each  square  represents  —  E.  The  points  plotted  along  the  sides 
of  the  squares  represent  quaternion  versors.*  The  points  plotted 
along  the  diagonals  of  the  squares  represent  simple  versors, 
since  for  these  the  sum  or  difference  of  the  quaternion  angles 
vanish.  Parallels  to  the  sides  through  the  middle  F>oints  divide 
the  square  into  quarters.  If  our  rotation  is  located  in  one 
quarter  and  we  add  180*  to  91  we  move  into  the  adjacent  quarter. 
But  we  have  only  changed  the  sign  of  the  rotation.  Hence  the 
transformations  in  adjacent  quarters  differ  only  in  sign.  From 
this  it  follows  that  all  quarters  situated  diagonally  from  each 
other  are  identical,  and  each  rotation  is  plotted  twice  in  the  same 
large  square.  On  the  other  hand  ii  the  angles  9  *  91  + 
and  9'  =  9i  —  9j  are  taken  as  co-ordinates,  in  other  words  take 
the  squares  formed  by  the  diagonals,  whose  areas  are  half  the  area 
of  the  first  square,  then  a  rotation  only  occurs  once  in  such  a 
square.  For  this  reason  compound  rotations  should  be  described 
by  9  and  9',  not  by  91  and  91. 

19.  Convernons.  To  determine  the  number  of  each  species 
we  have  recourse  to  conversions.  How  many  ways  can  tht 
graph  be  transformed  so  as  to  keep  the  E  transformations 
in  the  same  place?  Eight,  naturally.  The  conveters  are  E, 
ir,  /,  /',  n,  n  ir,  n  /,  n  /'.  But  we  already  know  that  a 
transformation  is  of  the  same  species  as  its  reciprocal,  hence  we 
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have  only  three  to  consider  /,  11.  and  11  /.  A  table  of  the  con¬ 
versions  of  quaternion  versors  and  of  simple  versors  is  given : 


£(  )E 

H 

//' 

e  «  HH' 

e* » 

ir{  )ir 

H-' 

e-‘ 

e*-i 

-/( )i 

i/-‘ 

H' 

e*-i 

e-‘ 

-  n )/' 

H 

//'-> 

e* 

e 

n(  )ii 

//' 

H 

e 

e*-i 

(n  //')-•(  )(n  //') 

H'-i 

H-‘ 

e-' 

e* 

(n  /)->(  )(n/) 

W 

//-> 

e*-i 

e 

(n  n-'i  )(n  n 

H'-y 

H 

e* 

e-' 

The  I  conversion  calls  for  the  interchange  of  the  planes  of 
rotation.  Two  groups  that  are  so  related  that  they  are  converted 
into  one  another  this  way  are  said  to  be  complementary.  A 
group  may  be  self-complementary. 

The  n  conversion  replaces  one  simple  versor  with  its  reciprocal, 
but  leaves  the  other  unchanged.  It  interchanges  the  quater¬ 
nions.  The  interchange  of  quaternions  is  called  reversal,  and  a 
group  that  is  not  affected  by  reversal  is  said  to  be  reversible. 
Simple  versors  and  alternators  are  reversible  as  well  as  various 
combinations  of  these. 

The  n  I  conversion  a  simultaneous  interchange  of  rotor  planes 
and  of  quaternions  A  group  that  is  not  affected  by  this  con¬ 
version  is  said  to  be  quadranlal.  This  property  is  only  of  im¬ 
portance  in  connection  with  the  perversion  of  whorls  (Cf.  Art.  36). 

20.  Cyclic  Groups.  The  simultaneous  presence  of  rotations  of 
an  object  produces  symmetry.  The  following  names  are  sug¬ 
gested: 

Isotropic  »-fold  Symmetry  is  described  by  the  cyclic  group 
formed  from  a  quaternion  versor  of  order  n.  In  particular  if 
n  equals  2,  the  group  describes  the  presence  of  a  center  of  sym¬ 
metry. 

A  Plane  of  n-fold  Symmetry  is  described  by  the  presence  of  a 
cyclic  group  formed  from  the  simple  versor  HH'  or  of 

the  nth  order.  It  is  spoken  of  as  having  a  rotor  and  a  stator 
plane. 
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Alternating  n-fold  Symmetry  is  described  when  the  generating 
transformation  is  the  negative  of  a  simple  versor  of  order  greater 
than  2.  Such  a  versor  is  called  an  alternator.  There  is  one 
rotor  plane,  but  no  stator  plane.  Alternators  are  always  of 
even  order.  Alternators  of  oddly  even  order  occur  in  pairs,  one 
derived  from  a  simple  versor  of  equal  order,  one  derived  from  the 
odd  simple  versor  of  half  the  order.  Ambiguity  may  be  avoided 
by  adhering  to  the  rule  of  naming  the  alternator  from  its  ele¬ 
ments,  but  it  seems  better  to  regard  such  versors  as  combinations 
of  an  odd  plane  with  either  a  center  of  symmetry  or  else  a  plane 
of  twofold  symmetry  and  name  them  so. 

Perverters.  The  remarks  just  made  also  apply  to  perverters. 
The  perverters  of  evenly  even  order  can  be  named  from  their 
order,  but  the  two  species  of  oddly  even  order  must  be  named 
from  their  elements,  or  else  one  considered  as  the  combination 
of  an  odd  plane  with  a  simple  perverter,  that  is  to  say,  a  planoid 
of  twofold  symmetry,  the  other  as  a  combination  of  an  odd  plane 
with  a  line  of  twofold  symmetry. 

Quasi-isotropic  Symmetry  is  described  by  the  cyclic  group 
formed  from  the  product  of  a  Hamilton  Unit  and  a  quaternion 
versor  of  higher  order.  If  the  order  of  the  second  versor  is  a 
multiple  of  eight,  the  resulting  order  will  be  exactly  the  same,  if 
an  odd  multiple  of  four,  one  half  the  same,  if  oddly  even,  twice 
as  great,  if  odd  four  times  as  great.  Where  the  hnal  order  is  an 
odd  multiple  of  four,  the  differences  that  appear  are  a  matter  of 
notation  only,  so  that  no  ambiguity  arises  in  naming  the  grou[)s 
from  their  order,  which  is  the  same  thing  as  naming  them  from 
their  elements.  There  are  two  rotor  planes,  as  in  the  following 
case. 

Compound  n-fold  Symmetry.  If  the  cyclic  groups  already 
named  be  cancelled,  then  if  we  do  not  exceed  the  eighth  order, 
there  remains  one  sjjecies  of  compound  versor  still  to  be  name<l 
in  each  order.  W’e  may  without  ambiguity  sf>eak  of  compound 
five,  seven,  and  eightfold  symmetry.  Only  one  other  versor 
needs  to  l)e  given  particular  attention.  The  negative  of  the 
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compound  fivefold  versor  describes  a  Rroup  which  will  be  later 
called  the  proto-delcahedroid,  and  it  is  itself  called  the  delta- 
hedroid  distributor,  since  the  name  compound  decimal  would  be 
ambiguous. 

21.  Resolution  of  Groups.  Not  every  factor  of  a  transforma¬ 
tion  will  itself  be  a  transformation  belonging  to  the  group  under 
discussion.  Consider  the  following  perverter  in  space  of  three 
dimensions  that  may  be  factored  as  indicated: 
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The  cyclic  group  formed  from  this  perverter  contains  the  four 
following  transformations 
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but  neither  of  the  indicated  factors  appear  themselves  as  members 
of  the  group.  On  the  other  hand  if  the  following  transformation 
be  considered 
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the  six  members  of  its  cyclic  group 
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include  both  of  the  factors  that  we  indicated.  Because  we  are 
studying  the  rotation  groups  by  means  of  the  quaternion  factors 
of  the  versors  that  form  the  group,  it  becomes  important  to 
distinguish  between  quaternion  versor  factors  that  are  them¬ 
selves  members  of  the  group  under  discussion,  and  quaternion 
versor  factors  that  are  not  themselves  members  of  the  group  in 
question  when  they  are  taken  alone.  A  quaternion  factor  that 
is  itself  a  member  of  the  group  under  consideration  is  said  to  be 
frre.  A  quaternion  factor  that  is  not  itself  a  member  of  the 
group  under  consideration  is  said  to  be  blended.  It  was  stated 
in  art.  15  above  that  to  know  all  the  rotation  groups  it  was 
necessary  to  know  all  the  possible  ways  of  combining  our  various 
quaternion  versor  groups  of  different  classes.  Wlien  we  speak 
of  combining  two  given  quaternion  versor  groups  of  different 
groups  of  different  classes,  we  mean  that  we  propose  to  select 
the  transformations  of  our  final  group  in  such  a  way  that  their 
quaternion  factors  will  be  chosen  from  the  given  pair  of  quater¬ 
nion  versor  groupts.  In  such  a  combination  the  quaternions  may 
be  either  free  or  blended  in  different  ways,  so  that  a  study  of  the 
blending  of  quaternion  versors  is  necessary.  If  all  the  quaternion 
factors  occur  free,  the  final  or  combination  group  is  said  to  l)e 
resolved.  If  some  factors  occur  free,  the  group  is  partly  resolved, 
and  the  degree  of  resolution  is  determined  by  the  lowest  power 
of  the  quaternion  factor  that  occurs  free.  For  example,  if  we 
have  a  group  constructed  from  the  two  simple  versors  HIV 
and  ////'“*  then  their  product  UH'HIV~^  «  IP  must  also  belong 
to  the  group.  The  group  is  therefore  said  to  be  semi-resolved. 
If  H*  is  the"  lowest  power  free  in  some  group,  then  the  g^oup  is 
quarter  resolved. 

22.  Combination  of  Cyclic  Quaternion  Versor  Groups.  If  the 
result  of  combining  two  cyclic  quaternion  versor  groups  is  to  l)e 
itself  a  cyclic  group,  then  where  the  first  power  of  one  quaternion 
occurs  as  a  factor,  the  accompanying  quaternion  factor  must 
bear  a  power  that  is  prime  to  its  own  order,  for  otherwise  the 
prime  powers  of  the  second  quaternion  will  not  be  reached  by 
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raising  the  transformation  to  any  power  showing  that  the  order 
of  the  second  quaternion  has  erroneously  been  stated  too  high. 
Further,  by  raising  to  a  power,  any  prime  power  can  be  replaced 
by  a  first  power  in  the  case  of  either  factor  we  select,  but  not  in 
the  case  of  both.  Hence  to  examine  all  the  cyclic  groups  into 
which  H  and  R'  enter  as  factors,  that  is,  all  the  cyclic  groups  that 
//  and  R'  are  capable  of  producing  or  yielding,  we  must  examine 
groups  formed  from  (HR'')'  where  p  takes  on  different  values 
prime  to  the  order  of  R'  as  we  pass  from  group  to  group,  and  / 
takes  on  successive  integral  values  as  the  different  members  of 
the  same  group  are  being  developed.  We  have  already  seen  the 
more  important  cyclic  groups. 

We  now  wish  to  establish  the  theorem  that  all  other  quaternion 
groups  made  from  these  same  quaternion  factors  are  nothing  but 
resolutions  of  the  cyclic  groups. 

Let  the  group  under  discussion  be  (//'/?')',  and  let  it  be  re¬ 
quired  to  extend  the  group  by  including  some  other  versor 
//•/?'".  Then  by  virtue  of  the  identity 

//-/?'-(/W)‘"  “ 

a  free  quaternion  is  produced.  Hence  to  get  successively  all  the 
remaining  groups  derived  from  these  quaternion  versors  we  con¬ 
tinue  to  introduce  step  by  step  lower  and  lower  integral  powers 
of  one  of  the  quaternions  until  the  group  is  completely  resolved. 

23.  Rules  for  Blending.  The  following  general  principles  can 
be  formulated: 

(а)  If  the  orders  of  the  two  quaternion  factors  are  prime  to 
each  other  no  blending  takes  place,  for  we  can  release  any 
quaternion  by  raising  the  product  to  the  power  equal  to  the 
order  of  the  other  quaternion.  We  shall  then  have  free  a  power 
of  the  first  quaternion  that  is  prime  to  its  order,  and  can  therefore 
easily  obtain  the  first  power,  and  the  group  is  fully  resolved. 

(б)  In  blending  quaternion  versors  of  odd  order,  the  order  of 
the  product  will  be  the  lowest  common  multiple  of  the  orders 
of  the  factors. 
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(c)  In  the  case  of  even  versors,  if  mn  is  the  order  of  one,  np 
the  order  of  the  other,  n  the  highest  common  factor,  then  ^mnp 
will  be  the  order  of  the  prtxiuct  if  m  and  p  are  both  odd ;  otherwise 
the  resulting  order  will  l>e  mnp. 

Put 

JJdlVmm  as  ae  — 

Then 

=  (-  EH  -  £)"  =  (- 

In  other  words,  an  (xldly  even  versor  will  not  blend  with  an 
evenly  even  versor  as  far  as  the  factor  2  is  concerned. 

(d)  If  m  and  p  are  both  prime  to  n,  we  have  essentially  two 
quaternions  to  blend  of  order  n,  and  the  quaternions  of  orders 
m  and  p  are  thrown  in  in  addition  without  affecting  the  blending. 
But  even  if  we  do  not  wish  to  break  the  factors  up  this  way,  the 
same  number  of  blended  groups  will  be  formed  as  if  we  had  only 
quaternions  of  order  n  to  blend. 

(e)  A  self  complementary  group  is  always  semi-resolved. 

UIR''’){nR'-»)  =  W. 

(/)  If  -  £  is  not  to  be  free,  the  free  quaternions  must  lie  of  odd 
order. 

24.  Applications.  Prime  versors.  Two  third  order  quaternion 
versors  yield  (i.e.  choosing  quaternion  factors  from  the  cyclic 
groups  of  two  quaternion  versors  of  different  classes,  there  can 
l>e  formed)  a  pair  of  normal  or  complementary  threefold  planes 
in  addition  to  the  resolved  group.  VV'ith  quaternion  versors 
whose  order  is  not  a  multiple  of  three,  the  third  order  quaternion 
versor  does  not  blend.  Wherever  the  order  is  a  multiple  of  three, 
there  will  be  possible  a  pair  of  complementary  cyclic  grouF>s  in 
addition  to  the  res<jlved  group. 

Two  fifth  order  versors  yield  a  pair  of  complementary  com¬ 
pound  versors  in  addition  to  the  pair  of  planes  and  the  resolved 
group.  Two  seventh  order  quaternions  versors  supply  four 
compound  versors  of  the  same  species.  Two  eleventh  order 
versors  give  rise  to  eight  compound  versors  of  two  species,  four 
of  each  species. 
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Composite  Odd  Versors.  Two  ninth  order  versors  give  rise 
to  the  usual  pair  of  plane  versors,  the  remaining  places  being 
filled  by  versors  where  the  order  of  one  of  the  quaternion  versors 
has  been  reduced  to  three.  Upon  the  addition  of  IP  to  the 
cyclic  group  partial  resolution  is  affected,  and  although  this  is 
the  last  stage  before  complete  resolution,  it  is  not  semi-resolution, 
so  there  are  possible  two  complementary  1/3  resolved  groups. 

Hamilton  Units.  If  the  other  quaternion  versor  is  of  odd,  or 
of  oddly  even  order,  there  will  be  only  one  group  possible,  and  it 
will  be  completely  resolved.  If  the  order  of  the  other  quaternion 
is  a  multiple  of  8,  there  will  be  a  semi-resolved  group  in  addition 
to  the  fully  resolved  group.  If  the  order  of  the  other  quaternion 
is  an  odd  multiple  of  4,  there  will  be  a  pair  of  complementary 
cyclic  groups,  and  a  semi-resolved  group  in  which  the  two  latter 
are  united  bringing  in  —  £,  and  in  addition  the  resolved  group. 

Oddly  Even  Versors.  The  Sixth  order  versor  is  a  negative 
third  order  versor.  The  cyclic  groups  include  two  comple¬ 
mentary  planes  and  two  complementary  alternators.  In  the 
case  of  the  latter,  however,  —  £  is  free,  and  the  groups  are  1/3 
resolved.  If  the  planes  are  ^mi-resolved,  we  obtain  what  is 
'  really  a  fully  resolved  third  order  group.  In  full  resolution  the 
center  of  symmetry  —  £  is  added.  Sixth  and  8th  order  versors 
do  not  blend  for 

(Azy  =  A*Z'*  »  A. 

If  //  is  the  12th  order  versor 

(A//y  =  A»ff'»  =  -//'•-=  H'* 

the  cyclic  is  itself  1/3  resolved.  Besides  the  complementary 
cyclic,  there  is  only  the  fully  resolved  group.  Blending  with  a 
10th  order  versor,  the  cyclic  is  of  the  15th  order  and  is  semi- 
resolved. 

In  the  case  of  the  decimal  or  10th  order  versors,  the  cyclic 
groups  are  complementary  fivefold  planes,  complementary  alter¬ 
nating  groups,  complementary  compound  fivefold  versor  groups, 
and  the  compound  decimal  groups  formed  from  the  negatives 
15 
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of  the  compound  fivefold  versors.  The  alternators  and  the 
compound  decimal  versors  represent  15  resolution  since  there 
is  a  center  of  symmetry  present.  Semi -resolution  is  of  course 
unique,  without  a  center,  but  contains  both  planes,  both  com¬ 
pound  fivefold  versors  as  well  as  the  free  fivefold  quaternion 
versors. 

Ki{thtfold  V'ersors.  The  eight  fold  versors  will  not  blend  with 
♦xld  or  oddly  even  versors,  and  with  versors  that  are  odd  mul¬ 
tiples  of  four  they  are  always  semi-resolved,  as  for  example  in  com¬ 
bination  with  4  and  12  fold  versors.  When  two  8  fold  versors 
are  combined  with  each  other,  four  cyclic  groups  are  formed, 
two  fourfold  planes,  and  two  fourfold  alternators.  In  quarter 
resolution  the  center  of  symmetry  is  added,  so  that  a  group  is 
obtained  embracing  a  fourfold  plane,  the  normal  twofold  plane, 
and  the  alternator  formed  by  applying  the  center  to  the  fourfold 
plane.  There  are  two  complementary  quarter  resolved  groups, 
and  in  semi-resolution  these  two  are  combined  due  to  the  addition 
of  two  Hamilton  Units.  Finally  in  the  resolved  group  there 
appear,  besides  the  quaternion  versors,  a  pair  of  complementary 
groups  of  quasi -isotropic  eightfold  symmetry. 

Twelvefold  Versors.  We  derive  the  same  number  of  cyclic 
groups  as  in  the  preceding  case.  The  planes  are  of  sixfold  sym¬ 
metry.  The  alternators  consist  each  of  a  twofold  plane  normal 
to  a  threefold  plane.  The  first  step  in  resolution  adds  a  center, 
and  concomitantly  a  plane  normal  to  the  two  fold  plane.  By 
adding  Hamilton  Units  the  group  can  be  1  resolved.  Quarter 
resolution  is  effected  by  adding  the  threefold  quaternion  versors 
to  the  cycliq  groups,  and  introduces  a  threefold  plane  normal  to 
the  one  already  present.  In  the  case  of  the  16,  1  4,  and  1  .1 
resolved  groups,  a  complementary  group  exists.  The  semi- 
resolved  group  is  unique,  and  may  be  looked  upon  as  uniting  the 
similar  complementary  groups,  or  as  uniting  the  1  4  and  the  1  5 
resolved  groups.  The  fully  resolved  group  introduces  quasi¬ 
isotropic  sixfold  subgroups  along  with  the  free  quaternion  versors. 
It  will  be  observed  that  the  even  steps  of  resolution  can  l)e 
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described  as  well  by  the  addition  of  a  simple  versor  as  by  the 
addition  of  a  quaternion  versor.  Hence  such  groups  are  con¬ 
veniently  named  as  mere  combinations  of  planes.  The  1  3 
resolved  group  does  not  lend  itself  to  such  a  description,  however. 


IV.  Blending  of  Whorls 

25.  General  Notions.  If  a  rotation  group  is  to  lie  formed  with 
transformations  whose  quaternion  factors  are  to  be  drawn  from 
two  whorls,  then  versors  will  be  formed  either  from  the  combina¬ 
tion  of  stem  with  stem,  or  of  peripheral  with  peripheral,  or  of 
stem  with  peripheral.  V'ersors  formed  from  the  combination  of 
stem  with  stem,  i.e.,  are  called  principals.  The  product 

of  two  principals  is  itself  a  principal 

(//"//'-)(//»•//'»)  =  //">p//'-+. 

so  that  these  versors  among  themselves  constitute  a  subgroup 
called  the  principal  group.  .Ml  that  we  have  just  said  in  the 
preceding  part  applies  to  the  principal  group.  The  combination 
"  of  two  peripherals  with  each  other  is  always  a  simple  twofold 
0  versor,  (because  a  peripheral  is  a  Hamilton  Unit)  and  is  called  a 
lateral. 

(///-)(/7/'")  = 

The  product  of  two  laterals  is  a  princif>al 

(//7/"//'-)(//7/''//''')  = 

while  the  product  of  principial  and  lateral  is  again  af  lateral 

(//"//'-)(//7/'-//'*)  » 

(//7/'>//' •)(//"//'")  =  //7/'^-//'*+\ 

so  that  the  principals  and  the  laterals  together  likewise  form  a 
subgroup.  In  fact  we  may  have  this  and  no  more.  The 
prcxluct  of  peripheral  and  stem  is  called  a  medial 

(///")(//'-)  =  ///"//'\ 
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Except  where  the  stem  is  itself  a  Hamilton  Unit,  the  medial  will 
always  be  a  transformation  of  quasi-isotropic  symmetry  (cf.  art. 
20e  and  24d).  In  combining  a  whorl  with  a  versor  that  is  not 
attended  by  peripherals,  there  will  of  course  be  no  laterals.  If 
two  whorls  are  used,  however,  there  must  be  laterals  if  there  are 
medials.  For  the  p)eripherals  must  be  present  either  in  medials 
or  in  laterals,  so  that  if  both  stems  have  peripherals  then 

«=  7/'//'^-//'*- 

laterals  are  obtained  by  multiplying  medials  derived  from  op¬ 
posite  stems.  Hence  three  cases  arise.  Laterals  are  found 
without  medials  in  the  combination  of  two  whorls,  medials 
without  laterals  in  the  combination  of  versor  and  whorl,  and  the 
more  involved  case  where  all  are  present. 

26.  Groups  Containing  Laterals  Alone.  Prior  to  the  intro¬ 
duction  of  laterals,  there  is  nothing  to  distinguish  directions  in 
the  planes  of  rotation.  Hence  any  lateral  may  be  adopted  as  the 
first  one  without  loss  of  generality.  We  therefore  select  //'. 
When  this  first  lateral  has  been  added  to  the  principal  group, 
and  it  may  be  added  to  any  of  the  groupts  just  considered,  multi¬ 
plication  by  the  principal  group  takes  care  of  the  rest.  A  de¬ 
scription  of  the  distribution  of  the  laterals  would  be  a  description 
of  the  princip>al  group  itself.  In  studying  perversions,  however, 
the  presence  of  laterals  makes  a  difference,  for  the  intersections 
of  the  lateral  planes  with  the  planes  of  rotation  of  the  F>rincipal 
group  determine  fixed  directions  in  these  planes. 

27.  FornMtion  of  Medials.  Peripherals  are  Hamilton  Units, 
and  as  we  have  seen,  do  not  blend  with  odd  versors,  or  with  oddly 
even  versors  If  the  versor  to  be  blended  with  the  Hamilton 
Unit  is  an  odd  power  of  four,  it  is  1,4  resolved,  and  if  its  order  is 
a  multiple  of  eight  it  is  semi-resolved.  Since 

//-///-//"  =  ///-^»-, 

the  peripherals  fall  into  two  types  accordingly  as  «  is  even  or  odd. 
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If  therefore  one  is  free,  the  whole  type  is  free.  If  both  types  are 
free,  then 

(///-)-'///"+*  »  //, 

so  the  stem  is  also  free  and  the  groups  are  resolved. 

28.  Medials  without  Laterals.  If  one  stem  has  no  peripherals, 
then  the  only  way  to  blend  the  peripherals  of  the  other  stem  is 
in  the  formation  of  medials. 

If  the  order  of  //'  is  a  multiple  of  eight  is  free,  so  if  there  is  to 
be  blending  n  and  p  must  be  odd.  If  the  order  is  an  odd  multiple 
of  four  H'*  would  have  an  oddly  even  order  and  not  blend  with  a 
Hamilton  Unit.  Hence  in  either  case  n  and  p  are  both  odd  and 
«  4-  ^  is  even.  But  —  //'*  is  free  so  that  we  have  released  H. 
The  minus  sign  is  only  important  in  case  H  is  oddly  even,  in 
which  case  it  is  freed  in  an  attempt  to  blend  with  an  evenly 
even  versor.  Thus  in  any  event  the  blending  of  all  the  peripherals 
'  means  the  release  of  the  stem,  so  that  in  the  absence  of  laterals 
,  we  must  choose  between  leaving  the  stem  unblended,  and  leaving 
alternate  peripherals  unblended. 

29.  Groups  formed  from  Versor  and  Whorl. 

(o)  Order  of  Lone  Versor  not  divisible  by  four. 

Only  the  resolved  group. 

(b)  Order  of  I^ne  V'ersor  Divisible  by  Four.  Stem  Oddly 
Even. 

The  peripherals  of  one  type  are  the  negatives  of  the 
peripherals  of  the  other.  —  E  always  free.  The  periph¬ 
erals  may  be  blended  with  the  lone  versor,  or  the  group 
may  be  resolved. 

(c)  Orders  of  both  Divisible  by  Four. 

The  stem  may  be  free  and  all  the  peripherals  blended. 
The  stem  may  blend  with  the  lone  versor,  and  the  latter 
will  also  take  up  the  alternate  peripherals. 

The  group  may  be  resolved. 
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30.  Medials  with  Laterals.  The  presence  of  medials  means 
that  the  princip>al  group  will  be  semi-resolved,  except  where  the 
order  of  the  stem  is  four  times  an  odd  number.  If  the  lateral  is 
taken  to  be  II',  then  we  may  expect  to  have  for  a  nucleus  all  the 
products  of 

(а)  E,  II',  -  mil'.  Ill'll' 

with  7/^"//'*"  if  the  stem  is  to  be  semi-resolved,  or  with 
(—  IP)'"(—  //'*)■  if  the  stems  are  quarter  resolved,  for  by  squar¬ 
ing  the  medials  we  release  the  negative  squares  of  the  stems.  The 
nucleus  is  itself  a  complete  sub-group.  .Additional  blocks  of 
transformations  are  obtained  by  multiplying  by  II,  II'  and  HU'. 

II'  II'II'  III  III' 

II  ini'  III'  I'll' 

ini'  nil'll'  I  r  . 

By  combining  these  blcK'ks  with  the  nuclear  group,  the  various 
groups  are  built  up.  If  both  stems  are  odd  multiples  of  four 
there  is  a  quarter  res<)lved  group  consisting  of  the  nuclear  group 
indicated.  If  a  double  sign  be  prefixed  to  the  transformations 
of  the  quarter  resolved  group,  we  obtain  the 

(б)  Reduced  Principal  (iroup  which  exists  if  both  stems  are 
evenly  even : 

E,  II',  IIIH',  Ill'll'  and  products  with  //»"//'*". 

(f)  The  Resolved  Medial  (iroup  requires  the  blended  stem  to  be 
evenly  even : 

H',  II'II',  in,  nr,  E,  ir,  /////',  Iiril'  and  products  with 

IlJmlJtn 

(</)  The  Semi- Resolved  Principal  requires  both  stems  to  be  evenly 
even: 

ini',  nil'll',  I,  I',  E,  II',  Iinr,  Iiril'  and  products  with 

ipmiitn, 

(e)  In  addition  to  these  there  remains  the  fully  resolved  group. 


ROTATION  GROUPS  IN  SPACE  OF  FOUR  DIMENSIONS  221 
V.  Perverting  Whorls 

31.  General  Forms  for  Whorl  Pervertors.  Any  per  verier  can 
be  written  in  the  form  The  effect  of  such  a  perverter 

upon  the  stem  of  a  whorl  when  applied  to  it  as  a  converter  is  as 
follows: 

(ii/?5')-7/(ii/?5')  =  s'-'irs' 

=  R-'IIR 

and  similarly  for  I  and  /'.  To  prevent  the  introduction  of  new 
quaternions  we  have  the  conditions: 

S-'HS  =  //"  and  R'HR  =  //• 

and  by  expanding  //  into  the  form  E  cos  q  K  sin  q  we  may 
show  that  m  and  n  must  be  equal  in  absolute  value  to  unity. 
If  we  suppose  that  n  =  1 

R-'IIR  =  II, 

HR  =  RII. 

But  //  is  only  commutative  with  quaternions  of  its  own  class 
that  are  powers  of  itself,  so  we  may  replace  R  in  this  case  by  a 
*  power  of  //.  The  second  alternative 

/?-'///?  =  //-' 

may  be  rewritten 

/?“'(£  cos  9  sin  q)R  =  E  cos  g  —  £  sin  q, 

whence 

R-^KR  =  -  A', 

R  =  KRK. 

Put 

R  =  xlE  +  xl  yj  zK 

and  obtain 

u'E  ^  xl  yJ  zK  =  —  wE  xl  ^  yJ  —  zK 
from  which 

tc  =  0  and  r  =  0 


so  that 


R=  xl  +  yJ 
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must  be  a  Hamilton  Unit  peripheral  to  K.  A  similar  treatment 
applies  to  S,  so  that  all  admissible  perverters  may  be  expressed 
in  the  forms 

II//-//'-,  II///-//'-,  II/'//-//'-,  -  II//'//-//'-. 

32.  Penrerled  Stems.  It  will  be  convenient  to  replace  —  II//' 
with  the  single  symbol  11*,  and  to  write  0*0*'  instead  of  //-//'" 
where 

m  =  M  +  »»  M  -h  n), 

n  H  —  ¥  r  *=  J(m  —  n). 

The  simple  rotations  0  and  0*  convert  the  perverters  11  and  II* 
as  follows: 

0--n0-  =  H, 

0-11*0-  «  II0*-, 

0*— II0*-  -  II0**-, 

0*— 11*0*-  «  n*. 

The  axis  of  perversion  of  II  therefore  lies  in  the  stator  plane  of 
0,  while  the  axis  of  0*  lies  in  the  stator  plane  of  0*.  Our  per¬ 
verters  can  be  written 

110*0*'  «  0*-<''*''n0*‘''’>'0*, 

11*0*0*'  -  0-<' *>*n*0<''*>*0*', 

showing  that  one  of  the  indices  gives  the  position  of  the  axis  of 
preversion  while  the  other  gives  the  exponent  of  the  simple 
versor  out  of  which  the  given  compound  perverter  may  be  con¬ 
sidered  to  tiave  been  derived.  We  call  these  perverted  stems. 
To  correlate  the  positions  with  the  lateral  planes 

(//'0-0*-)-'n0*'(//'0-0*-)  «  0**--', 

so  that  if  2«  —  r  *  r,  that  is  if  «  *  ¥  the  perverter  will  be  trans¬ 
formed  into  itself.  Hence  the  axis  of  the  perverter  lies  in  the 
sheaf  of  planes  //'0-0*'.  Similar  considerations  apply  to  the 
other  perverters. 
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Formulas  for  Use  with  Whorls 
B  =  ////'  =  0*//'*  -  0*-'//*, 

e*  =  ////'-•  =  0//'-*  -  e-'/p, 
u  -  »  0//'-'  »  e*//', 

//'  «  0I/*0*-(l/»  «  0//-I  =x  0*-'//, 

///  *  ///-*  -  //>'*///-<•/*>, 

/e  =  e*/,  /e*  =  e->/, 

re  =  0*/',  /'0*  -  0/', 

//'e  -  e-'//',  //'o*  =  e*-'//', 

II*  -  -  /n/  «  -  /'II/'  -  -  II//'  =  -  //'II, 
lie  «  en,  n*e*  -  0*11*. 

00*  »  0*->n  =  //-'II//  *  //'n//'-'  =  e*-<'/*>ii0*''*, 

11*0  «  e-'n*  =  //-'n*// »  //'n*//'-'  =  0-'  *0*0. 
n/  =  /'n  =  n*/'  -  /ii*, 
n*/  -  /n  -  n/'  =  /'ii*. 

See  also  article  19. 

33.  Perverting  a  Pair  of  Planes.  As  the  perverters  we  are 
considering  interchange  the  quaternion  versors  used  as  stems, 
we  require  that  the  quaternion  groups  involved  be  similar,  and 
that  the  principal  group  be  reversible,  or  that  the  diagram  of  the 
principal  group  be  symmetrical  to  its  diagonals.  The  examina¬ 
tion  of  the  squares  of  the  perv'erters  reveals  other  conditions. 

(iie*e*')»  =  fF", 

(11*0*0*')*  -  0**', 

so  the  existence  of  these  planes  is  also  required.  Let  us  suppose 
that  the  plane  6  exists,  as  well  as  the  plane  »  6*,  so  that  the 
principal  group  will  contain  6*^  for  all  integral  values  of  x 
and  y.  We  have  then  the  conditions  imposed  by  the  principal 
group  that  (6*)*  0  or  0*  and  that  (0*0*  ^  or  0*  for  the  two 

perverters  respectively.  The  laterals  if  present  impose  a  similar 
condition  on  the  location  of  the  axis  in  each  case; 


(no*0*')-'//'(Il0*0*')  -  //'0**0**', 
(n*0*^)-'//'(II*0*0*')  =  //'0**0**', 
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SO  that  the  perverters  finally  allowed  reduce  to 

II,  IIB'  *,  II0'«.  ne''V'*. 

with  corresponding  forms  derived  from  II*.  If  we  call  positions 
in  the  lateral  planes  primary,  and  positions  in  between  the  planes 
secondary,  then  we  may  distinguish  primary  and  secondary  per¬ 
verters.  though  the  distinction  is  not  satisfactory  in  resolved 
groups. 

34.  Reduction  to  Lowest  Terms.  In  determining  the  various 
species  of  perverters  introduced  into  a  group,  the  following  reduc¬ 
tions  simplify  the  discussion. 

(IIH)*  =  B*, 

and  therefore  if  m  is  an  odd  numl)er  we  may  write  the  following 
identities: 

(lie)-  =  IIB", 

(IIB*)-  =  IIB*-, 

(IIB^)"  =  IIB^", 

scj  that  if  B  is  of  odd  order,  we  can  express  ail  perverters  of  the 
form  IIB"  as  powers  of  a  single  perverter  IIB,  while  if  the  order  of 
B  is  oddly  even  we  need  two  IIB  and  IIB*,  if  the  order  of  B  is  an 
<xld  multiple  of  four,  three  are  required  IIB,  IIB*,  and  IIB^  etc. 

35.  Correlation  of  Perverters.  In  the  absence  of  laterals  there 
are  no  absolute  directions  and  so  we  have  in  general  four  per¬ 
verters  to  introduce 

II,  II*,  IIB*'*,  and  11*^''*, 

I 

or  in  the  case  of  a  single  plane 

II,  IIB*'*,  II*,  -  II*. 

In  the  presence  of  laterals  multiplication  correlates  the  per¬ 
verters: 

irU  =  -  II*, 


and  in  general 


//TIB^B*’ 


-  II*B'‘B*', 
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SO  that  the  perverters  of  the  two  series  are  thus  correlated,  and 
the  number  of  perversions  is  a^ain  reduced  to  four.  The  negative 
sign  is  incorporated  into  the  versors  by  putting 

W  -  K. 

If  II  is  cxid  7  is  a  fraction,  while  if  II  is  of  even  order  7  is  integral. 
-  £  = 

so  that  the  axis  is  turned  through  90®.  If  both  planes  are  <xld 
II*  is  derived  from  11*0''*  from  Il0''*,  11*0''*  from 

110''*  and  n*0''*0''*  from  11.  On  the  other  hand  with  both 
planes  even  II*  is  derived  from  II,  11*0''*  from  110''*,  11*0''* 
from  110''*,  and  II*0''*0''*  from  II0''*0''*.  If  we  are  speaking  of 
a  self -complementary  group  such  as  a  pair  of  similar  planes  the 
four  perverters  will  not  produce  dissimilar  groups.  For  (xld  pairs 
of  similar  planes  we  should  drop  the  compound  secondary  per- 
verter  II0''*0*''*,  while  for  pairs  of  similar  even  planes,  we 
should  drop  the  compound  primary  perverter,  II0''*.  In  the 
case  of  fully  resolved  groups  correlation  proceeds  further. 

so  that  II0''*O*''*  will  lie  formed  from  II  by  multiplication,  while 
II0''*  =  II0*''*//  will  be  formed  from  II0*''*,  and  moreover,  as 
there  are  lateral  planes  in  both  positions,  there  will  be  no  point 
in  distinguishing  these. 

36.  Perverted  Peripherals.  In  the  case  of  the  jierverters  just 
considered  the  stems  play  the  principal  part.  We  neglected  the 
considerations  of  perverters  of  the  form  II///"//'"  and  II/'//"//'" 
which  we  call  perverted  peripherals.  The  perverters  may  be 
rewritten  as  conversions  of  II/ 

II///"//'"  =  (B<''*'-e*-"'»)")-'(II/)(0<'/*)-0*-(>'*)"), 

and  similarly  for  the  other  perverters.  Hence  we  are  here  con- 
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rerned  with  only  one  species  of  transformation, 
usual 


X 


E  +  r 
V2 


we  have 

II/  -  IIX'  *  (X-'IIJlf)(A^Jf'). 

n/'  «  n^'*  = 


Taking  as 


The  axes,  therefore,  lie  in  the  plane  of  the  stator  of  //',  and  half 
way  between  the  rotor  planes  of  the  principal  group.  The 
squares  of  the  perverters  indicate  the  presence  of  laterals: 

(n///"//'-)*  =  //'e-e*-, 

(n/'//"//'-)*  =  //'e-e*-. 


The  conversion  test  applied  to  the  principal  group 

(n///''//'*)-'//"//'"(n///'//'«)  =  //-//'-, 
(n /'//»■//'*)-•//-//'- (n /'//«*//'•)  =  //-//'—, 


shows  that  the  exponents  of  the  quaternions  are  interchanged 
w'ith  a  single  reversal  of  sign.  This  is  equivalent  to  turning  the 
graph  of  the  principal  group  through  90*.  A  principal  group 
that  admits  such  a  conversion  we  decided  to  call  quadrantal 
(Cf.  Art.  19).  The  resolved  and  semi-resolved  groups  are  ob¬ 
viously  quadrantal,  but  some  cyclic  groups  in  particular  have  the 
property.  The  first  twelve  of  these  with  prime  orders  are  listed. 
They  were  obtained  as  follows: 

Let 

//»■  »  E, 

and  let  ‘ 

(//-//'-)•  = 

whence 

mz  —  px  —  n  and  m  =  py  m, 


so  that 


p{nx  —  my)  =  m*.+  w*. 


As  all  these  quantities  are  integers,  we  conclude  that  p  the  order 
of  the  given  quaternion  must  be  either  a  factor  or  a  multiple  of 
+  «*. 
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Table  of  Quadrantal  Cyclic  Groups 


Orckr 

Veraor 

Order 

Ver»or 

5 

MU'* 

53 

HH'** 

13 

HH’* 

61 

HH'» 

17 

HH'* 

73 

HH'*' 

29 

HH'** 

89 

HH'** 

37 

HH'* 

97 

HH'" 

41 

HH'* 

101 

HH'** 

Others  of  composite  order  can  be  formed  from  these. 

A  general  consideration  of  the  number  of  each  species  that 
can  be  made  from  a  given  pair  of  quaternion  versors  would  lead 
us  to  suspect  the  presence  of  quadrantal  species  if  the  order  is 
4«  +  1  where  n  is  an  integer  and  the  order  is  prime,  for  apart 
from  the  quaternion  versor  H  and  the  planes  HH'  and 
we  expect  four  of  each  species,  and  but  two  of  a  quadrantal 
species.  If  the  order  is  not  prime,  there  will  be  other  cyclic 
versors  not  expressible  in  the  form  //f/'",  and  so  the  argument 
does  not  cover  these  cases. 

If  the  laterals  are  converted  we  may  show  that  in  general  two 
series  of  pierverters  may  be  introduced,  0/  and  n/fl*'*  just  as 

•  we  showed  something  of  the  same  nature  in  the  case  of  jjerverted 

#  stems,  and  this  means  that  {he  perverters  will  be  inserted  in 
alternate  lateral  planes.  As  prior  to  the  introduction  of  per¬ 
verters  we  had  no  reason  to  prefer  one  lateral  to  another,  the  two 
methods  of  perversion  will  be  expected  to  give  similar  results. 
VVe  may  conclude  therefore  that  quadrantal  principal  groups 
(including  all  resolved  and  semi-resolved  principal  groups) 
having  laterals  attached  admit  perverted  peripherals  in  two  ways 
that  do  not  differ  specifically  from  each  other. 

37.  Perversion  of  Groups  Containing  Medials.  It  is  only  a 
question  of  perverting  groups  containing  both  medials  and 
laterals,  because  the  two  quaternion  groups  must  be  similar. 
Perverted  peripherals  need  not  be  considered  especially,  because 
they  will  be  produced  from  perverted  stems  by  intermultiplication 
with  the  medials,  and  in  the  introduction  of  perverted  stems  no 
new  principles  occur.  It  can  be  shown  by  vector  analysis  that 
the  rotor  planes  of  the  medials  intersect  in  pairs  in  the  lateral 
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planes  in  lines  half  way  lietween  the  intersections  of  the  principal 
rotor  planes,  and  we  have  seen  that  the  axes  of  perverted  stems 
when  introduced  also  fall  on  these  same  medial  lines.  We 
proceed  to  the  discussion  of  the  various  genera  of  groups  that 
fall  under  this  division. 

(a)  Perversion  of  the  Quarter  Resolved  Group.  In  this  group 
the  quaternions  —  //*  and  —  Z/'*  are  free.  The  planes  are  H- 
and  O**,  and  these  planes  are  of  (xld  order.  The  species  of  per¬ 
version  then  are  effected  with  II,  Ilf),  Ilf)*  and  IlBf)*. 

(b)  Perversion  of  Group  with  Reduced  Principal.  In  this 
group  the  planes  are  again  and  B*^,  but  IP  is  free,  and 
B  =  B*//*,  so  that  we  have  a  primary  perverter  II  and  a  secondary 
perverter  IIB*.  The  stems  are  evenly  even,  so  that  these  two 
methods  are  specifically  different. 

(f)  Perversion  of  Medial  Ciroup  with  Semi- Resol v^ed  Principal. 
The  stems  are  evenly  even,  and  the  planes  are  B  and  B*  and  are 
both  even.  It  will  be  found  that  the  perverters  with  fractional 
indices  convert  the  medials  present  into  other  medials  that  have 
been  excluded  from  the  group,  so  that  there  are  only  two  admis¬ 
sible  systems  of  perversion,  with  II  and  with  FIB'^^B**'*  =  II//, 
the  former  being  primary  and  the  latter  secondary. 

(d)  Perversion  of  Fully  Resolved  Group.  For  this  case,  as 
we  saw  alx)ve,  there  are  two  methods  of  perversion,  with  II  and 
with  IIB**'*,  but  these  two  methods  do  not  differ  specifically 
from  each  other. 

\'I.  The  Blending  of  Umbels 

38.  Prindples.  There  are  two  new  principles  that  come  into 
the  blending  of  umbels.  The  first  is  the  matter  of  type.  All  the 
quaternions  of  the  same  type  must  be  in  the  same  state.  In  par¬ 
ticular,  a  free  tetartoidal  releases  all  the  others.  But  with  the 
tetartoidals  free  the  tetartoid  umbel  can  be  reconstructed. 
Hence  a  free  tetartiodal  releases  the  tetartoid  umbel.  Similarly, 
a  free  gyroidal  releases  the  gyroid  umbel,  a  free  cardinal  releases 
the  gyroid  umbel,  and  any  free  quaternion  releases  the  icosa- 
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hedral  umliel.  The  second  principle  has  to  do  with  the  matter 
of  sub-groups.  The  group  consisting  of  the  sphenoidals  alone  is 
expanded  into  the  tetartoid  umbel  by  the  addition  of  a  single 
tetartoidal,  and  the  tetartoid  umbel  may  be  expanded  into  the 
gyroid  uml)el  by  the  addition  of  a  single  cardinal,  or  a  single 
gyroidal.  As  a  consequence,  if  a  sphenoidal  is  free,  then  what¬ 
ever  blends  with  one  tetartoidal  must  blend  with  every  fetar- 
toidal,  and  if  a  tetartoidal  is  free,  then  whatever  is  combined 
with  any  one  cardinal  or  with  anyone  gyroidal  must  be  combined 
with  every  cardinal  and  every  gyroidal.  These  principles  are 
easily  verified  by  an  inspection  of  the  tables. 

39.  Blending  of  Umbel  with  Versor.  (a)  A  versor  of  the  third 
order  is  capable  of  blending  with  the  tetartoidals  which  are 
versors  of  the  sixth  order,  but  then 

{IIA'XIIB')-'  =  -  /, 

so  that  the  sphenoidals  are  released,  (b)  If  the  order  of  the 
lone  versor  is  not  a  multiple  of  three,  there  will  be  no  blending 
and  only  a  resolved  group  will  be  obtained,  (c)  In  like  manner 
if  a  single  versor  is  to  blend  with  a  gyroid  umbel,  its  order  must 
be  a  multiple  of  four,  and  it  will  be  semi -resolved,  for  the  product 
of  two  cardinals  is  in  general  a  tetartoidal. 

40.  Blending  of  Umbel  with  Whorl,  (a)  No  whorl  can  l)e 
blended  with  the  tetartoid  umbel,  for  the  sphenoidals  will  always 
be  freed  by  the  multiplication  indicated  above.  They  will  not 
then  blend  the  peripherals,  and  these  being  free  supply  their  own 
stem,  {b)  A  whorl  the  order  of  whose  stem  is  divisible  by  three 
may  blend  the  tetartoidals  in  a  gyroid  umbel.  In  the  absence 
of  a  free  tetartoidal  there  is  no  necessity  for  cardinals  and  gy- 
roidals  always  to  blend  with  the  same  versor,  so  that  it  is  possible 
for  them  to  take  up  the  peripherals.  Take  for  example  the  whorl 

A,  etc.,  F,  -  P,  N,  -  F,  P,  -N. 

The  stem  A  will  blend  with  the  tetartoidals 
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AA',  AB\  AC,  AD\  etc., 

/',  J',  K'  free. 

FX\  FX'-',  FC,  FF, 

Pr-\  PF,  PQf,  PZ\ 

NM\  NF-\  NN\  NY'. 

A  double  sign  is  to  be  understood  in  every  case  as  —£■=/'* 
is  free. 

41.  Substitution  of  Umbel  for  Lone  Versor.  If  in  the  gyroid 
umbel  the  tetartoid  umbel  is  free,  then  we  need  only  consider 
one  gyroidal  say  F,  because  all  g^roidals  and  cardinals  will  be 
multiplied  into  the  same  quaternions.  We  may  now  use  the 
methods  for  the  blending  of  versor  and  whorl,  (o)  If  the  stem 
of  the  whorl  is  a  multiple  of  four,  it  can  be  blended  and  alternate 
peripherals  be  released : 

Take  for  the  whorl 

Z,  etc.,  /,  P,  J,  Q,  etc. 

The  stem  is  to  be  blended : 

ZF,  K,  Z*F, 

alternate  peripherals  to  be  free: 

P,  Q. 

the  rest  to  be  blended : 

IF  and  JF', 

a  double  sign  being  understood.  Multiply  through  by  the  tetar¬ 
toid  umbel  and  obtain  the  required  group,  (b)  Another  way  is 
t6  blend  aH  the  peripherals  and  allow  the  stem  to  go  free: 

Free: 

Z,  K,  Z\  E. 

Medials: 

IF,  PF,  JF,  QF. 

Multiply  through  by  the  tetartoid  umbel  and  obtain  the  required 
group.  The  order  of  the  stem  does  not  affect  this  manner  of 
blending. 
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42.  Blending  of  Two  Tetartoid  Umbels.  If  the  two  tetar- 
toidals  A  and  B  are  to  be  blended  with  different  versors,  then 
these  must  be  chosen  from  a  tetartoid  umbel  of  the  other  class, 
and  we  obtain  (a)  a  group  of  collinear  planes  (the  collinear  te¬ 
tartoid) 

AA',  BB\  CC.  DD\  II\  JJ\  KK\  E. 

(6)  A  center  of  symmetry  may  be  added  by  prefixing  a  double 
sign  to  each  of  these  transformations.  This  operation  semi- 
resolves  the  Hamilton  Units. 

(c)  The  three  sphenoidals  may  now  be  released,  causing  a 
general  blending  of  like  powers  of  the  tetartoidals  with  each 
other. 

(d)  Finally  the  umbels  can  be  completely  released. 

43.  Blending  of  Unlike  Umbels.  When  we  attempt  to  blend 
a  tetartoid  with  a  gyroid  umbel,  we  find  the  sphenoidals  of  the 
tetartoid  umbel  will  not  be  able  to  take  care  of  the  cardinals. 
Whether  two  cardinals  blend  with  the  same  Hamilton  Unit 

{IX'){IY')  = 

^  or  with  different  Hamilton  Units 

(IX'){JY')  =  KA'\ 

in  either  case  a  tetartoidal  will  be  released  and  this  in  turn  releases 
the  tetartoid  umbel  and  resolves  the  group.  There  can  of  course 
be  no  question  of  blending  an  icosahedral  umbel  with  anything 
else  except  a  similar  umbel,  because  only  an  icosahedral  umbel 
has  both  six  and  tenfold  versors. 

44.  Blending  Gyroid  Umbels.  It  might  be  thought  possible  to 
blend  two  gyroid  umbels  by  allowing  the  gyroidals  of  one  to 
blend  the  cardinals  of  the  other  and  vice  versa.  But  since 
{IX'y  =  /',  the  cardinals  being  of  order  eight  and  the  gyroidals 
of  order  four,  semi-resolution  takes  place  and  the  sphenoidals  are 
free.  The  product  of  a  cardinal  and  a  sphenoidal  not  a  power 
of  itself  is  a  gyroidal,  and  the  product  of  a  gyroidal  and  a  sphe¬ 
noidal  not  peripheral  to  it  is  a  cardinal,  so  that  in  this  way  car- 
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dinals  and  gyroidals  can  be  interchanged  by  multiplication  by 
the  free  sphenoidals,  and  we  are  combining  cardinal  with  cardinal 
after  all. 

(а)  Blending,  therefore,  cardinal  with  cardinal,  we  obtain  a 
group  of  collinear  planes,  (the  collinear  gyroid)  consisting  of 

XX\  YY\  ZZ\  FF',  GG\  PP\  Q<^,  NN\  MM' 
in  addition  to  the  planes  of  the  collinear  tetartoid  group. 

(б)  Or  we  may  choose  to  blend  in  alternating  symmetry.  This 
replaces  the  first  three  planes  by  the  alternators  —  XX' ,  —  YY\ 
—  ZZ\  and  the  next  six  by  their  normal  or  completely  perpen¬ 
dicular  planes.  The  sub-group  of  collinear  tetartoid  planes 
remains  as  before. 

(c)  Adding  a  center  of  symmetry  not  only  combines  these  two, 
but  now  for  the  first  time  introduces  the  negatives  of  the  collinear 
tetartoid  versors. 

(d)  If  we  semi-resolve  the  cardinals  and  release  the  sphe¬ 
noidals,  we  obtain  the  rotation  group  of  the  regular  octahedroid. 
In  this  group  the  tetartoidals  are  still  blended. 

(«)  The  tetartoidals  may  be  released,  swelling  the  number  of 
transformations  up  to  576.  This  is  the  rotation  group  of  the 
24hedroid. 

Finally  the  gyroid  umbels  themselves  may  be  released  giving 
us  the  rotation  group  of  the  48hedroid. 

45.  Blending  of  the  Icosahedral  Umbel.  As  the  presence  of  a 
free  quaternion  releases  the  icosahedral  umbel,  it  can  only  l)e 
blended  with  a  similar  umbel,  but  as  in  the  case  of  the  gyroid 
umbel,  it  can  do  so  in  two  ways,  (a)  One  way  leads  to  a  col¬ 
linear  group  of  60  transformations,  but  {b)  the  decimal  versors 
can  also  blend  in  comp>ound  symmetry  instead  of  yielding  planes, 
and  if  this  is  done  we  obtain  the  group  of  rotations  belonging  to 
the  pentahedroid.  (c)  and  (d)  To  either  of  these  groups  a  center 
may  be  added,  and  then  (e)  resolving  the  group  a  rotation  group 
of  7200  transformations  is  obtained,  appearing  in  the  symmetry 
of  the  120-  and  600hedroids. 
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VII.  Perverting  an  Umbel 

46.  The  rotation  groups  that  are  to  be  considered  here  will 
necessarily  be  derived  from  two  similar  umbels.  Let  us  suppose 
a  perverter  to  be  introduced  of  the  form  n/f5'.  If  we  apply  the 
conversion  test 

(n^y)-'H'(n/?50  =  r-'hr, 

we  see  that  the  quaternions  must  be  converted  into  similar 
quaternions  of  the  other  class.  If  we  replace  H  with  I,  J,  K 
respectively,  we  inquire  what  converters  will  convert  the  group 
of  sphenoidals  into  itself.  There  will  be  24  such  converters, 
and  if  we  examine  the  conversion  table  for  the  gyroid  umbel, 
we  shall  find  that  all  24  converters  have  already  been  found. 
Hence  for  the  tetartoid  and  gyroid  umbels,  R  and  S  must  be 
taken  from  the  gyroid  umbel.  Similarly,  if  we  examine  the  con¬ 
versions  of  the  decimal  versors  in  the  tables  for  the  icosahedral 
umbel,  we  shall  find  that  for  the  icosahedral  umbel,  R  and  S 
must  be  chosen  from  the  umbel  itself,  there  being  but  12  X  5 
ways  of  converting  the  decimals  versors  into  one  another. 

47.  Types  of  Simple  Perverters.  The  types  will  be  determined 
largely  by  the  presence  of  planes.  Consider  therefore  the  con¬ 
version 

{AA')-^R-mR{AA')  =  (/l-‘/L4)->n(yl-‘/?i4). 

From  this  we  conclude  that  the  types  as  established  by  the  planes 
will  correspond  to  the  types  of  the  quaternion  versor  R  itself. 
In  the  case  of  the  pentahedroid  the  planes  take  the  form 
so  we  convert  back  and  forth  by  means  of  Y'. 

(c)  Types  11  and  —  11.  These  perverters  may  be  applied  to 
any  rotation  group  except  that  of  the  pentahedroid,  because  of 
the  K'  twist  in  the  latter.  They  will  not  yield  different  perver¬ 
sion  groups  if  ~  £  is  present. 

(6)  Type  —  lUI.  From  the  equation  —  IllI  =  —  11//', 
we  conclude  that  this  perverter  will  be  included  under  —  11. 
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(r)  Type  —  If  we  convert  RS'  with  this,  we  obtain 

{F-'llF)-'RS\F-'llF)  -  iF^'SF)iF'R’F'-'), 

and  an  inspection  of  the  tables  of  conversions  shows  that  apart 
from  the  pentahedroid,  this  perverter  can  be  admitted  to  any 
umbel.  If  we  apply  the  conversion  F'(  ) 

Y\F-mF)Y'-'  =  C-'IIC, 

we  obtain  a  perverter  for  the  pentahedroid.  In  the  presence  of 

blended  Kyroidals  F"'IIFwill  be  included  under 

• 

(F-mF){FF')  =  -  II, 

and  so  the  perverter  will  not  be  listed  separately  for  the  jjyroid 
umbel.  Since  F“‘(  )F  converts  the  resolved  tetartroid  into 
itself,  it  will  not  be  necessary  to  consider  —  FUF  for  the  latter 
group. 

(</)  Type  A~'UA.  If  we  examine  the  effect  of  this  perverter 
by  means  of  the  table  of  conversions,  it  will  be  seen  that  non- 
collinear  planes  are  introduced,  BB'  becoming  DC.  But 
{DC)(CC')~'  =  —  /,  so  that  the  sphenoidals  will  be  free.  It  * 
will  therefore  only  be  tried  in  the  tetartoid  umbel  when  the 
sphenoidals  are  free,  but  not  when  the  tetartoidals  are  free,  for 
then  it  can  be  derived  from  II.  In  like  manner  it  converts  XX' 
into  YZ',  and  this  if  multiplied  by  (ZZ')“'  means  the  release 
of  a  tetartoidal,  so  that  for  the  gyroid  umbel  it  will  always  be 
included  under  II.  It  cannot  be  used  with  the  icosahedral  umbel 
without  implying  full  resolution.  Since  A~\  )A  converts  the 
tetartoid  with  released  sphenoidals  into  itself,  it  will  not  be 
necessary  to  consider  A~'nA  for  any  group. 

(e)  Type  X~'nX.  This  perverter  in  like  manner  implies  the 
presence  of  free  sphenoidals,  and  in  their  presence,  of  course,  can 
be  derived  from  —  FUF,  so  this  perverter  need  never  be  specially 
considered. 

if)  Type  H'~'IIIF.  This  perverter  is  only  suggested  for  the 
icosahedral  umbel,  but  if  its  effect  is  studied  in  the  same  way,  it 
will  be  found  to  release  a  quaternion  and  resolve  the  group. 
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48.  Pervertors  of  Higher  Order.  The  only  perverters  of 
higher  order  that  are  to  be  considered  will  be  those  of  the  forms 

R~'nRF,  and  for  the  others  can  be  reduced 

to  simple  perverters  by  raising  to  suitable  powers.  In  the 
presence  of  AA',  the  perverter  can  be  replaced  by  a 

simple  perverter: 

and  a  simple  perverter  can  be  obtained  from  the  latter  by  cubing. 
Hence  it  is  only  in  connection  with  the  gyroid  umbel  that  such 
perverters  need  be  considered.  The  location  of  the  axis  need  not 
l)e  specially  considered  for 

(R-'IIRSy  =  SiRSR-'Y, 

R-'IIRS  =  (RS)R'-', 

so  that  S  and  RS  and  therefore  R  must  lielong  to  the  gyroid 
umbel.  Then 

(R-'URS)RR'  = 

•  ST)  that  whatever  perverters  are  to  be  considered  will  I>e  covered 
^  by  riF  and  nAT.  A  A'  Is  converted  by  the  first  of  these  into 
A~^A'  and  by  the  second  into  B  'A'  and  multiplication  by 
{AA')~^  releases  a  tetartoidal.  As  the  tetartoid  umbel  is  free 
and  FK~'  =  X  so  that  IIA'  will  be  covered  by  II F.  The  result 
is  that  we  have  only  one  perverter  to  consider,  and  only  one 
group  to  apply  it  to,  for  in  a  fully  resolved  group  ri/*'  will  be 
covered  by  II.  The  group  to  be  perverted  is  the  rotation  group 
of  the  regular  24hedroid. 

49.  Recapitulation. 

Quaternion  V’ersor  Groups. 

Cyclic  groufjs  derived  from  quaternion  versors  of  various  orders 
(Art.  3). 

Whorls  with  stems  of  various  (even)  orders  (Art.  4). 

Umbels:  tetartoid,  gyroid,  icosahedral  (Arts.  5,  6,  and  7). 

V’ersor  with  Versor. 

Cyclic  groups  as  determined  by  the  rules  for  blending  (Arts.  20 
and  24). 
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Oroupe  formed  by  the  gradual  resolution  of  these  (Art.  24). 

Perverters  for  reversible  groupw:  II,  II*,  110*'*,  n***/*  (Art.  35). 

Perverters  for  self  complementary  reversible  groups:  II  and 
no*'*  (Art.  35). 

Perversion  of  resolved  group  with  II  (Art.  35). 

Versor  with  Whorl  (Art.  29). 

Blended  stem  and  alternate  peripherals  free  (if  orders  of  both 
lone  versor  and  of  stem  are  divisible  by  four  )(Art.  29c). 

Blended  peripherals  (if  order  of  lone  versor  is  divisible  by  four) 
(Art.  296,  c). 

Resolved  group  (always  possible)  (Art.  29a,  6,  c). 

WTiorl  with  Whorl,  without  Medials. 

Rotation  groups  formed  by  the  addition  of  a  lateral  plane  to  the 
groups  formed  by  the  combination  of  versor  with  versor 
(Art.  26). 

Perverters  for  reversible  groups  with  laterals:  11,  110*^*,  IW>'^*, 
II0i/*4,i/i  (Art.  33). 

For  self-complementary  odd  planes  with  laterals:  0,  110*'*, 
00**'*  (Art.  35). 

For  self-complementary  even  planes  with  laterals:  II,  n0*'^*, 
n//  (Art.  35). 

For  quadrantal  groups:  11/  (Arts.  19  and  36). 

For  resolved  groups:  11  (Art.  35). 

Whorl  with  Whorl  with  Medials  (Art.  30). 

Quarter  resolved  principal  (both  stems  odd  multiples  of  four) 
(Art.  30c). 

Perverted  by  11,  110,  110*  and  Ili/*  (Art.  37a). 

Reduced  principal  (both  stems  evenly  even)  (Art.  306). 

Perverted  by  II,  110*  (Art.  376). 

Resolved  medial  (blended  stem  evenly  even)  (Art.  30c). 

Semi-resolved  principal  (both  stems  evenly_even)  (Art.  30d). 

Perverted  by:  11  and  IIH  (Art.  37c). 

Resolved  group  (Art.  30c). 

Perverted  by  II  alone  (Art.  37 d). 

Versor  with  Umbel  (Art.  39). 
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With  tetartoid  if  order  of  lone  versor  is  a  multiple  of  three  (Art. 
39a). 

With  gyroid  if  order  of  lone  versor  is  a  multiple  of  four  (Art.  39c). 
Resolved  groups. 

Whorl  with  Umbel  (Art.  40). 

Stem  divisible  by  three  blending  tetartoidals  in  gyroid  umbel 
(Art.  406). 

Stem  divisible  by  four  blended,  alternate  peripherals  free  (Art. 
41a). 

Peripherals  blended  with  cardinals  and  gyroidals  (Art.  416). 
Resolved  groups. 

Unlike  Umbels  (Art.  43). 

Tetartoid  with  gyroid. 

Tetartoid  with  icosahedral. 

Gyroid  with  icosahedral. 

Tetartoid  with  Tetartoid  (Arts.  42  and  47). 

Collinear  Tetartoid  (1)  may  be  perverted  with 
(2)  n,  (3)  -  n,  (4)  F-'UF,  (5)  HFF'. 

Central  tetartoid  (6)  may  be  perverted  with 
(7)  n,  (8)  F-mF. 

Tetartoid  with  released  sphenoidals  (9)  admits 
(10)  n,  (11)  F-'IIF. 

Resolved  tetartoids  (12)  admit 

(13)  n. 

Gyroid  with  Gryoid  (Arts.  44  and  47). 

Collinear  gyroid  (14)  admitting 
(15)  n  and  (16)  -  H. 

Alternating  gyroid  (17)  admitting 
(18)  n  and  (19)  -  D. 

Central  gyroid  (20)  admitting 

(21)  n. 

Octahedroidal  rotation  group  (22) 
admits  (23)  11. 

24-hedroidal  rotation  group  (24)  admitting 
(25)  n  and  (26)  O/?  (Art.  48). 
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Ciroup  of  resolved  g>Toid8  (27) 
admits  (28)  II. 

Icosahedral  Umbels  (Art.  45  and  47). 

Coll  inear  icosahedral  rotation  group  (29) 
admits  (30)  11  and  (31)  —  II. 

I’entahedroidal  rotation  group  (32) 

admits  (33)  C-'IIC  and  (34)  -  C-'IIC. 

Central  icosahedral  rotation  group  (35) 
admits  (36)  11. 

Central  pentahedroidal  rotation  group  (37) 
admits  (38)  C'TIC. 

Hexakosiohedroidal  rotation  group  (39) 
admits  (40)  11. 

VI 11.  The  Pyramids  with  Polyhedral  Bases 

50.  Groups  in  Three  Space.  In  discussing  the  pyramids  in 
crystallography,*  we  are  speaking  of  grouF>s  with  a  principal 
a.xis  of  manifold  symmetry.  If  there  are  no  lateral  planes  or 
axes  of  symmetry,  we  have  the  third  order  forms.  If  there  is  a 
principal  plane  of  symmetry  perpendicular  to  the  princi[>al  axis 
we  have  double  ended  forms  called  bi-pyramids.  The  single 
ended  forms  are  sometimes  called  hemi-pyramids.  If  there  are 
lateral  planes  but  not  lateral  axes  we  obtain  di-polygonal  hemi- 
pyramids,  but  if  the  lateral  planes  intersect  the  princiF>al  plane 
of  symmetry  in  lateral  twofold  axes  the  di-polygonal  bi-pyramid 
is  formed.  I-ateral  axes  without  the  planes  give  us  the  various 
trapezohedra,  or  with  axes  half  way  between  the  planes  we  obtain 
the  scalenohedra.  The  bi-pyramids  are  considered  to  be  formed 
from  the  addition  of  a  plane  and  not  the  addition  of  a  center, 
because  the  double  ended  pyramid  that  results  from  adding  a 
center  to  the  third  order  trigonal  pyramid  is  called  a  third  order 
rhombohedron,  and  not  a  third  order  bi-pyramid.  (The  actual 
transformations  of  each  of  these  groups  are  given  in  detail  in 

*  Cf.  Moses  and  Parsons,  Mineralogy,  Crystallography  and  Blow  Pipe 
.Analysis. 
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articles  65  to  70.)  VVe  are  about  to  enter  into  a  discussion  of 
analogous  groups  of  symmetry  in  space  of  four  dimensions. 

51.  Polyhedral  Bases.  We  might  try  to  be  general  and  not 
restrict  the  discussion  to  pyramids  with  polyhedral  bases,  but  the 
purpose  of  the  discussion  is  to  arrive  at  a  better  understanding 
of  some  of  the  more  complicated  groups,  and  where  the  base  is 
not  polyhedral  we  get  a  distorted  view  of  the  group  that  is  more 
complicated  than  the  notion  of  a  group  with  a  pair  of  principal 
rotor  planes.  We  do  not  therefore  build  pyramid  on  pyramid. 
In  discussing  the  polyhedral  bases,  the  collinear  tetartoid  group 
is  taken  as  a  block  of  12  transformations  and  called  block  £. 
by  the  application  of  the  prefactors  11//',  UFF',  FF'  and  their 
negatives,  seven  other  blocks  each  of  12  transformations  are 
formed,  denoted  by  their  respective  prefactors.  The  five 
groups  of  symmetry  of  the  isometric  system  are  described  in 
crystallography  comprise  the  following  blocks: 

Symmetry  Blocks 

Tetartoid  E  alone. 

Diploid  iS’and  —  II//' 

Hextetrahedron  E  and  —  IIFF' 

(iyroid  E  and  FF' 

Hexoctahedron  E,  —  11//',  —  IIFF',  and  FF' 

To  complete  the  list  we  ought  to  add  in  the  icosahedral  groups 
that  do  not  occur  in  crystallography.  I^t  us  call  the  rotation 
group  of  the  regular  icosahedron  the  gyro-icosahedral  group. 
It  is  to  be  obtained  by  applying  the  prefactors  to 

block  E.  If  we  apply  —  UFF'  as  prefactor  to  the  latter,  or 
(7H")“'II(yB'*)  as  prefactor  to  block  E,  we  obtain  the  remaining 
transformations  necessary  to  get  the  dodecahedron  or  icosa¬ 
hedron. 

52.  Hemipyramids.  The  transformations  just  given  leave  one 
principal  direction  unaffected,  and  so  we  have  seven  hemi¬ 
pyramids  : 
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Tetartoid  J  Pyramid 

(1)  of  Article  49 

Diploid  ^Pyramid 

(3) 

Hextetrahedral  |  Pyramid 

(4) 

Gyroid  i  Pyramid 

(14) 

Hexoctahedral  | Pyramid 

(16) 

(iyro-icosahedral  i  Pyramid 

(29) 

Regular  icosahedral 

(31) 

53.  Bi-pyramids.  If  we  add  the  perverter  n  to  each  of  the 
above  groups  we  obtain  a  series  of  bi-pyramids: 


Base 

Blocks  Added 

Number 
(Art.  49) 

Tetartoid 

nil' 

(2) 

Diploid 

nil',  -  E 

(7) 

Hextetrahedron 

nil',  -  FF' 

(18) 

Gyroid 

nil',  nFF' 

(15) 

Hexoctahedron 

nir,  -  E,  -  FF',  nFF' 

(21) 

G-icosahedral 

-  {jw^)-m(jw*) 

(30) 

Icosahedron 

-  {JW*)-mUW')  and 

-  {wwy 

(36) 

54.  Central  Pyramids.  Double  ended  pyramids  can  also  be 
formed  by  the  addition  of  the  center  —  E.  It  will  be  seen  that 
some  of  the  groups  can  be  described  in  more  than  one  way. 

Base  Blocks  Added  Group  Number 

(Art.  49) 

Tetartpid  —  E  (6) 

Diploid  -  E,  nil'  (7) 

Hextetetrahedron  —  £,  UFF'  (8) 

Gyroid  -  E,  -  FF'  (20) 

Hexoctahedron  -  E,  UII',  UFF',  -  FF'  (21) 

G-icosahedral  -  (WlV'y  (35) 

Reg.  Icosahedron  -  (WW)*,  -  {JW*)-m{JW)  (36) 

55.  Alternating  Pyramids.  There  are  still  some  groups  having 
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a  single  principal  axis  that  have  not  been  described.  But  there 
remain  still  two  more  ways  of  producing  double  ended  pyramids. 
Half  of  the  blocks  may  be  replaced  by  their  opposites  or  nega¬ 
tives,  and  the  other  half  retained  as  they  are.  Or  we  may 
replace  half  with  their  reflections  or  their  products  with  11, 
retaining  the  other  half  as  they  are.  In  trying  this  on  the 
hexoctahedron  we  And  three  ways  of  selecting  the  blocks  for 
alternation,  two  ways  of  alternating,  and  with  the  results  equal 
in  pairs  there  come  out  three  alternating  forms,  two  of  which  have 
been  previously  described. 


Base 


Diploid 


Method  Blocks 


Group  Number 


-E  £,  n/r 

n  E,-E 

Hextetrahedron  —  E  E,  TIFF' 

n  E,  -  FF' 

Gyroid  —  E  E,  —  FF' 

n  E,  TIFF' 

Hexoctahedron  either  E,  —  11//',  TIFF',  —  FF' 
either  E,  H//',  -  UFF',  -  FF' 
either  E,  TUI',  UFF',  FF' 


(Art.  49) 
(2) 
(6) 
(5) 
(17) 

(17) 
(5) 

(19) 

(18) 
(15) 


IX.  POLYHEDROIDAL  GROUPS 

56.  The  Polyhedroids.  A  regular  polyhedroid  is  bounded  by 
a  certain  number  of  regular  polyhedrons,  and  may  be  considered 
as  generated  from  an  initial  or  basal  polyhedron  that  has  been 
distributed  by  a  group  of  operators  or  transformations  of  sym¬ 
metry.  The  group  of  transformations  characterizing  the  sym¬ 
metry  of  the  regular  polyhedroid  will  be  the  result  of  adding  the 
distributing  transformations  to  the  group  of  collinear  transforma¬ 
tions  that  characterize  the  symmetry  of  the  regular  polyhedron. 
The  axis  of  the  collinear  group  is  of  course  at  right  angles  to  the 
spread  of  three  dimensions  that  contains  the  polyhedron.  A 
planoid  in  this  position  will  be  manifolded  into  a  regular  poly- 
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hedroid  without  the  aid  of  the  transformations  of  symmetry 
belon^inK  to  the  p>olyhedron,  so  that  the  framework  of  the 
polyhedroid  is  thus  obtained,  but  not  the  full  symmetry.  In 
other  words,  so-called  enantiomorphic  forms  are  obtained.  Our 
object  is  to  visualize  the  groups  of  symmetry  already  obtained, 
and  to  do  this  we  propose  to  examine  the  result  of  distributing 
the  groups  and  sub-groups  of  the  regular  polyhedrons,  identifying 
the  result  as  an  exemplification  of  a  group  of  symmetry  already 
obtained.  All  possible  distributors  are  not  considered.  Elach 
group  will  be  described  as  a  polyhedroid,  with  a  qualifying  prefix 
to  show  the  symmetry  assumed  in  the  collinear  group  that  is 
manifolded.  It  will  also  be  seen  that  some  duplication  of  groups 
occurs. 

57.  The  Pentahedroid  Distributor.  The  compound  fivefold 
versor  (Arts.  20/,  246,  36)  serves  as  distributor  for  the  various 
pentahedroids,  provided  the  axis  of  the  collinear  group  is  properly 
oriented.  The  groups  to  be  distributed  will  be  the  group  and 
sub-groups  of  the  regular  tetrahedron.  If  a  center  of  symmetry 
be  added  to  the  regular  pentahedroid,  a  figure  is  obtaine<l  , 
bounded  by  ten  equal  solids  each  of  which  is  a  regular  tetra-  ^ 
hedron  whose  vertices  have  been  cut  off  in  such  a  way  that  the 
original  faces  have  become  regular  hexagons.  VV'e  shall  speak 
of  this  figure  as  the  dekahedroid,  and  the  corresp>onding  dis¬ 
tributor  is  the  negative  of  the  compound  fivefold  versor.  Adding 

a  center  of  symmetry  to  any  given  pentahedroid  will  supply  the 
corresponding  dekahedroid. 

58.  The  Octahedroid  Distributor.  The  /,  J,  K  group  (Art.  3) 
manifolds  any  planoid  not  passing  through  the  origin  into  a 
regular  octahedroid,  so  no  particular  orientation  is  demandeil. 
The  group  to  be  distributed  is  to  be  a  sub-group  of  the  group  of 
symmetry  of  the  cube.  In  other  words  the  hexoctahedral  group 
and  its  sub-groups. 

59.  The  16-hedroid  Distributor.  The  regular  16-hedroid 
differs  from  the  8-hedroid  in  that  solids  and  vertices  are  inter¬ 
changed.  The  distributor  will  be  the  group  E,  II\  JJ\  KK\ 
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II,  II//',  HJJ’,  HKK*,  and  their  negatives.  The  group  to  be 
distributed  will  be  the  hextetrahedron  and  its  sub-groups,  and 
the  axis  must  lie  in  the  direction  of  one  of  the  vertices  of  the 
octahedroid  that  is  the  converter  C~‘(  )C  must  be  applied  to  the 
tetrahedral  transformations  as  we  have  usually  listed  them. 

60.  The  24-hedroid  Distributor.  The  tetartoid  umliel  (Art. 
5)  supplies  the  framework  for  a  series  of  24-hedroids,  and  no 
particular  orientation  is  required  for  the  axis  of  the  collinear 
group  to  be  distributed,  which  will  in  this  case  be  the  group  and 
sub-groups  of  the  hexoctahedron,  the  24-hedroid  being  bounded 
by  regular  octahedrons. 

61.  The  48-hedroid  Distributor.  The  gyroid  umbel  (Art.  6) 
supplies  the  framework  for  a  figure  bounded  by  48  equal  14- 
hedrons,  each  obtained  by  removing  the  eight  corners  of  a  cube 
in  such  a  way  as  to  reduce  the  original  faces  to  regular  octagons. 
The  groups  to  be  distributed  will  be  obtained  from  the  hexoc¬ 
tahedron,  and  no  p>articular  orientation  is  required. 

62.  The  120-hedroid  Distributor.  The  icosahedral  umbel 
(Art.  7)  produces  the  frame  of  the  regular  120-hedroid,  distri¬ 
buting  the  groups  and  sub-group>s  of  the  regular  dodecahedron 
without  any  implication  as  to  the  location  of  the  axis. 

63.  The  600-hedroid  Distributor.  If  the  plane  WW  be  added 
to  the  icosahedral  umbel,  and  if  the  axis  is  firoperly  chosen,  the 
6()0-hedroid  is  obtained.  The  axis  must  correspond  to  the  vertex 
of  the  regular  dodecahedron,  so  that  the  converter  will  be 

and  the  group  to  be  distributed  will  be  the  group  or  a  sub-group 
of  the  regular  tetrahedron. 

64.  Basal  Polyhedral  Collinear  Groups.  Since  the  tetrahedron 
and  cube  have  certain  groups  in  common,  it  will  be  simpler  to 
divide  the  discussion  of  these  as  is  done  in  crystallography 
(Art.  51).  All  subgroups  cannot  always  be  used  with  a  given 
distributor  even  when  the  complete  group  can  be  used.  In  the 
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case  of  basal  rotation  groups  the  120-hedroid  distributor  gives 
difficulty,  and  in  the  case  of  perversion  groups  the  perverters  by 
demanding  the  presence  of  similar  quaternions  of  the  other  class 
prevent  the  use  of  too  complicated  distributors  with  basal  groups 
that  are  too  simple.  In  the  latter  case,  before  accepting  a  dis¬ 
tributor  we  must  look  to  see  if  the  planes  AA\  XX\  and  the  like 
that  would  be  formed  in  the  course  of  the  subsequent  multi¬ 
plication  are  already  present,  for  otherwise  they  will  be  intro¬ 
duced,  and  we  shall  be  distributing  a  basal  group  of  a  higher 
grade  of  symmetry  than  we  intended.  The  groups  and  sub¬ 
groups  are  supposed  from  solid  geometry. 

65.  Subgroups  of  the  Tetartoid.  The  tetartoid  has  three 
subgroups ; 

Monoclinic  Sphenoid 
KK' 

Rhombic  Bisphenoid 
ir,  JJ\  KK' 

Third  Order  Trigonal  Hemi-pyramid 
A  A'  and  its  reciprocal. 

The  prefixes  adopted  to  indicate  these  groups  are  added  in  paren¬ 
theses  after  the  crystallographic  names.  For  the  pentahedroid 
distributor,  JJ'  can  be  admitted  to  form  a  sphenoid  penta¬ 
hedroid,  but  in  the  other  cases  the  symmetry  of  the  basal  group 
is  increased,  for 

(ww'*yKV{,ww*y  =  ab^\  {ww^*)AB'\ww^*y  «  od’, 

so  that  only  the  full  tetartoid  group  can  be  used.  In  like  manner 
in  the  case  of  the  600-hedroid  distributor,  we  may  admit  a 
sphenoid  form  alone.  The  distributor  involves  a  free  gyroid 
umbel,  and  a  free  decimal  versor  of  the  other  class.  If  the  basal 
group  contains  only  the  Hamilton  unit  of  the  latter  class  pe¬ 
ripheral  to  the  given  decimal  versor,  a  whorl  will  be  formed.  If 
more  is  contained  a  free  umbel  of  the  second  class  is  obtained. 


(Sphenoid) 

(Rhombosphenoid) 

(Trigonal) 
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and  with  the  variety  of  transformations  thus  on  hand,  the  col- 
linear  tetartoid  group  can  be  constructed  in  the  required  position. 
A  table  is  given  of  the  transformations  of  the  regular  tetrahedron 
In  the  four  different  positions  in  which  the  tetrahdron  is  being 
used. 

66.  Subgroups  of  the  Heztetrahedron.  Besides  the  tetartoid 
and  its  subgroups,  the  regular  tetrahedron  contains  the  following 
subgroups: 

Class  of  the  Monoclinic  Dome. 

-  PUP 

Rhombic  Hemipyramid 
KK\  -  PUP,  -  QUQ 
Third  Order  Tetragonal  Bisphenoid 
nZ*Z'’  and  its  powers 
Tetragonal  Scalenohedron 

JJ\  IP,  nZ*Z'»  and  its  powers 
Ditrigonal  Hemipyramid 

AA\  -  FUF,  -  PUP,  -  NUN 

The  prefixes  are  indicated.  The  octahedroid  distributor  will 
handle  the  scalenohedral  basal  group.  The  16-hedroid  distri¬ 
butor  will  handle  them  all.  The  umbel  distributors  raise  the 
subgroups  to  the  symmetry  of  the  full  group.  The  pentahedroid 
and  dekahedroid  distributors,  as  we  have  seen,  will  not  serve 
for  subgroups  that  contain  other  planes  beside  JP.  If  we 
convert  WW'*  by  means  of  the  simple  perverters,  planes  can  be 
released  from  the  product.  For  example  C*UC  converts  WW'^ 
into  A*B'*WW'*  and  since  WW'*  is  free  we  can  multiply  by  its 
reciprocal  and  release  the  plane  A*B'*.  Hence  the  5-  and  10- 
hedroid  distributors  will  only  be  able  to  use  the  bisphenoid  in 
addition  to  the  tetrahedron  itself. 


(Di) 

(Tetrarhombic) 

(Bisphenoid) 

(Scalenohedral) 

(Ditrigonal) 
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Transformations  of  the  Basal  Tetrahedral  Group  in  the 
Various  Positions  in  which  it  is  to  be  Assumed 
FOR  Use  with  Various  Distributors 

(Cf.  Art.  57,  59,  63) 


(5-h) 

(16-h) 

(600-h) 

* 

c-'*c 

L-'*L 

AA' 

AB^-' 

DA' 

AA' 

A*A'^ 

A*B' 

D*A'* 

A* A'* 

BB' 

BC* 

A*B'* 

KW*B' 

B'C' 

AB' 

CW'B'* 

CC 

CD'*' 

CC 

IW*C' 

OC'* 

OD' 

CC'* 

D*\V>C'* 

DD' 

DA'^ 

BD' 

BU^D' 

IP  A' 

B*D'* 

DW*D'* 

IV 

-  IK' 

-  JV 

B*W*I' 

jr 

JJ' 

-  KJ' 

CW*J' 

KK* 

KV 

IK' 

JW>K' 

-  FWF 

one 

ZUZ^ 

(ywo-'n(ino 

-  GUG 

AUIA 

-QUQ 

(/CWO-'nfAIF) 

-  MUM 

-  lur 

(eHO-'ii(ciF) 

-  NUN 

-  KUK 

-  GUG 

(BW)-'U(,BW) 

-  PUP 

DUD* 

VUY 

{D*W)-^U{D*W) 

-QUQ 

BUB* 

-  NUN 

(A*W)-m{A*W) 

UDB'* 

UZP' 

UB*W*W'* 

Iiyiyo 

ur 

UFX'' 

uA*wrw'* 

UOA' 

II  Y>M' 

UCWD'W'^ 

UBD'* 

UPZ'* 

UWB'*W'* 

UJ* 

UX*F' 

UDW'K'W'* 

nz»z' 

UA'C' 

UMY'* 

UB*WA'*W'* 

67.  Subgroups  of  the  Diploid.  The  symmetry  of  the  diploid 
occurs  as  part  of  the  symmetry  of  the  octahedron  or  cube  as  well 
as  part  of  the  symmetry  of  the  regular  dodecahedron  and  icosa¬ 
hedron.  For  this  reason  the  distributors  that  must  be  con¬ 
sidered  are  the  8-,  24-,  48-,  *and  120-hedroid  distributors.  The 
sub-groups  are: 
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Pedial  Class  (Not  used) 

-  n 

Class  of  the  Monoclinic  Dome  (Not  used) 

-  UKK^ 

Class  of  the  Monoclinic  Pyramid  (Not  used) 

-  UKK’,  KK\  -  n 

Class  of  the  Rhombic  Hemipyramid  (Not  used) 

KK\  -  II//'.  -  ujr 

Class  of  the  Rhombic  Bipyramid  (Octorhombic) 

//',  jj\  KK\  -  n,  -  n//',  -  ujr,  -  wkk^ 

Class  of  the  Third  Order  Rhombohedron  (Not  used) 

A  A'  and  its  reciprocal. 

The  diploid  itself  takes  in  addition  to  the  transformations  of  the 
tetartoid  the  12  perverters; 

nAA\  UBB',  ncc',  nOD'  and  their  reciprocals.  -  0//'. 

-  nJJ\  -  IlKK',  -  n. 

*  The  class  of  the  rhombic  bipyramid  will  produce  an  octorhombic 
/  octahedroid,  but  owing  to  the*  shortage  of  planes,  only  the  full 
diploid  group  can  be  used  with  the  24-hedroid  distributor,  and 
none  of  these  basal  groups  can  be  used  with  the  48-  and  120- 
hedroid  distributors. 

68.  Subgroups  of  the  Gyroid.  The  gyroid  and  its  sub-groups 
must  be  considered  for  those  distributors  that  handle  hexahedral 
or  octahedral  symmetry,  namely  the  8-,  24-,  and  48-hedroid 
distributors.  There  are  three  subgroups  to  be  enumerated  that 
did  not  oqpur  in  the  tetartoid ; 

Class  of  the  Third  Order  Tetragonal  Hemipyramid 

(Tetragonal) 

ZZ'  and  its  powers. 

Class  of  the  Tetragonal  Trapezohedron 

(Octo-T  ra  pezohedral ) 

ZZ'.  etc.,  JJ',  KK\  ir,  PP’,  00’ 

17 
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('lass  of  the  Trigonal  Trap.ezohedron 

( Hexa-T  rapezohedral ) 

A  A',  etc..  FF',  PP\ 

These  subgroups  admit  all  three  distributors. 

69.  Subgroups  of  the  Hexoctahedron.  The  cube  and  regular 
octahedron  embrace  all  the  subgroups  enumerated  thus  far,  and 
in  addition  the  following; 

('lass  of  the  Third  Order  Tetragonal  Bipyramid  (Not  used) 
ZZ',  etc.,  -  UKK\  -  11 

Class  of  the  Ditetragonal  Hemipyramid  (iVot  used) 

ZZ',  etc.,  -  llIP,  -  IIJJ’,  -  UPP',  -  IIQQ' 

('lass  of  the  Ditetragonal  Hemipyramid  (I^itetragonal) 
ZZ',  etc.,  IP,  JJ\  PP\  QQ,  -  IMP,  -  njr,  -  UPP', 

-  IW 

Class  of  the  Trigonal  Scalenohedron  (Not  used) 

AA\  etc.,  -  n,  FF',  PP',  NN',  -  WFF',  -  UPF, 

-  WNN' 

The  ditetragonal  bipyramid  is  ample  enough  to  admit  the  octa- 
hedroid  distributor,  but  otherwise  only  the  full  group  can  be  used. 

70.  Subgroups  of  the  Regular  Icosahedron.  Apart  from  the 
groups  of  the  tetartoid  and  diploid,  there  remain  to  be  enumer¬ 
ated  the  following  subgroups  of  the  regular  dodecahedron,  for 
which  the  only  available  distributor  is  the  1 20-hedroid  distributor. 

Third  Order  Pentagonal  Hemipyramid  (Pentagonal) 

and  its  powers 

Dipenlagonal  Hemipyramid  (Not  used) 

WW,  etc.,  -  UJJ',  etc. 

Pentagonal  Rhombohedron  (Not  used) 

WW,  etc.,  -  II 

Pentagonal  Trapezohedron  (Dekatrapezohedral) 

WW,  etc.,  FF',  etc. 

Pentagonal  Scalenohedron  (Not  used) 

WW,  etc.,  -  II,  JJ',  etc. 
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Gyro-icosahedral  Group  (Gyro- Dodecahedral) 

The  rotations  of  the  regular  icosahedron  and  dodeca¬ 
hedron,' 

The  rotation  groups  presnt  no  difficulty,  but  the  groups  contain¬ 
ing  perversions  will  all  be  spoilt  by  the  presence  of  planes  derived 
from  quaternions  of  the  other  class  obtained  by  applying  the 
perverters  to  convert  the  distributing  umbel. 

71.  The  Pentahedroids  and  Dekahedroids. 

(o)  Proto-Pentahedroid.  This  group  consists  of  the  com- 
|X)und  versor  IVIV'*  and  its  powers  alone,  and  is  therefore  a 
cyclic  group.  The  proto-dekahedroid  is  the  cyclic  group  pro¬ 
duced  by  the  negative  of  the  same  compound  vendor  (Art.  57). 

(b)  Sphenoid-Pentahedroid.  The  result  of  applying  the  pen- 
tahedroid  distributor  (Art.  65)  to  the  mono-clinic  sphenoid  is  a 
blended  whorl  whose  principal  group  is  the  cyclic  group  obtained 
from  the  compound  versor  WW'*  attended  by  laterals  derived 
from  JJ',  but  without  medials  (Art.  26).  The  corresponding 
dekahedroid  adds  a  center. 

(f)  Bisphenoid-Pentahedroid.  Distributing  the  third  order 
tetragronal  bisphenoid  (Art.  66)  in  the  same  way  is  equivalent  to 
adding  perverted  peripherals  HC'A'  to  the  group  last  described 
(Art.  36).  The  corresponding  dekahedroid  merely  adds  a  center. 

(rf)  Tetartoid-Pentahedroid.  This  is  the  rotation  group  of  the 
regular  pentahedroid  (Art.  49,  No.  32),  and  consists  of  two 
icosahedral  umbels  blending  in  compound  symmetry.  The  addi¬ 
tion  of  a  center  gives  the  corresponding  dekahedroid  (Art.  49, 
No.  35). 

(e)  Tetrahedral-Pentahedroid.  Distributing  the  group  of  the 
regular  tetrahedron.  Art.  51,  we  obtain  the  group  of  the  regular 
pentahedroid  (Art.  49,  No.  33),  A  corresponding  dekahedroid 
(Art.  49,  No.  38)  is  obtained  by  the  addition  of  a  center. 

if)  Alternating- Pentahedroid.  (iroup  number  (34)  of  Art.  49 
has  not  been  described,  but  is  related  to  group  number  (33)  in 
much  the  same  way  that  the  diploid  is  related  to  the  tetra¬ 
hedron,  and  therefore  may  be  considered  an  alternating  form  of 
the  latter. 
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72.  The  Octohedroids. 

(o)  Proto-Octahedroid.  The  quaternion  versor  group  con¬ 
sisting  of  the  three  spheniodals  and  their  powers  develops  any 
planoid  not  passing  through  the  origin  into  a  regular  octahedroid 
(Art.  3  and  58). 

(6)  Sphenoid-Octahedroid.  Ehstributing  the  monoclinic  sphe¬ 
noid  (Art.  65)  with  the  octahedroid  distributor  gives  a  group  that 
can  be  analyzed  into  the  combination,  fully  resolved,  of  a  fourth 
order  quaternion  versor  with  a  whorl  having  a  stem  of  the  fourth 
order  (Art.  29c). 

(c)  Rhombosphenoid-()ctahedroid.  The  rhombic  bisphenoid 
(Art.  65)  distributed  by  the  octahedroid  distributor  consists  of 
two  complete  whorls  with  stems  of  the  fourth  order,  fully  re¬ 
solved  (Art.  30e). 

(d)  Octorhombic  and  Scalenohedral  Octahedroids.  If  the 
rhombic  bipyramid  (Art.  67)  and  the  tetragonal  scalenohedron 
(Art.  66)  are  each  distributed  by  the  octahedroid  distributor,  the 
groups  obtained  are  similar  as  they  can  be  converted  into  each 
other  by  the  converter  Z^(  )Z.  The  same  group  results  from 
adding  perverters  to  the  resolved  whorls  last  mentioned  (Art. 
37(f). 

(c)  Tetragonal-Octahedroid.  The  distribution  of  the  third 
order  tetragonal  hemipyramid  (Art.  68)  gives  the  same  result  as 
blending  an  eightfold  quaternion  versor  with  a  whorl  with  stem 
of  the  same  order,  the  stem  being  semi-resolved  and  having  alter¬ 
nate  peripherals  free  (Art.  29c). 

(/)  Octotrapezohedral-octahedroid.  The  distribution  of  the 
tetragonal  trapezohedron  (Art.  68)  by  the  octahedroid  distri¬ 
butor  gives  us  a  rotation  group  formed  from  two  whorls  with 
stems  of  the  eighth  order.  The  stems  are  blended,  semi-fesolved, 
and  alternate  peripherals  are  free.  In  other  words,  we  have  the 
group  with  medials  and  laterals  and  semi-resolved  principal 
(Art.  3(W). 

(g)  Ditetragonal  Octahedroid.  The  distribution  of  the  dite- 
tragonal  bipyramid  (Art.  69)  represents  the  addition  of  primary 
perverters  to  the  preceding  group  (Art.  37c). 
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(A)  Trigonal  Octahedroid.  The  third  order  trigonal  hemi* 
pyramid  (Art.  65)  is  expanded  into  a  rotation  group  that  results 
from  blending  all  the  tetartoidals  of  a  tetartoid  umbel  with  a 
sixth  order  quaternion  versor  of  the  other  class,  and  allowing  the 
sphenoidals  to  remain  free  (Art.  39a). 

(f)  Hexatrapezohedral  Octahedroid.  The  rotation  group  ob¬ 
tained  from  the  trigonal  trapezohedron  (Art.  68)  by  applying  the 
octahedroid  distributor  consists  of  a  whorl  whose  stem  is  of  the 
sixth  order  that  has  been  blended  with  a  gyroid  umbel  in  such  a 
way  that  the  stem  of  the  whorl  blends  the  tetartoidals,  while  the 
peripherals  of  the  whorl  take  up  the  cardinals  and  gyroidals,  and 
the  sphenoidals  of  the  umbel  remain  free  (Art.  406). 

(j)  Tetartoid-Octahedroid.  If  the  distributed  group  is  the 
tetartoid  of  solid  geometry  (Art.  51),  i.e.  the  collinear  tetartoid 

(I)  of  Article  49,  we  then  obtain  number  (9)  of  the  same  article, 
the  tetartoid  with  released  sphenoidals,  a  partial  blending  of  two 
tetartoid  umbels. 

(A)  Tetrahedral-Octahedroid.  Taking  the  hextetrahedral 
group  (Art.  51)  with  the  octahedroid  distributor  gives  us  number 

(II)  of  article  49,  a  p>erversion  of  the  preceding  group. 

(/)  Diploid-Octahedroid.  Starting  with  the  diploid  (Art.  51) 
we  obtain  another  perversion  of  the  same  rotation  group,  number 
(10)  of  article  49. 

(m)  Gyroid-Octahedroid.  Distributing  the  gyroid  basal  group, 
(Art.  51)  we  obtain  number  (22)  of  article  49  a  partial  blending 
of  two  gyroid  umbels  with  released  sphenoidals.  This  is  the 
rotation  group  of  the  regular  octahedroid. 

(n)  Octahedral-Octahedroid.  The  distribution  of  the  full 
hexoctahedron  (Art.  51)  gives  us  the  complete  symmetry  of  the 
regular  octahedroid,  the  result  of  adding  perverters  to  the  pre¬ 
ceding  group,  (23)  of  article  49. 

73.  The  Hezadekahedroids. 

(a)  Proto-16-hedroid.  The  16-hedroid  distributor  consists  of 
two  whorls,  stems  of  the  fourth  order,  principal  group  a  plane  of 
twofold  symmetry,  with  laterals  and  without  medials,  with 
primary  simple  perverters  (Art.  35,  59). 
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(b)  I)i-16-hedroid.  The  class  of  the  monoclinic  dome  (Art. 
66)  expands  into  a  ^roup  formed  from  two  whorls  with  stems  of 
the  eighth  order,  forming  a  plane  of  fourfold  symmetry  with 
laterals,  without  medials,  with  primary  simple  perverters  (Art. 
•«). 

(c)  Sphenoid-16-hedroid.  The  monoclinic  bisphenoid  (Art. 
65)  expands  into  a  group  derived  from  two  fourth  order  whorls, 
principal  resolved,  with  laterals,  without  medials,  with  primary 
simple  perverters  (Art.  35). 

(<f)  Tetrarhombic-16-hedroid.  The  rhombic  hemi-pyramid 
(Art.  65)  expands  into  a  group  derived  from  two  whorls  with 
stems  of  the  8th  order,  principal  semi-resolved,  with  laterals, 
without  medials,  with  primary  simple  perverters  (Art.  35). 

(r)  Bisphenoid-16-hedroid.  The  third  order  tetragonal  bi¬ 
sphenoid  (Art.  66)  expands  into  a  group  derived  from  two  whorls 
with  stems  of  the  8th  order,  with  medials  and  laterals  and  “  re¬ 
duced  principal  ”  with  primary  perversion  (Art.  376). 

if)  Rhombosphenoid-16-hedroid.  The  rhombic  bisphenoid 
(Art.  65)  is  expanded  into  a  group  derived  from  two  whorls,  t 
totally  unblended,  stems  of  the  fourth  order,  perverted  (Art.  , 
Md). 

(g)  Scalenohedral-16-hedroid.  The  tetragonal  scalenohedron 
(Art.  66)  is  expanded  into  a  group  derived  from  two  whorls  with 
stems  of  the  8th  order,  with  medials  and  laterals,  semi-resolved 
principal  and  primary  perversion  (Art.  37c). 

(A)  Trigonal-16-hedroid.  The  third  order  trigonal  hemipyra- 
mid  (Art.  65)  is  distributed  into  a  group  derived  from  two  com¬ 
pletely  bledded  tetartoid  umbels  with  diploid  F>erverters  and  a 
center  (7)  of  article  49. 

(»)  Ditrigonal-16-hedroid.  The  ditrigonal  hemipyramid  (.Art. 
65)  expands  into  two  completely  blended  gyroid  umbels,  with  a 
center  and  perversion  (21). 

(j)  Tetartoid-16-hedroid.  By  applying  the  16-hedroid  dis¬ 
tributor  to  the  collinear  tetartoid  (Art.  51)  we  obtain  the  same 
group  as  by  applying  the  octahedroidal  distributor  to  the  col- 
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linear  diploid  (Art.  72/),  a  group  formed  from  the  blending  of  two 
tetartoid  umbels  with  released  sphenoidals  and  diploid  perversion 
(10)  of  article  49. 

{k)  Tetrahedral-16-hedroid.  The  distribution  of  the  hexte- 
trahedral  basal  group  (Art.  51)  by  the  16-hedroid  distributor  is 
likewise  equivalent  to  the  distribution  of  the  hexoctahedral  basal 
group  by  the  octahedroid  distributor  (Art.  72n),  and  describes 
the  symmetry  of  the  regular  8-  and  16-hedroids,  (23)  of  article  49. 

74.  The  24-hedroids. 

(a)  Proto-24-hedroid.  The  24-hedroid  distributor  is  the 
tetartoid  umbel  (Art.  5,  60). 

(b)  Sphenoid-24-hedroid.  Distributing  the  monoclinic  sphe¬ 
noid  (Art.  65)  we  obtain  the  effect  of  combining  a  Hamilton  Unit 
with  a  tetartoid  umbel  of  the  other  class  without  blending  (Art. 
39). 

(c)  Rhomlx»phenoid-24-hedroid  The  rhombic  bisphenoid 
(Art.  65)  expands  into  the  unblended  combination  of  a  whorl 
with  stem  of  the  fourth  order  with  a  tetartoid  umbel  (Art.  39). 

(rf)  Tetragonal-24-hedroid.  By  a  distribution  of  the  third 
order  tetragonal  hemipyramid  (Art.  68)  there  is  obtained  the  un¬ 
blended  combination  of  an  8th  order  quaternion  versor  with  a 
tetartoid  umbel  (Art.  39). 

(e)  ()ctotrapezohedral-24-hedroid.  The  tetragonal  trazpeo- 
hedron  (Art.  68)  is  developied  into  a  group  formed  from  the  blend¬ 
ing  of  a  whorl  with  an  eightfold  stem  with  a  gyroid  umbel,  alter¬ 
nate  peripherals  being  free  and  the  stem  being  semi-released 
(Art.  41a). 

(/)  Trigonal-24-hedroid.  The  distribution  of  the  third  order 
trigonal  hemipyramid  '(.Art.  65)  gives  rise  to  the  unblended  com¬ 
bination  of  a  quaternion  versor  of  the  sixth  order  with  the  tetar¬ 
toid  umbel  (Art.  .19). 

(g)  Hexatrapezohedral-24-hedroid.  The  trigonal  trapezohe- 
dron  (Art.  68)  is  expanded  into  a  group  consisting  of  a  whorl  with 
stem  of  the  sixth  order  blended  with  a  gyroid  umbel  in  such  a 
way  that  all  the  peripherals  blend  with  each  cardinal  and  each 
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gyroidal.  the  stem  and  the  tetartoid  umbel  remaining  free  (Art. 
415). 

(A)  Tetartoid-24-hedroid.  The  distribution  of  the  collinear 
tetartoid  basal  group  (Art.  51)  results  in  a  pair  of  unblended 
tetartoid  umbels  (12)  of  article  49. 

(t)  Tetrahedral-24-hedroid.  Using  the  hextetrahedral  base 
(Art.  51)  instead  of  the  tetartoid  adds  perverters  to  the  preceding 
group  giving  number  (13)  of  article  49. 

(J)  Diploid-24-hedroid.  The  diploid  basal  group  (Art.  51) 
gives  rise  to  the  preceding  group  merely  turned  through  an  angle. 

(A)  Gyroid-24-hedroid.  The  distribution  of  the  gyroid  basal 
group  (Art.  51)  yields  the  rotation  group  of  the  regular  24-hedroid 
and  consists  of  two  blended  gyroid  umbels  with  released  tetar- 
toidals  (24)  of  article  49. 

(/)  Octahedral-24-hedroid8.  The  distribution  of  the  hexocta- 
hedral  group  (Art.  51)  gives  the  symmetry  of  the  regular  24- 
hedroid  (25)  of  article  49. 

(m)  Alternating  24-hedroid.  The  addition  of  the  compound 
perverter  Ilf  to  the  gyroid-24-hedroid  produces  a  group  (26) 
of  article  49  that  has  not  been  developed  by  the  distribution  of 
any  of  our  collinear  groups.  It  may  be  convenient  to  call  this 
group  an  alternating  24-hedroid. 

75.  The  48-hedroids. 

(a)  Proto-48-hedroid.  The  distributor  is  the  gyroid  umbel 
(Arts.  6  and  61).  All  the  rotation  groups  that  follow  are  com¬ 
pletely  resolved. 

(5)  Sphenoid-48-hedroid.  Distributing  the  class  of  the  mono¬ 
clinic  sphenoid  (Art.  65)  is  the  same  as  combining  a  fourfold 
quaternion  versor  with  a  gyroid  umbel  without  blending  (Art. 
39). 

(c)  Rhombo8phenoid-48-hedroid.  The  rhombic  bisphenoid 
(Art.  65)  is  expanded  into  a  group  obtained  by  combining  with  a 
gyroid  umbel  a  whorl  with  stem  of  the  fourth  order  (Art.  40). 

(d)  Tetragonal-48-hedroid.  The  third  order  tetragonal  hemi- 
pyramid  (Art.  68)  is  developed  into  an  eightfold  versor  combined 
without  blending  with  a  gyroid  umbel  (Art.  39). 
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(e)  Octotrape2ohedral-24-hedroid.  The  distribution  of  the 
tetragonal  trapezohedron  (Art.  68)  combines  a  whorl  with  stem 
of  the  8th  order  with  a  gyroid  umbel  without  blending  (Art  40). 

(J)  Trigonal-48-hedroid.  The  third  order  trigonal  hemi- 
pyramid  (Art.  65)  is  developed  into  the  unblended  combination 
of  a  sixth  order  versor  with  a  gyroid  umbel  (Art.  39). 

(f)  Hexatrapezohedral-48-hedroid.  The  trigonal  trapezohe¬ 
dron  (Art.  68)  becomes  the  unblended  combination  of  a  whorl 
with  stem  of  the  sixth  order  with  a  gyroid  umbel  (Art.  40). 

(A)  Tetartoid-48-hedroid.  The  distribution  of  the  collinear 
tetartoid  basal  group  (Art.  51)  means  the  combination  of  a  tetar- 
toid  umbel  with  a  gyroid  umbel.  Unlike  umbels  cannot  be 
blended  (Art.  43). 

(t)  Gyroid-48-hedroid.  The  distribution  of  the  gyroid  basal 
group  (Art.  51)  is  the  same  as  the  combination  of  two  gyroid 
umbels  without  blending  (27)  of  article  49. 

(j)  Octahedral-48-hedroid.  A  distribution  of  the  hexocta- 
hedron  (Art.  51)  is  a  perversion  of  the  preceding  group  (28)  of 
article  49. 

76.  The  120-hedroid8. 

(а)  Proto- 1 20- hedroid.  The  distributor  is  the  icosahedral 
umbel  (Arts.  7,  62). 

(б)  Sphenoid- 120- hedroid.  From  the  monoclinic  sphenoid 
(Art.  65),  a  fourfold  versor  and  the  icosahedral  umbel  (Art.  39). 

(c)  Rhombo6phenoid-120-hedroid.  From  the  rhombic  bi¬ 
sphenoid  (Art.  65),  a  whorl  with  stem  of  the  fourth 'order  with 
the  icosahedral  umbel  (Art.  40). 

id)  Trigonal- 120-hedroid.  The  third  order  trigonal  hemi- 
pyramid  (Art.  65)  gpves  the  combination  of  a  sixth  order  versor 
with  the  icosahedral  umbel  (Art.  39). 

(e)  Pentagonal- 120-hedroid.  The  third  order  pentagonal  hem- 
ipyramid  (Art.  70)  produces  the  combination  of  a  tenth  order 
versor  with  the  icosahedral  umbel  (Art.  39). 

(/)  Hexatrapezohedral- 120-hedroid.  The  trigional  trapezo¬ 
hedron  (Art.  expands  into  the  combination  of  a  whorl  with 
stem  of  the  sixth  order  with  the  same  umbel  (Art.  40). 
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(/f)  l)ekatrapezohedraM2U-hedroid.  The  pentagonal  trapezo- 
hedron  (Art.  70)  gives  a  whorl  with  stem  of  the  tenth  order  com¬ 
bined  with  the  same  order  (Art.  40). 

(h)  Tetartoid-120-hedroid.  Distributing  the  collinear  tetar- 
tf>id  (Art.  51)  is  the  same  as  combining  a  tetartoid  umbel  with  a 
gyroid  umbel  (Art.  45). 

(i)  C'iyrododecahedral-120-hedroid.  The  distribution  of  the 
rotation  group  of  the  regular  dodecahedron  (Art.  51)  gives  the 
unblended  combination  of  two  icosahedral  umbels  (.^9)  of  article 
49. 

(;')  Dtxiecahedral-120-hedroid.  The  distribution  of  the  group 
of  symmetry  of  the  regular  dtxiecahedron  (Art.  51)  is  a  perversion 
of  the  preceding  group  (40)  of  article  49. 

77.  The  600-hedroi<ls. 

(fl)  Proto-600-hedroid.  This  group,  which  consists  of  the  dis¬ 
tributor  (Art.  65)  alone,  consists  of  a  tenth  order  quaternion 
versor  combined  with  an  icosahedral  umbel  of  the  other  cla.ss 
(.Art.  59).  This  is,  of  course,  the  same  group  as  the  pentagonal- 
120-hedroid  (Art.  76r). 

(6)  Sphenoid-60(l-hedroid.  Distributing  the  monoclinic  sphe¬ 
noid  (Art.  65)  with  the  6(X)-hedroid  distributor  gives  the  same 
group  as  the  dekatrapezohedral-120-hedroid  (Art.  79g),  a  whorl 
of  the  tenth  order  combined  with  the  icosahedral  umbel  (Art.  40). 

(c)  Tetartoid-60()-hedroid.  The  distribution  of  the  collinear 
tetartoid  (Art.  51)  repeats  the  gyrododecahedral-120-hedroid 
(.Art.  76t),  giving  the  rotation  group  of  the  regular  120-  and  6(K)- 
hedroids  (59)  of  article  49. 

(d)  Tetrahedral-6(K)-hedroid.  The  distribution  of  the  hexte- 
trahedral  (Art.  51)  collinear  group  gives  the  full  group  of  sym¬ 
metry  of  the  regular  600-hedroid,  (40)  of  article  49,  a  perversion 
of  the  preceding  group.  It  is  also  the  symmetry  of  the  regular 
120-hedroid,  and  therefore  the  same  as  the  dodecahedral- 120- 
hedroid  (Art.  76j). 


MI'LTI PLICATION  TwIHU'  FOK  THE  CiVKOII)  UMBEL 


ROTATION  GROUPS  IN  SPACE  OF  FOUR  DIMENSIONS  257 


O' 

o5: 

KjRjS, 
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GG 

GG 
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a. 
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>^s. 
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Go 

GG 
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Gt 

1i 

0.5. 

nS; 

Go 

S^asS. 

GG 
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Go 

'tG 
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G  • 

TO 

a; 

tsjS; 

a,o 

oA. 

S.5;X 

G^ 
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TO 

GG 

ft] 

1  “S 

Go 

O 

^S, 

^O- 

a.S;S; 

l»S*s 

TO 

Gt 

ft] 

1 

GG 

GG 

a. 

5:5. 

xKo 

X 

2!  O' 

“sSs 

Gao 

GG 

‘*3- 
1  2, 

Ot 

tG 

Kj 

ix 

tsS, 

S«5: 

oGn 

aOT 

GG 

a]ii: 

Go 

tG 

N 

a.x 

a.  ON 

00 

tG 

:«:t] 

«1X 

GG 

G*., 

Kat 

a,R? 

nG 

S^xai 

GG 

't]*s 

OT 

Gt 

Gao 

U. 

Rjo 

O'S:? 

N<«. 

5,>< 

^X>; 

rG 

^t] 

Q8Q 

GG 

5<0 

Ot 

x2> 

s-a. 

^R) 

!'<oG 

ct]S, 

ot 

GG 

oG 

Gt 

5,0* 
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*^[8] 
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tG 
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TO 

GG 
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oG 
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oG 
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Gr 
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it]- 
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Go 
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HH 

XX 

NN 

Go 

Oft. 
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>:k 

Gx 
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nG 

GG 

4 

^«5 

S;o 

kiG 
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^x 

ON 

Gt. 

O 
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Get] 

o^G 

nG 
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s:x 

ON 

GG 

C 
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i^G 

^GG 
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nG 

NO 

o 

Sj^ 

Gac 

Gc(] 
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a,N 

><G 

RjO 

Go 

GG 

% 

c,o 
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a.N 

Gn 

ao 

2qS4 

G^ 

tGo 

oRg 

xG 

GG 

oG 

^x 

-,0 

^OQ 

".0 

GGG 
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ON 
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5;x 

GG 
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Gn 

'i; 

Ti*3 

G=» 

Gc, 

G5; 
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Gx 

14 
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oG 

oG 
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The  prefactors  are  given  at  the  left,  the  postfactors  at  the  top. 
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Sj^GG 

xGGG 

S,£;K, 
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^SjCt 
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OQ'^KS 
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a,G<  I  >S; 
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Ga. 
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&,G 

•G&, 
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tG 


TL>Q8Q 
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The  Icosahedral  Umbel 
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Table  for  Changing  Prefactors  into  Postfactors 
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Conversions  of  \V" 
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BW* 

/ 
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W* 
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Conversions 
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A  NECESSARY  AND  SUFFICIENT  CONDITION  FOR 
CONVERGENCE  OF  A  SEQUENCE  OF 
LAGRANGE  POLYNOMIALS* 

By  Gbobce  Rutledge 

1.  Introduction.  The  Lagrange  polynomial  which  takes  the 
values  of  arbitrary  /(*)  for  integral  values  of  x,  from  x  =  —  n  to 
X  =  -f  «  including  zero,  will  be  denoted  by  P<***(x).  It  may  be 


'n('-p) 


If  we  write  fix)  in  the  form 


m  + 


fix)  -  Si- X)  .  fix)  -!-/(-  X)  -  2/(0) 


then  i*<*"*(x)  may  be  written 


=  /(O)  +  G(x)  +  Fix),  (2) 


(.-J, 


(fi-j)-m)  ju)- 


j)-fio)\ 
x-j  / 


'  Preaented  to  the  American  Mathematical  Society,  Feb.  21,  1930. 

*  For  derivation  of  this  form  from  the  classical  formula  of  l.agrange  see  this 
Journal,  vol.  8  (1929),  p.  14. 
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(-!)>-• 


j*-X» 


2FU) 

f 


X*. 


(3) 


Thus  is  expressed  in  the  form  /(O)  + 

+  where  and  P|<*">(x)  are  the  odd  and  even 

polynomials  determined,  respectively,  by  the  odd  and  even 
functions  G{x)  and  P(x).  We  note  that  C(0)  »  P(0)  *  0. 

The  coefficients  of  x  and  x*  in  (3)  are  now  obtained  at  once  in 
the  form  • 


When  the  coefficients  (4)  are  convergent  as  n  becomes  infinite 
we  shall  write 


Urn  a,<->  =  (TP)  E  (- 

a-»a  J 

Uma,<-)  =  (TP)  L  (-  1)'-*^^ 

•  J 


Oi, 


Oi, 


(5) 


since  convergence  of  the  expressions  (4)  defines  summability  of 
the  series  in  (5)  by  the  method  of  de  la  Vall6e-Poussin.* 
Similarly,, the  limit  of  (3),  when  it  exists,  is 


/(0)  + 


+  5!^ -(VP)  z  (-  1)'-'^^  w 


TX 


*  For  various  forms  of  these  coefficients  see  the  following  papers  by  the 
author:  rransacfioMS  of  the  American  Mathematical  Society,  vol.  26  (1924),  pp. 
115-123,  and  vol.  31  (1929),  pp.  807-820. 

*  Bull,  de  I’ Acad.  Roy.  de  Belgique  (Classe  des  Scsencei),  1908,  pp.  193-254; 
also  Rice  Institute  Pamphlet,  vol.  XII  (1925),  p.  117. 
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In  this  paper  we  shall  prove  that  the  series  in  (6)  are  sum* 
mable  {VP),  for  non-integral  x,  which  is  not  zero,  when  and  only 
when  the  series  in  (5)  are  summable  ( VP) .  We  shall  establish  this 

Theorem.  If  oi<">  ai,  and  a**"’  -¥at,asH  becomes  infinite,  then 
converges  uniformly  in  any  finite  region  of  the  x-plane  to  the 
integral  function 

♦(*)  =  /(O)  + 

-  L  aiiiai  -  -  L  «i»(ot  ^  as<>>)x* 

+  E  4-  E  «*/(«*  -  ai^^)x* 

i-t 


-  E  «*/(<*!  -  —  E  «»/(<**  - 

SmS  f.t 

+ . I 

where  ‘ 

if  1  •  ^  ir»‘ 

“  (2» -fl)/ * 

Conversely,  convergence  of  P^*"^{x),  for  a  value  of  x  which  is  not  a 
positive  or  negative  integer  or  zero,  can  occur  in  no  other  way  than 
through  existence  of  the  limits  ai<">  at,  ot<"^  -+  o*. 

2.  Application  of  an  Extension  of  Toeplitz*  Theorem  to  (VP) 
Summation.  It  is  apparent  that  existence  of  the  limit  of 
will  follow  from  existence  of  the  limits  Oi<"^  ->  at, 

->  at  if  existence  of  the  first  of  the  limits 

(vp)r«,.  (vp)L^^«i  (7) 

always  implies  existence  of  the  second  (x  not  an  integer). 

It-i  1 

•  The  expreauon  -c  2  .  . - •.  indicates  the  sum  of  all  those  products 

r  I  •  •  •  fi_i* 

of  the  squared  reciprocals  of  the  first  j  integers,  taken  •  at  a  time,  which 


involve  j.  Then  2  is  a  particular  arrangement  of  the  products  t  at  a  time 

of  the  squared  reciprocals  of  all  positive  integers.  This  sum  of  products  is  well 
known  through  its  connection  with 


1  \  *  /  «-!/•< 
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In  order  to  prove  that  this  dependence  of  the  second  of  these 
limits  on  the  first  is  a  property  of  the  de  la  Vall6e-Poussin  process 
of  summation,  and  also  to  derive  the  form  of  the  limit  of  P<**>(*) 
we  apply  a  general  theorem  due  to  Kojima.*  The  theorem  is  as 
follows. 

A  necessary  and  sufficient  condition  that 

Lim  (C,i5i  +  CnjJ*  +  •  •  •  +  CnnSn) 

shall  exist  and  be  finite  in  all  cases  in  which  Lim  5,  exists  and  is 
finite  is  that 

(1)  Lim  Cnk  =  a; 

(2)  Lim  (f  ,1  +  +  •  •  •  4-  Cnn)  -  A  ; 

II « 

(3)  Iciiil  +  lcii»|  +  •  •  •  +  I  Cun  I  <  M  for  every  n,  where  M  is  a 
constant  independent  of  n. 

When  these  conditions  are  satisfied, 

Lim  -I-  CntSi  4-  •  •  •  +  CnnSn)  , 

•  • 

=  A  •  Lim  +  E  CkiSk  —  Lim  5«), 

a— »•  tial  a— 

the  latter  series  being  always  absolutely  convergent. 

Let  us  place 

Si  =  tti,  5*  *=  tti  4-  Ut,  5i  =*  Ml  +  Uj  +  ttj,  •  •  •,  (8) 

and 


Then  in  order  to  prove  that  existence  of  the  first  of  the  limits 
(7)  implies  existence  of  the  second  we  must  prove  that  con- 

•  Tdkoku  Mathematical  Journal,  vol.  12  (1917),  pp.  291-326.  See  Car¬ 
michael,  Bulletin  of  the  American  Mathematical  Society,  vol.  25  (1918),  p.  110; 
J.  Schur,  Journal  fur  Mathematik,  vol.  151  (1921),  p.  82. 
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vergence  of  the  sequence 

Sn'  =  (m«1  —  +  (tint  — 

+  •  •  •  +  —  ftnn)Sn-l  +  finwSn  (10) 

implies  convergence  of  the  sequence 

Sn'  =  (•'iMnl  —  +  (t'tMnt  — 

+  •••+•',>*,.5,.  (11) 

The  sequence  {5»)  may  or  may  not  be  convergent. 

It  results  at  once  that  the  coefficients  of  the  expression 

Sn"  =  CnlS/  +  CniSi  +  *  *  ’  +  -f  CnnSj  (12) 


satisfy  a  system  of  linear  equations  which  may  be  written,  after  a 
simple  transformation,  as  follows: 


t ■»/*** "I"  •  •  •  im-lMii-H  +  f  y^fint 

ytfint  ^13^ 

^^rni— iMi*— In— 1  1  ~  lA* I 

(nnt^nn™ 

This  system  of  equations  is  immediately  reducible  to  the 


(14) 


1  following  system  (n  =  2,  3, 

...): 

»— iM  *1— 1 1  “ 

(y,- 

-yn)Hnl 

C nitin-¥c ntt‘^ti'¥  '  * ' 

(^.- 

-  rOM-t 

f  iaMM+  • ' ' 

{ys- 

-»'»)m»4 

^11  »— IM  »— 1  1  “ 

(»'.- 

1  •'<»)m»h— 1* 

The  proof  by  complete  induction  that  this  system  of  (n  —  1) 
equations  is  satisfied  by 


N 
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Cnl 


C»i 


Cnt 


**  2*  3*  ff* 

l»-x*’2*-**‘3*-JC» . »*-** 

X*  3*  n* 

2*-x»‘3*-x* . n*-x* 

X*  n* 

3*  -  X* . n*  -  X* 


(15) 


(n-  l)*-x*'n*-x*’ 

for  n  =  2,  3,  •  •  •,  offers  no  difficulty.  Also  from  (13)  we  have 

(16) 


n*  —  X* 

Again,  by  complete  induction  we  find 

+  +  •••  •¥  Cn 

Therefore 


1 


,Cnl. 


Lim  (c,i  +  Cni  +  fiiJ  +  •  •  •  +  Cn»)  —  ~  1 

Sin  TX 


and 


Limc,a  =  S:7?^-n"- 


**  sin  TX  fji  j* 


(17) 

(18) 
(19) 


Finally  we  may  write 


X*  •  TX 


Cnk  “  .. 


k*  sin  TX 


n(-7)n.(.-|) 


X*  TX  <*.•••.«)  1  (».•••.»)  1 

I-.  ^ - 1  -  E  +  L  — - . 

k*  sin  TX  fi*  ri*ri* 


(20) 


the  summation  being  extended  over  all  positive  int^ers  except 
the  integers  (4,  +  1,  •  •  •,  n). 


Now,  for  every  k,  and  for  every  n,  n  >  k, 


1  —  E  ^  +  E  ~ri  ^  ~ 

^  fi*  ri*rj* 


<  1  4-  En  |jfl*  4-  E-;-;  4-  ••• 


(21) 


LAGRANGE  POLYNOMIALS 


267 


Hence,  for  fixed  x,  not  a  positive  or  n^ative  integer,  or  zero, 

k-l  <!;«■. 

kitll  +  krtl  +  |ca,|  +  •••  +  km»-l|  (22) 

and  since  by  (16),  |c„|  is  bounded  for  fixed  x. 


k»i|  +  |Ci.t|  +  |tia|  +  •••  +  <  M,  (23) 


where  M  depends  on  x,  but  not  on  n. 

Thus  the  constants  in  (12)  satisfy  the  conditions  of  the  given 
theorem,  and  it  is  thus  proved  that  existence  of  the  first  of  the 
limits  (7)  always  implies  existence  of  the  second. 

In  case  the  limits  (5),  and  consequently  the  limits  (6),  exist  we 
write 


(KP)E(- 


2C0-)  ^  ,  2FU) 

i  ^  r 


j  “  {(jt), 

OiX  -H 


(24) 

U5) 


Then,  by  use  of  (18)  and  (19),  we  have  from  the  given  theorem 


TX 


(CiX  +  o,x*) 


r? 


sin  irx».i  f 


Then,  from  (6), 


Urn  P»-'(x)=/(0)+!i^  {(;<). 

n^m  mX 


(27) 


By  reference  to  (26)  this  limit  is  readily  written  in  the  form, 
absolutely  convergent  for  every  x. 
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♦(*)  =  /(O)  +  <*1*  + 

-  L  «1;(«1  -  -  E  -  Ol‘'^)x‘ 

y-l  i-l 

+  L  «jy(ai  -  4-  E  at,(aj  -  aj<'’)jc*  (28) 

/-a  (.a 

-  E  «a/(aj  -  -  E  “i/(oa  -  Oa<'’)je* 

y-a  y.a 

+ . 

where  o  <,  has  the  value  already  defined.  If,  moreover,  for  fixed  n, 
we  approximate  by  the  sequence 

pw{x).  P«>(x),  • .  • ,  P(*-)(x),  P<*«)(*),  •  •  • .  (29) 

we  obtain,  from  (28), 

P<*"’(jf)  s=  /(O)  +  0|‘"’x  +  a/"’jc* 

~  E  ~  ai<»^)jr*  —  E  aiy(aa‘"’  —  aj<'^)a4 

y-i  y-i 

+  L  oj/(o,<">  -  ai<»’)**  +  E«a/(oa‘"’  —  a/>^)x*  (30) 

>-a  yia 

-  -H  (-  l)-'a._„_,(o,<-)  -  o,<-»)jc*-' 

4-  (-  l)-'a,_„_,(a,<»>  -  a, <--•>)**«. 

It  is  worthy  of  note  at  this  point  that,  through  (4),  formula 
(30)  expresses  the  coefficients  of  /’<*">(x)  as  linear  functions  of  the 
given  values /(—  n),  •  •  •  ,/(0),  •  •  •  ,/(n),  and  is  therefore  identical 
with  forms  of  /*<*">(x)  previously  given  by  the  author,’^  and  is  not 
dependent  for  its  validity  on  existence  of  the  limits  by  means  of 
which  it  was'derived. 

From  (28)  and  (30)  it  follows  that,  in  case  of  convergence  of 
«i‘"\  and  ot^"\  and  hence  of  P‘*">(jc), 

4>(x)  —  /’<*">(x)  =  (oi  —  Oi<">)x  4-  (fla  —  ai‘"’)x* 

-  E  ai/(oi  -  -  E  aiyfoa  -  o,<">)x< 

y-i  J~i 

'  Loc.  cit.  (Trans.  A.M.S.),  vol.  26,  p.  114,  formula  (3),  and  vol.  31,  p.  807, 
formula  (2),  and  p.  820,  formula  (39). 
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+  L  «»i(ai  -  ai<">)x‘  4-  E  atiia,  -  a,<">)x* 

>-»  >-* 

+  (-  l)"-'at,_u_i(oi  -  Oi<*>)x**-‘  (31) 

+  (-  l)*-'a,_,,_i(aj  -  o,<»>)x*" 

-  E  «i>(oi  -  -  E  aij(a»  -  Oi<»’)jc< 

/-»  y-H 

+  E  a,i{ai  -  ai<»^)x*  +  E  ajj(oj  -  o*‘'’)jc* 

Imn  j^n 

-  E  “*/(ai  -  -  E  «*<(«»  “  aj‘'’)JC* 

+ . . 

where  we  place  a*,-  =  0,  for  j  <  m. 

Now  consider  a  region  of  the  x-plane  bounded  by  a  circle  of 
radius  p  with  center  at  the  origin.  For  x  in  this  region,  the  sum  of 
absolute  values  of  coefficients  of  (aj  —  o/"’),  •••,  (a*  — 

•  •  •,  in  (31)  is  less  than  or  equal  to 

(p  +  P*)  ^ I  +  E  E  ai/p*‘)  *  (p  +  p*)  “  M.  (32) 

\  Imljmi  ./  rp 


Then,  given  arbitrary  e  >  0,  we  choose  N  so  that 


|a,  -  o,<->l  <-, 


la,  -  a,<->l  <- 


for  ail  values  of  n  >  iV.  Then 

|«l>(x)  -  P«"’(x)l  <  «.  n>N, 


(33) 


(34) 


uniformly  in  the  given  circular  region.  This  completes  the 
proof  of  the  first  part  of  the  main  theorem. 

The  proof  of  the  converse  is  also  by  application  of  the  given 
extension  of  the  theorem  of  Toeplitz.  We  wish  to  show  that  the 
existence  of  the  second  of  the  limits  (7)  for  any  one  non-integral 
X,  which  is  also  not  zero,  always  implies  existence  of  the  first  of 
these  limits. 

We  shall  have  proved  this  if  we  prove  that  existence  of  the  first 
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of  the  following  limits, 

(35) 

always  implies  existence  of  the  second.  We  again  obtain  the 
equations  (13)  with  ry  »  i/j*. 

It  is  readily  proved  by  complete  induction  that 


'  2n 
n  -  1 

).l( 

2h  \ 
n-l) 

+  -f 

(11. 

(“:) 

2n 

b) 

2n 

n  —  3 

1* 

)  .( 
“  2* 

)  .( 

(i") 

2n  \ 
n  -  2/ 

(") 

2n  \ 
n  -  3/ 

Vs)  "■ 

(») 

“  3* 

(’:) 

Consequently,  cm  is  equal  to  i/k*,  independently  of  n.  Thus 
the  constants  c^m  satisfy  the  conditions  of  the  given  theorem  in 
this  case  also.  From  (36)  we  have  directly 


It  is  evident  that,  as  the  theorem  requires,  the  right  hand  side 
of  (37)  has  a  limit  if  ^  V/  is  (VP)  summable,  for  then  we  have 
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where  Af*  is  bounded.  Finally, 

L  (39) 

We  have  now  proved  that  if  /'<*">(*)  converges  for  any  one 
value  of  X  which  is  not  a  positive  or  negative  integer  or  zero,  the 
limits  Oi  and  ot*"^  -»  at  exist  and  converges  to 

♦(x)  uniformly  in  every  finite  regbn.  The  theorem  of  sectbn  1 
is  now  completely  proved. 

3.  Applications.  We  shall  give  two  simple  examples  of  integral 
functions  which  may  be  expressed  in  power  series  form  by  means 
of  (28).  First,  let  P^*">(x)  be  determined  by  /(— j)  =  —  li 

/(j)  -  +  l./(0)  »  0. 

The  limit  of  P<*"’(x)  is  then 


Gix) 


(-  i^y-i — ^ 


sin  TX 
XX  JZi 
sin  XX 


Z  (-  I)*-' 


V 


From  a  well  known  expansion  of  ^(x)  ■  log  r(x)  we  have 


XX 


j-i  j  ^ 

z  (- 

y-i  J  * 


=  -  Hx)  +  ^ 


-  ^(-  x)  +  ^ 


(f)+J+log2, 

(-0-^10*  2. 


Then  G(x)  may  be  expressed  in  the  form 
^  sin  XX  f 

G(x)  *  I  -  ^{x)  -  x) 


(40) 


(41) 


+  ^(f)  +  ^(-f)  +  2log2  X.  (42) 
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From  (4)  we  have  for  the  sequence  of  coefficients  of  x  in 
«  =  I,  2,  3,  •••, 


If  in  formula  (37)  we  substitute  obtain  oi<"> 

in  the  form 


But  we  have  • 


(0 

( 

f  2k  > 
*  ; 

1 

+ 


and  hence 


o,<-)  =  E 


.  k 


(”) 


2  2k  -A' 


1 


(45) 


(46) 


t:tk(2k-\) 

Thus  the  sequence  in  terms  of  which  G{x)  is  to  be  expanded  by 
formula  (28)  is 


Ol 


(I)  = 


Ol 


m 


1-r 
1  1 
M  2-3’ 


(47) 


M  2-3  ■*‘3-5’ 


'  Netto,  Combinatorik,  p.  255,  formula  (42). 
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from  which  we  have 

G(x)  =  (2  log  2)*  —  a,, (2  log  2  —  a,<»^)x* 

+  II  «ti(2  log  2  —  —  21  «j/(2  log  2  —  (48) 


or,  by  substitution  from  (47), 

G(x)  =  (2  log  2)* 

_  _1_  1^  1  *  1 
2*3  *  l*”^3'5iri*'^  4‘7i^i*"^ 
I 

+ 


1-5  ■  l*2»'^4-7 


(49) 


The  expansion  of  G(x)  in  Stirling’s  series, 

At)  • 

+  l)(x*-2*) 

.  C) 

-j:j~f-x(x>  -  l)(x*  -  2*)(**  -  3*)  + 


(50) 


admits  arrangement  in  power  series  form  in  agreement  with  (49). 
For  a  second  example,  let  P<*»>(x)  be  determined  by  f{  — j) 

-  +  Ufifi  =  +  l./(0)  =  0. 

The  limit  of  P<*">(x)  is  then 


nx)  =  -;^iVP)  Z  (-  ^y-'jr^x* 


XX  J.i 

sin  TX 


j*  -  X* 


(51) 


XX 


\ 
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Then,  by  use  of  (41),  F(x)  may  be  expressed  in  the  form 

F(x)  -  +  *(-i) -l]x.  (52) 

By  use  of  the  identity 

4'i-  x)  -  f(x)  »  T  cot  TX  +  - 
the  expression  (52)  for  F(x)  becomes 

sin  irx 


Fix)  -  1  - 


(53) 

(54) 


a  result  which  might  also  have  been  obtained  from 

From  (4)  we  have  for  the  sequence  of  coefficients  of  x*  in 
P»-)(x).  n-  1,  2.  3,  •••, 


(i) 

"  (“:) 


(56) 


If  in  formula  (37)  we  substitute  r/  *  (—  1)^“*,  we  obtain 
0|<">  in  the  form 


1  " 


Ly. 

C:) 


/  2k  \ 

•  1  *  V  *  -  7  / 


But  it  is  well  known  that,  for  all  values  of  k, 

(*- 1)  (*- 1)  ii-  ' 

(„ 


(58) 
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and  hence 


at 


•  1 

<»)  ^  y  L 

tik* 


(59) 


Thus  the  sequence  in  terms  of  which  F{x)  is  to  be  expanded  by 
formula  (28)  is 


at 


(I)  as  — 

t  • 


at 


«)  .  —  — 

I  “  2*’ 


(60) 


a,<*>  -  -  4-  -  4-  -  . 
It  ~  2*  ~  3*  ’ 


from  which  we  have 


Fix)  •  fl  ~  ^  -  a/^  ^  X* 

+ i.  5.  “■'(  ii " 


or,  by  substitution  from  (60), 

Fix)  -  Jj**  +  )*" 

'"I** 


(62) 


The  expansion  of  Fix)  in  Stirling’s  series. 


Fix) 


a.m 

2!  4! 


je*(x»  -  1) 

(0 


+  ^x*ix*  -  l)(x*  -  2*)  - 


,  <63) 
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admits  arrangement  in  power  series  form  in  agreement  with  (62), 
which  is  also  equivalent  to 

W  =  -  ••••  (64) 

4.  Convergence  of  Interpolation  Series.  When  the  de  la 
Vall^-Poussin  summation  indicated  in  (6)  reduces  to  ordinary 
convergence,  as  in  (40)  and  (51),  the  resulting  ordinary  series  is 
the  cardinal  series  of  interpolation  * 

This  series  does  not  in  general  converge  when  P<*"’(x)  is  con¬ 
vergent. 

()n  the  other  hand,  the  Stirling  series  of  interpolation,  at  the 
stage  of  summation 

m  +  "e  (X.  -I-  X/jc)x(x»  -  l)(x*  -  2*)  •  •  •  (x*  -  s'),  (66) 

tmO 

is  by  definition  identical  with  P<*"^(x).  This  is  equally  true  of  the 
(lauss  series  of  interpolation,  at  the  stage  of  summation 

/(0)  +  I:[m.+m/(x-5-1)>(x*-1)(x*-2*)..-(x*-5*).  (67) 

faO 

The  form  (1)  of  P<*"*(x),  and  the  consequent  relation  to  the 
cardinal  series,  has  been  derived  '®  from  the  Gauss  series,  but  such 
procedure  i^  unnecessary  since  the  form  (1)  is  an  immediate 
consequence  of  the  classical  formula  of  Lagrange.  It  has  been 
previously  proved  "  that  if  (66)  is  convergent  for  x  other  than  a 
positive  or  negative  integer  or  zero,  it  is  uniformly  convergent  in 

•  See  VV.  L.  Ferrar,  Proceedinis  of  the  Royal  Society  of  Edinburgh,  vol.  45 
(1925),  p.  269;  also  J.  M.  Whittaker,  Proceedings  of  the  Edinburgh  Mathe¬ 
matical  Society,  (2),  vol.  1  (1927),  p.  41. 

“Terrar,  loc.  cit. 

"  N&rlund,  Lemons  surles  Series  d’ Interpolation,  Paris  (1926),  p.  16. 


sin  yx 
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every  finite  region  to  an  integral  function,  a  fact  contained  in  the 
main  theorem  of  this  paper. 

It  is  worthy  of  emphasis  that  the  theorem  of  section  1  reduces 
the  question  of  convergence  of  Stirling’s  series  (or  equivalent) 
to  the  question  of  convergence  of  the  sequence  of  coefficients  of  x, 
and  of  the  sequence  of  coefficients  of  x*  (illustrated  by  (47)  and 
(60)  respectively),  in  any  one  of  the  various  forms  “  of  P<*"X*) 
which  are  arranged  according  to  powers  of  x.  To  establish  this 
was  the  main  objective  of  this  paper. 

“  See  foot-note  7. 
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THE  APPROXIMATION  OF  FUNCTIONS  AND 
INTEGRALS  BY  A  LINEAR  COMBINATION 
OF  FUNCTIONS* 


By  PtEscoTT  D.  Ceout 

1.  Introduction.  In  approximating  a  function  /(x)  or  an 
integral  J'  f{x)dx,  the  usual  procedure  is  to  replace  /(x)  by  any 

one  of  several  algebraic  polynomial  approximations.  Such 
polynomial  approximations  differ  only  in  the  data  taken  to  fix 
them,  examples  being  the  interpolation  formulas  of  Lagrange, 
Newton,  (iauss,  Stirling,  and  Bessel;*  and  the  integration 
formulas  of  Cotes,  (lauss,  Euler,  and  Tchebychef.*  In  each  of 
these  cases  the  polynomials  are  so  determined  that  they  or  certain 
of  their  derivatives  coincide  with  /(x)  or  certain  of  its  derivatives 
at  a  number  of  given  points.  General  methods  and  systems  of 
equations  have  been  previously  developed  by  the  writer  whereby 
any  such  approximation  formulas  may  be  derived,  together  with 
expressions  which  limit  the  error;  also,  the  invariant  area 
properties  of  certain  formulas  of  approximate  integration  have 
been  investigated.  Throughout  this  development  the  methods 
used  were  explicitly  dependent  upon  the  fact  that  the  approxi¬ 
mating  function  is  an  algebraic  polynomial.  These  methods 
cannot  be  used  in  the  case  of  other  approximating  functions,  for 
example,  in, the  case  of  the  trigonometric  polynomial. 

*  This  paper  was  prepared  under  the  supervision  of  Professor  George 
Rutledge,  of  the  Massachusetts  Institute  of  Technology,  who  offered  many 
valuable  suggestions. 

'  La  Vallis  Poussin:  Cours  d'A nalyse  Infinitisimale,  vol.  2,  p.  346;  SUffensen: 
InlorpokUion;  Ndrlund:  Differensenrechnuni;  Gibb:  Interpolation  and  Numer¬ 
ical  Integration;  Thiele:  Interpolationsrecknung. 

*Goursat:  Cours  d' Analyse  MatkhncUique,  vol.  1,  p.  266;  Jordan:  Cours 
d’ Analyse,  vol.  2,  p.  1 19;  Radau:  Etude  sur  les  formules  d' approximation  servant  3 
calculer  la  valeur  numirique  d’une  intigrale  difinie,  Journal  de  Mathhnatique,  s. 
3,  vol.  6,  p.  283. 


FUNCTIONS  AND  INTEGRALS 


279 


kt 


It  is  the  purpose  of  this  paper  to  show,  using  other  methods, 
that  many  of  the  results  referred  to  above  are  dependent  only 
upon  the  fact  that  the  approximating  function  is  linear  in  terms 
of  the  fundamental  functions,  and  not  upon  the  fact  that  these 
fundamental  functions  are  the  powers  of  x. 

In  this  paper  we  consider  the  approximation  of  J{x),  and  in 
general  of  Df{x),  D  being  any  distributive  operator,  by  means  of 
an  approximating  function  f  (jc),  which  is  a  linear  combination  of 

the  functions  wi(jc),  (tfi(x),  *  •  •,  (•>n(x),  which  are  given  arbitrarily; 

11 

thus  f(*)  =  S  a<u»<(x),  the  coefficients  oj,  o*,  •••,  a.  being 
<•1 

determined  so  that  f{x)  and  f(x)  have  certain  properties  in 
common.  The  resulting  approximation  formulas  are  placed  in 

a 

the  form  KiF{ci),  where  the  coefficients  Ki,  K^,  •••,  /C,  are 

independent  of  /(x)  and  may  be  computed  and  tabulated  once 
and  for  all,*  and  where  the  quantities  F{ci)  are  dependent  only 
upon  fix).  Systems  of  equations  are  derived  by  means  of  which 
the  above  mentioned  coefficients  may  be  conveniently  computed. 
Various  methods  are  derived,  whereby  a  given  approximation 
formula  may  be  taken  as  the  starting  point  in  the  derivation  of 
another  of  greater  complexity.  The  uniqueness  of  such  approxi¬ 
mation  formulas  is  established.  The  determinateness  in  any 
particular  case  is  dependent  only  upon  the  nonvanishing  of  a 
certain  determinant.  In  all  cases,  general  expressions  are 
derived  which  limit  the  error  of  approximation. 

The  derivation  of  integration  formulas  having  invariant  area 
properties  is  considered,  this  question  being  taken  up  in  detail  in 
the  case  of  the  algebraic,  trigonometric,  and  hyperbolic  poly¬ 
nomials;  also,  a  method  is  derived  whereby  the  spacings  of<the 
ordinates  involved  in  these  formulas  are  fixed  by  the  roots  of 
certain  algebraic  polynomials,  whose  derivation  is  considered. 

*  Hunlingkm;  Tables  of  Lagrangean  Coefficients  for  Interpolating  Without 
Differences,  Proceedings  of  the  American  Academy  of  Arts  and  Sciences,  vol.  63, 
p.  421;  Rutledge  and  Crout:  Tables  and  Methods  of  Extending  Tables  for  Inter¬ 
polation  Without  Differences,  this  Journal,  vol.  9,  p.  166. 
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As  extreme  cases  we  have  integration  formulas  analogous  to  and 
including  those  of  Gauss,  and  polynomials  analogous  to  and 
including  those  of  Legendre. 

2.  Approximating  Functions  Fixed  by  Given  Points.  Let  there 
be  given  the  n  functions  wi(x),  ut(x),  •  •  *,  w.(x);  and  let  us  form 
the  function 

f(x)  =  o,wi(x)  +  oiutix)  +  •  •  •  +  (1) 

where  Oi,  Ot.  •  •  • ,  a.  are  constants.  Using  f (x)  as  an  approxi¬ 
mating  function,  we  now  determine  these  constants  so  that  f(x) 
will  coincide  with  a  function /(x)  at  n  given  points,  Ci,  Ct,  •  •  •,  r^; 
thus  we  have 

/(f.)  “  f(c<)  “  E  »  -  1,  2,  •  •  •,  ».  (2) 

The  relations  (2)  are  a  system  of  linear  equations  whose  de¬ 
terminant,  which  we  denote  by  A,  will  be  assumed  to  be  different 
from  zero;  thus  solving,  we  have 

(3) 

^  !•! 

where  i4  <.  /  is  the  cofactor  of  the  element  of  the  »th  row  and  jth 
column  of  A.  Substituting  (3)  in  (1),  it  follows  that 

rw  -  X  ^  -M  E  A,.  (4) 

which  may  be  written 

r(«)  -  i  /(«)  z  %•'  (s) 

^  i.l  i.i  A 

We  thus  have 

•  fW  =  L  ki{x)fici).  (6) 

1-1 

where  the  coefficients  iki(x),  ik*(x),  •••,  ik,(x)  are  independent  of 
/(x),  as  is  shown  by  the  relation 

*<(*)  *  T  21  i4<.  yuy(x).  (7) 

^  y-i 


^ 
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But  ^  i4  <,  iUi(x)  is  the  determinant  formed  by  replacing  the 

elements  of  the  tth  row  of  A  with  the  elements  ctfi(x),  ut(x),  •  •  • , 
u»(x),  respectively;  thus  denoting  this  determinant  by  Ai(x),  we 
have 


•  *  • 

Wl(c<-l) 

•  •  •  Ci>,(c,-|) 

w,(x) 

««(*) 

•  •  •  w«(*) 

Wl(c<+l) 

•  •  •  W.(Ci4.|) 

«l(c,) 

•  •  •  ««(c„) 

From  (8)  we  see  that  ki(x)  may  be  obtained  by  solving  the 
following  system  of  linear  equations:  *•  * 


4i«i(ci)  +  +  •• 

•  +  knUtiCn)  “  «l(x) 

+  •  • 

•  +  »  a»*(x) 

(9) 

^lWi*(Cl)  +  ktUniCt)  +  •  • 

•  -f  kntOniCn)  =  ««(x). 

We  may  observe  at  this  point' that  if  we  place 

<tfl(x)  =  1,  w,(x)  =  X, 

•  •  • ,  w,(x)  »  X— 

(10) 

*  The  system  (9)  may  also  be  obtained  in  the  following  manner. 

We  place 

2  */(*)/(c<)  - 

f(x)  -  2 

<•1 

(/) 

which  may  be  written 

2  *<(*)  2  OiUiiCi)  m  2  aiui(x), 

fml  <-l  I.I 

UD 

due  to  (2).  But  (//)  may  be  written 

m  n  « 

2  o<  2  hi{x)tti{ci)  m  2  o<«<(x): 

<-l  imt  1.1 

(III) 

thus  for  the  identity  (III)  to  exist,  it  is  necessary  and  sufficient  that 

S  ki{x)m{Ci)  -  «i(x),  »■  -  1,  2,  •••,  n, 

i-i 

*  which  is  (9). 

*  In  the  case  where  f  (x)  is  an  algebraic  polynomial,  the  system  (9)  has  been 
obtained  by  different  methods.  Crout:  A  Method  for  Deriving  Formulas  of 
Interpolation,  this  Journal,  vol.  8,  p.  18. 
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then  {’(jc)  is  an  algebraic  (x>lynomial  of  degree  n  —  1 ;  and  we 
obtain  the  formula  of  Lagrange.* 

The  relations  (6)  and  (8)  may  be  used  directly  to  determine 
f(x)  as  an  expression  linear  in  the  ordinates  of  /(x)  at  the  points 
*  *  *  I  r.;  however,  the  following  procedure  is  perhaps  simpler, 
since  it  reduces  the  order  of  the  determinants  involved.  Let  us 
suppose  that  the  approximating  function 

*  E  (11) 

/-I 

involving  values  of  f{x)  at  the  points  Ci,  Ct.  * '  *  >  fy~\  is  given.  It  is 
desired  to  determine 

TtC*)  “  E  (12) 

i-i 

where  the  constants  b\,b\.  •  •  • ,  by  are  determined  so  that 

fT(^*)  “  /(^»)»  •  *  L  2,  •  •  y; 

also,  it  is  evident  from  (4)  that  but  one  such  expression  exists. 
Let  us  consider  the  formula 

fy(*)  “  E  <fiW/(*).  (13) 

where  the  constants  d\,  </«,  •  •  •  ,dy  are  determined  by  the  relations 
fy(c»)  “0,  t*l,  2,  —  1,  M4,\ 

iyiCy)  ^  f{,Cy)  -  iy-M-,  ^  ‘ 

I 

then  it  is  at  once  evident  that 

f^(*)  «  fT-i(x)  +  fy(*)  =  dyUy{x)  +  i;  (oy  +  d, )«/(*),  (15) 

since  f'T(x)  is  uniquely  determinate.  From  (15)  we  see  that  if 
Cy(x)  is  determinate,  fy(*)  is  also  determinate. 

*  Pascal:  Die  DeUrminanten,  p.  128. 
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As  an  example,  in  the  case  of  Newton’s  formula 
»  mo  +  E  »»/  (*  -  Ci), 

fy(*)  «  (*  -  <:<).  (16) 

f,(x)  =  mo  +  Ej  w,  (x  -  f,), 

where  mo,  mi,  mt,  •  *  m,-i  are  constants. 

To  this  point  the  functions  f.y_i(x),  iy{x),  and  TyCx)  have  been 
considered  in  the  form  (4);  we  now  consider  them  in  the  form  (6). 
In  particular  we  see  from  (14)  that  {yix)  will  now  consist  of  the 
single  term 

fy(x)  -  /lr(x)C/(c,)  -  f,-.(c,)].  (17) 

where 

Ry{x)^^\  (18) 

and 


<^(fl) 

«l(«^l) 

*  "7(^1) 

Wl(Cl) 

«i(c*) 

Dy.,~ 

‘^(^T-l) 

Ut(.^y~t) 

*  "7(^7-!^ 

w,(x) 

w,(x) 

•  «7(*) 

4tfl(Cl) 

«l(Cl) 

•  “>7(^1) 

Dy^ 

«’(«•*) 

wi(ci) 

•  «7(f*) 

«i(^t) 

«*(^t) 

•  *  «7^^7) 

From  (6)  we  see  that 

Cy-liCy)  =  E  ki{Cy)/{Ci). 
tml 

which  substituted  in  (17)  gives 

ry(x)  »  Ry{x)/(Cy)  -  E  Ryix)kiiCy)f(Ci)] 


(20) 
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thus 

f-r(*)  =  +  fy(*)  *  Ry{x)f(Cy) 

+  E  [ki(x)- Iiy(x)iMJf(cO.  (21) 

From  (21)  M/e  see  that  tyix)  may  be  obtained  from  i^y-iix)  in  the 
form  (6)  by  subtracting  the  term  Ry{x)ki{cy)  from  the  coefficient 
of  fici)  and  by  then  adding  Ry{x)J{Cy)  to  the  expression  thus 
obtained. 

If  an  approximating  function  is  given  which  is  based  upon  a 
particular  set  of  points,  it  is  evident  that  the  above  process  can  be 
used  repeatedly  to  determine  another  approximating  function 
based  upon  these  points  and  a  set  of  additional  points;  in  fact  if 
the  given  approximating  function  is  based  upon  a  single  point,  it 
follows  that 

Ux)  =  £  (fix),  (22) 

where  fi-(x)  is  defined  by  the  relation 


(23) 


The  relation  (22)  affords  a  very  convenient  means  of  computing 
(n{x),  for  (fix)  contains  but  the  single  term  (17)  and  involves 
determinants  of  order  i,  whereas  in  the  case  of  (4)  and  (6)  all 
determinants  involved  are  of  order  n.  It  is  evident  from  (22) 
that  (1 7)  may  be  written 


and  that 


»  fy(x)  =  /?,(x)[/(c,)  -  £  fr(c-»)]. 


Ri(x) 


<^(x) 

wtici) 


(24) 


It  is  worthy  of  remark  at  this  point  that  if  i’ii(x)  is  an  algebraic 
polynomial  of  degree  n  —  1,  then  (22)  is  Newton’s  formula. 

We  have  already  shown  that  the  function  fT-i(^)  t;an  be 
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transformed  into  !^y(x)  by  the  addition  of  tyix);  also,  the  ex¬ 
pression  (17)  offers  a  convenient  method  of  computing  fy(x). 
Another  method  of  computing  ^y{x)  will  ncm  be  derived  which  is 
dependent  upon  alone,  and  which  does  not  involve  the  use 

of  determinants.  Let  us  define  Gytx)  by  the  relation 

=  L  iiUiix),  (25) 

fal 

where  the  coefficients  gi,  g*,  •  •  • ,  g,  are  determined  by  the 
conditions 

G,(c<)  *  0,  »  -  1,  2,  •••,  7  -  1.  (26) 

iy  =  1. 


the  latter  being  for  convenience  alone;  then  if  we  place 
Ji^y) 

”  GyiCy) 

it  is  at  once  evident  that 


(27) 


t 


(y(x)  =  f^-i(x)  -f  myGyix),  (28) 


since  (yix)  is  uniquely  determinate.  It  now  follows  directly 
that 


(Ax)  = 


Uicy)  -  f^.(c,)] 

Gy{Cy) 


Gy(x); 


(29) 


thus  fy(x)  is  easily  obtained  once  Gy(x)  has  been  determined. 
We  shall  now  determine  Gy(x)  from  i’y_i(x).  Let  us  apply  the 
approximating  function  (y-i(x)  to  the  function  Uy(x),  and  denote 
the  resulting  expression  by  f^us  from  (6)  we  see  that 

is  of  the  form 


fT_,|x)  «  L«.,(c*)*i(*).  (30) 


It  is  at  once  evident  that 


Gy(x)  *  «.,(x)  -  f^ilx); 


(31) 


286 


CROUT 


also,  from  (29)  it  follows  that 


fy(x) 


[/(c-r)  -  r-r-i(gT)]C«-r(«)  “  fT-iUH. 


(32) 


thus  fy(x)  is  expressed  directly  in  terms  of  Cy,  {"y-iMt  «7(*)f  and 
/(Cy),  all  of  which  are  given.  In  other  words  an  approximating 
function  Tr-iC^)  ^  ased  directly  to  determine  a  new  ap¬ 
proximating  function  Cr(x)  when  Cy  and  <i>y(x)  are  given,  as  is 
necessarily  the  case. 

Equating  (17),  (29),  and  (32),  we  see  that 


D  ^^(^)  [«T(3g)  -  fr-iUn 


(33) 


This  expression  can  also  be  derived  directly  from  (18)  using 
determinants. 

3.  Certain  Interpolation  Formulas  Fixed  by  Given  Points.  We 
shall  now  consider  a  few  applications  of  the  theory  developed  in 
Section  2.  The  case  where  (’(x)  is  an  algebraic  polynomial  of 
degree  n  —  1  has  already  been  taken  up  in  that  section.  Let  us 
now  place  «i(x)  =«  «i(x)  *■  f"***"”*.  •••,  w»(x)  * 

where  t  ■»  V—  1 ;  thus 

f(*)  “  L  (34) 

the  indices  being  shifted  only  for  symmetry  of  notation.  The 
relation  (8)  thus  becomes 


1 

.  ,  ,  jUlKl 

1 

1 

.  .  .  <**»^»-l 

1 

€** 

...  <«W 

1 

<***1+1 

.  .  .  <**“,+1 

1 

j**l*M-l 

<**»WH-1 

.  .  .  <*V^3-l 
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after  the  rows  of  the  numerator  and  denominator  are  multiplied 
by  quantities  of  the  form  where  p  «■  x,Ci,Ct,  •  •  • ,  Cj^i.  Here 
it  is  evident  that  no  two  of  the  values  CuCt,  *  *  • ,  can  be  con¬ 

gruent.  The  determinants  involved  in  (35)  are  both  of  the  Van¬ 
dermonde  type;  hence  we  have  at  once 


*,(x) 


*iH-l 

II  (."  - 

rmt 

r^i _ 

U  it**‘  -  €**') 

fm\ 


(36) 


and  finally 


liH-I 

II  (.“  -  .“■) 

fc+i  'r! 

(M  -  E - Si - /(c,). 


i-'  -I 


U  (.“/  -  .“0 


(37) 


ral 

f+Z 


due  to  (6). 

Noting  that  «*•  *  cos  a  -f-  «  sin  o,  we  see  that  (34)  may  be 
written 


where 


f(x)  «  ao  +  E  cosjx  -h  sin  jx],  (38) 

z-i 

ay  a_y  ”  i4/ 
iat  —  ia-i  »  By; 


thus  it  is  evident  that  (34)  and  (37)  are  a  trigonometric  poly¬ 
nomial  of  degree  p.  Since  (37)  can  be  determined  directly  by  (6) 
and  (8)  if  we  place 

«i(x)  »  1,  «,(x)  «  cos  X,  •  •  •,  ci»*^i(x)  *  cos  ftX, 

«i(x)  »  sin  X,  •  •  • ,  itt0i(x)  *  sin  yix, 

and  since  only  real  quantities  and  the  four  fundamental  operations 
enter  into  this  computation,  it  is  evident  that  ((x)  is  real;  thus 
(34)  and  (37)  contain  no  imaginary  part,  in  spite  of  the  apfiear- 
ance  of  •  in  these  expressions;  furthermore,  this  is  true  of  the 
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coefficients  k^(x),  (36),  since  /(c/)  is  arbitrary.  It  is  therefore 
necessary  to  determine  only  the  real  part  of  (37),  this  being  {‘{x). 

As  an  example  let  us  consider  the  case  where  #i  “  1 ,  ci  = 


Cj  * 

0,  c*  **  —  ;  then  (6)  becomes 

m 

=  1  [1  -  sin  X  -  cos  x]/  (  “  §  ) 

+  [cos  x]/(0)  +  ^  [I  +  sin  iK 

:  -  COS  x]/^-^^  ,  (39) 

and 

(38)  is 

f(x) 

•'(-i) 

+  /(^)],inx+j[-/(-i) 

+  2/(0)  -/(^)]cos  X. 

From  (36)  we  have 


kt{x) 


€-“(€“  -  €“*‘"*’)(«“  -  e*) 
<(*/*) 

(1  +  sin  X  —  cos  x)(*  —  1) 
~  2(*  -  1) 


«^-Kf  - 1)  -«c~“ 

»  +  (»-i)-i 

=  ^  [1  +  sin  X  —  cos  x]. 


which  agrees  with  (39).  ifci(x)  and  ktix)  may  be  determined  in  the 
same  way. 

We  shall  now  consider  the  approximating  function 

f  (*)  =  L  <»r€",  (40) 

r— n 

which  has  properties  analogous  to  those  of  the  trigonometric 
pK>lynomial.  Using  methods  closely  analogous  to  those  above,  it 
follows  directly  that 


f(x)  =  oo  +  Z;  [i4 ,  cosh  jx  +  Bi  sinh  jx],  (41) 
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where 


also  that 


and 


Uf  +  o-f  ^  A  f 

Of  -  a^i  =  Br. 


ki{x) 


u-^t 

«—  II  (<•  -  ■•-) 

f-i 

_ 

*,1+1 

II  (.I  -  .••) 

r-l 


*M+I 

.-“IK.*  -  .'■) 

fW  -  L  — tSi - 

II<«‘'  -  •'■> 

fal 


(42) 


(43) 


4.  Symmetrical  Systems  Fixed  by  Giyen  Points.  We  shall 
now  consider  the  function 


f  (x)  *=  o_^_^(x)  +  •  •  •  +  o_iw_,(x) 

+  oiwi(x)  +  •  •  •  +  a^^(x),  (44) 

/  symmetrical  notation  being  used  for  convenience;  and  let  us 
suppose  that 


o>i(Ci)  =»  ui{c-i),  i  =  1.  2,  •••,/!, 

i=1.2.  ....M.  (45) 

*  —  «<(^-i)t  *  =  —  M.  —  (m  —  l)t  •  •  •.  —  1. 

in  which  case  we  say  that  {"(x)  is  symmetrica/.  We  now  add  the 
equation  of  (2)  which  involves  c.y  to  that  which  involves  C/,  and 
divide  the  resulting  equation  by  2;  then  we  subtract  this  equation 
from  that  which  involves  C-y.  The  system  (2)  is  thus  broken  up 
into  two  smaller  systems,  each  consisting  of  m  unknowns  and  m 
equations.  We  have 

<•-14 

E  0<w<(£:y)=  J[/(Cy)+/(C-y)], 

I>1 


J^-M,  -(m-I).--*.  -1. 
J- 1.2,  •••,>*. 


(46) 
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the  first  set  of  equations  being  used  to  determine  ,  a.i,  the 

second  set  being  used  to  determine  ai,  *  •  • ,  a^;  thus  the  order  of 
the  determinants  involved  is  reduced  from  2m  to  m- 

Let  us  now  consider  ((x)  in  the  form  (6) ;  then  the  coefficients 
ki{x)  may  be  obtained  by  solving  the  system  (9).  Using  sym¬ 
metrical  notation  we  make  the  substitution 

ki{x)  =  Ui{x)  -f  r<(x), 

*•-1.2. ---.m;  (47) 

k-i(x)  »  «<(x)  —  »<(x), 

then  (9)  is  broken  up  into  two  smaller  systems;  thus  in  the  case  of 
(44),  (9)  becomes 

m 

E  r,(*)«<(c,)  =  i«<(x), 

L  Ui(x)wiici)  =  J(.><(x), 

^-1 

As  an  example  let  us  suppose  that  u-J,x),  •••,  w-t(x)  are  odd 
functions,  that  (i^(x),  •  •  •,  u^(x)  are  even  functions,  and  that 

*  Cf,  —  1,  2,  •  •  •,  M!  (49) 

then  (45)  is  satisfied,  and  f  (x)  is  symmetrical.  It  is  evident  that 
this  applies  directly  to  the  case  where  fCx)  is  an  algebraic, 
trigonometric,  or  hyperbolic  polynomial. 

Although  in  (44)  f’(x)  is  given  as  the  sum  of  an  even  number  of 
terms,  it  is  clear  that  with  certain  obvious  additions  to  (45)  the 
methods  of  this  section  may  be  applied  in  the  case  where  f'(x) 
contains  an  odd  number  of  terms. 

5.  Formulas  Involving  Derivatives  of  /(x).  To  this  point  we 
have  considered  approximating  functions  of  the'^orm 

f(x)  »  "t  Hx)J{Ci). 

We  shall  now  consider  functions  of  the  more  general  type 

f(x)  -  ^  *<.*(x)/(c<.o)  +  ^  ki,i  {x)P{ci,  i)  +  •••, 

‘-Vi  ‘^.1 

f(*)  “  i  il  *i.  AxVKci.  i). 


*  »  -  M.  —  (P  —  l)f  —  1. 
t  —  1,2,  •  •  •,  M- 


(48) 


or 


(50) 
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where  *<.,(*)  and  f  are  independent  of  j{x). 

Placing 

f(*)  »  aifth(*)  +  o,w*(x)  +  •  •  •  +  <»»«•(*),  (51) 

we  determine  the  coefficients  ai.  a«,  *  *  * ,  a.  so  that 

(ici)  •  fici),  «  »  1,  2,  •••,  no. 

*  PiCi),  f  =  no  +  1,  •  •  •,  n,  +  n,, 

(*(*'■<)  *  *  =  no  +  n,+  1,  •  •  •,  no  +  n,  +  n,,  (52) 

r"(c<)  *  /"(Ci).  »  »  «  -  n«  +  1 ,  •  •  • .  n. 

where  in  general 

«•  4-  »i  +  n*  +  •  •  •  +  n«  »  n; 

thus  we  are  given  m  +  1  sets  of  points  and  m  +  1  sets  of  con¬ 
ditions.  For  convenience  in  notation  we  place 

n,(ci) »  w>(c<),  «■»  1 ,  2,  •  •  • ,  no, 

P‘iCi)^J^iCi),  n,(cO*«/(c<).  ♦“«o+l,  •  • no+ni, 

F(Ci)=P(Ci),  n,(ci)*»«<*(c<),  no-fwi-f  1,  *  *  *,  no+ni-f-ni,  (53) 
FiCi)^P"ic,),  0,(ri)  =  M,"(c<).  f«n-n*4-l,  •••,n, 


where j  »  1,  2,  •  •  •,  n,  and 

then  (52)  may  be  written 


d^jx) 

dx*  * 


L  ajUiiCi)  =  F(c<),  *  “  1,  2,  •  •  •,  n; 


(54) 

(55) 


thus  the  problem  is  transformed  symboUcally  into  that  of  Section 
2,  and  (4)  becomes 
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where  in  this  case  >!<,/  and  A  refer  to  the  determinant 


Qi(ci) 

ai(c,)  •• 

•  •  n-(ci) 

A  « 

Qtict)  •  ■ 

■  •  O-(ti) 

Qi(c«) 

0i(c.)  • 

•  •  n«(c«) 

Reasoning  as  with  (6),  we  have 

f(x)  -  Zki(x)F(Ci), 

tml 

where 


ki{x)  • 


n.(c,) 

ni(c,)  • 

•  0-(c,) 

Q|(Ci-l) 

Oi(Ci->)  • 

•  On{Ci-i) 

w,(x) 

w,(x) 

•  Wn(*) 

Qi(f<+i) 

Oi(c<+i) 

•  «»(C<+|) 

ni(c,) 

Oi(r.)  • 

•  Q,(c.) 

(57) 

(58) 


(59) 


It  is  evident  that  (57)  is  of  the  form  (50);  also,  from  (59)  we  see 
that  ki{x)  may  be  obtained  by  solving  the  following  system  of 
linear  equations: 


kiQiici)  +  k%Qi{ct)  +  •  •  •  +  knUiiCn)  *  wi(jc) 
kiHiici)  +  kiQt{ct)  +  •  •  •  +  knOtiCn)  “  ‘^(*)  (60) 


^ift.^(a)  +  *in«(c»)  +  •  •  •  +  *«0«(c,)  «  «,(x), 

which  is  analogous  to  (9). 

It  is  evident  that  relations  (56)  and  (57)  may  be  used  directly 
to  determine  f(x)  if  such  a  function  exists;  however,  we  shall  now 
derive  certain  relations  which  render  it  F>ossible  to  determine 

^  The  equations  (60)  may  also  be  obtained  by  replacing  m<(x)  by  fi<(x),  and 
f(Ci)  by  F{Ci)  in  footnote  4,  the  reasoning  being  the  same  as  before. 

*  In  the  case  where  f(x)  is  an  algebraic  polynomial,  the  system  (60)  has  been 
obtained  by  different  methods.  See  footnote  5. 
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Cix)  in  steps,  as  in  the  case  of  (22),  or  to  determine  {’(x)  from  some 
given  interpolation  function  which  is  more  elementary.  As  in 
Section  2  let  us  suppose  that  >>  given  in  the  form  (51), 

where  «  *  7  1,  and  where  the  coefficients  Oj,  at,  •  •  •,  a^-j  are 

determined  by  a  set  of  conditions  of  the  form  (53);  and  let  it  be 
desired  to  determine  fyix),  where  f,(*)  is  of  the  form  (12),  and 
differs  from  (y~i(x)  in  that  it  involves  one  more  term,  ay(i).,(x),  and 
satisfies  the  condition 

MCy)»f^iCy)  '  (61) 

in  addition  to  ^53).  To  this  end  we  define  fy(ac)  by  (12),  where 
the  coefficients  dt.  dy,  •  •  • ,  dy  are  determined  so  that 

fy(c<)  *  0,  f  «  1,  2,  ••*,  «0, 

=  0.  *  *  «o  4-  1,  •  •  •,  «o  +  «i. 


ry"(fO  -  0,  *  -  7  7  -  I. 

“/’(c,)  -  fy-iHcy); 

then 

TtW  “  f-r-i(jc)  +  fy(*).  (62) 

the  reasoning  being  the  same,  as  with  (15).  In  particular  if 
Crix)  is  derived  in  the  form  (57),  it  is  necessary  to  compute  but 
one  term;  thus 

fr(x)  =  Ry(x)[f(Cy)  -  fy./(Cy)3,  (63) 

where 

(64) 

and 


Qi(ci) 

nt(ci) 

••• 

Oi(ci) 

ni(‘^.) 

•••  aT(‘^,) 

Dy..- 

Ql(^lr-l) 

*  ’  *  12y(c^_|) 

a>,(x) 

«i(ac) 

•  •  •  «t(*) 

Oi(ci) 

Qi(f.) 

...  Qy{Ct) 

Dy- 

Q>(ci) 

Oi(fi) 

...  OyiCt) 

illiCy) 

OtiCy) 

•••  0,(0 

20 
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Here  it  is  evident  that 


1.2.  •••.7. 


in  addition  to  (53),  where  n  *  7  —  1  and  where j  =  t,  2,  •  •  7: 

also,  we  see  that  (63)  is  analogous  to  (17).  Combining  (57)  and 
(63)  we  have 

fy(jf)  =  Ry(x)f*icy)  -  E  Ry(x)ki^(Cy)FiCi)\ 
thus  (66) 

Cyix)  =  Ry{x)j^{Cy)  [*<(x)  “  (x)*  <  *(C^)  ]  F(C<)  • 

<•1 

From  (66)  we  see  that  f,(x)  may  be  obtained  from  the  expression 
(y-iix)  in  the  form  (57)  by  subtracting  the  term  Ry(x)ki^(Cy)  from 
the  coefficient  of  F(ci)  and  by  then  adding  Ry{x)j*{Cy)  to  the 
expression  thus  obtained. 

It  is  evident  that  (62)  can  be  used  repeatedly  to  give  an 
expression  of  the  form  (22),  where 

M*)  =  f.W  -|^j«i(x);  (67) 

thus  fy(x)  may  be  written 

M*)  -  *,WC/*(c,)  -  E  'Wl  (68) 

<•1 


''■w  -  m- 

As  an  example  let  us  consider  Maclaurin's  series;  then  <>)y{x) 
“  x"’'"*,  =  0,  g  =  7  —  1.  and  from  (65)  we  have 


1 

0 

0 

0  • 

•  0 

0 

0 

1 

0 

0  • 

•  0 

0 

0 

0 

2! 

0  • 

•  0 

0 

0 

0 

0 

3!  • 

.*  0 

0 

0 

0 

0 

0  • 

•  7^ 

0 

1 

X 

X* 

X*  • 

•  x^-* 

x-r-i 
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1 

0 

0 

0 

...  0 

0 

0 

1 

0 

0 

...  0 

0 

0 

0 

2! 

0 

...  0 

0 

0 

0 

0 

3! 

...  0 

0 

0 

0 

0 

0 

... 

0 

0 

0 

0 

0 

...  0 

^r=^\ 

/?,(*)  = 


T! 


and 


thus  finally 


L  fr’W  =  0; 


(69) 


as  was  expected. 

We  now  define  Gy{x)  by  the  expression  (25),  where  the  coeffi¬ 
cients  are  determined  so  that 


Gy{C^  “0,  *  “  1,  2.  •  •  •,  «o. 

<^T*(0  =  0,  *  =  no  +  I,  •  •  •,  no  +  n,, 

.  (70) 

=  0,  »*=  7  7  -  1. 

=  1; 


then  (28)  holds  true  if  is  fixed  by  the  relation 


/*(0  fy-i*i^y) 

Gy^{Cy) 

the  reasoning  being  similar;  thus 

t  (x^  *=  ~  f-ir-l*(03^  /  X 

- G~^) 

It  is  evident  that  (31)  is  still  true;  thus  (72)  may  be  written 


(71) 


(72) 


LPjCy)  -  f->-l*(g-r)3[«-y(3g)  " 

C^^lr’fClr)  fir— 1*1^713 


(73) 
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which  expression  gives  fy(x)  directly  in  terms  of  Cy, 

Uy(x),  and  f*(ry),  all  of  which  are  given.  In  other  words  an 
approximating  function  fy-i(x)  can  be  used  to  determine  another 
approximating  function  i'y(x)  when  Cy  and  are  given,  as  is 

necessarily  the  case. 

Equating  f63),  (72),  and  (73),  we  see  that 


p  [4»r(x)  - 


(74) 


which  relation  can  also  be  established  directly  from  (64)  and  (65) 
by  means  of  determinants. 

6.  General  Case  of  S]rnunetrical  Systems.  In  Section  4  it  was 
shown  that  under  certain  conditions  the  determination  of  {'(x) 
can  be  simplified  considerably.  We  now  extend  these  methods. 
Let  us  suppose  that  n  is  even,  and  that 


“  17, -(c,-,), 


(75) 


then  the  equations  of  (55)  which  involve  Cy,  and  Cy„  respectively, 
may  be  operated  upon  in  the  same  manner  as  each  pair  of 
equations  in  the  case  of  (45),  the  result  being  that  these  two 
equations  may  be  replaced  by  the  equations 


Eoin.(c>.)  =  JCHry.)  -  F(cJJ 


r  0,Q,(Cy.)  =  i[F(fy.)  +  /^(Cy.)], 


(76) 


each  of  which  involves  but  ^  unknowns.  It  is  thus  seen  that  the 

work  of  determining  I’(x)  is  simplified. 

In  the  case  where  n  is  odd  this  same  method  may  be  used  if 
certain  obvious  additions  are  made  to  (75). 

An  important  application  of  this  principle  arises  in  the  case 
where  no.  nj,  >  •  • ,  are  all  even,  and  where  each  set  of  equations 
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of  (55)  can  be  broken  up  into  pairs  of  equations  each  of  which 
satisfies  (75);  for  example,  in  the  case  where  (75)  is  satisfied,  and, 
in  order, 

Hk 

a  +  2,  •••,  a+Y^ 

n 

=  /3-2,  •••,  P-J. 


a  =  51  «i,  ^  a  +  »»  +  1. 

tmO 


and  k  =  0.  I,  2,  •  •  •,  m,  in  order.  Then  it  is  evident  that  the 
system  (55)  can  be  broken  up  into  two  separate  systems,  each  of 


which  involves  but  —  unknowns  and  —  equations  Similar 

methods  may  be  used  in  the  case  where  one  or  more  of  the 
quantities  tit,  fii,  *  *  *  t  ^  are  odd. 

Let  us  now  consider  f’(x)  in  the  form  (57) ;  then  the  coefficients 
ki(x)  may  be  obtained  by  solving  the  system  (60).  If  there  exists 
a  relation  of  the  form  (75),  then  the  substitution 


*;,(jc)  =  «a(*)  - 


will  reduce  the  number  of  unknowns  of  the  equations  involving 
ki^(x)  and  ki^{x),  by  one.  If  there  are  several  relations  of  the 
form  (75),  then  several  substitutions  of  the  form  (78)  can  be 
made,  the  system  (60)  being  thus  simplified.  In  the  extreme 
case,  (77).  we  see  that  (60)  may  be  broken  up  into  two  separate 
and  smaller  systems,  one  involving  certain  u’s  and  p's,  the  other 
the  remaining  u’s  and  p’s.  If  one  or  more  of  the  quantities 
No,  Ni,  n.,  are  odd,  (60)  can  still  be  broken  up  into  two 
systems  if  there  results  two  sets  of  equations  involving  the  same 
unknowns. 

Relations  of  the  form  (75)  arise  in  particular  when  Qt(x)  is 
odd,  or  even,  and  when  C/,  and  c/,  are  symmetrical  about  the 
origin.  As  illustrations  we  have  the  algebraic,  trigonometric,  and 
hyperbolic  polynomials. 
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7.  Cate  Where  Certain  Points  Approach  Coincidence.  It  was 
noted  in  Section  5  that  the  conditions  (52)  involved  m  +  1  sets 
of  points,  it  being  only  necessary  that  the  points  of  each  set  be 
distinct.  We  shall  now  investigate  the  behavior  of  f’(x)  when 
two  or  more  points  of  the  same  set  approach  coincidence;  hence 
to  fix  ideas  let  us  supptose  that  »  r<,  where  c,  and  Cy  are  of  the 
same  set,  and  where  ry  >  From  (52)  we  see  that 


f*(cy)  -  /‘(cy) 
f*(Ci)  =  Pid), 


(79) 


where  k  is  known;  hence  from  Rolle’s  theorem  we  have 


f‘^*({)  =  /*+•((). 

where  Ct  <  ^  <  Cj.  In  the  limit  if  a  limit  exists  we  thus  have 

(80) 

hence  if  ((x)  is  determined  by  certain  conditions  and  (79),  the 
limit  of  I’(x)  as  Cy  c«  is  a  formula  which  satisfies  these  conditions, 
the  second  condition  of  (79),  and  (80).  It  has  already  been 
shown  that  such  a  formula,  which  we  denote  by  *(x),  can  be 
determined  directly,  no  limiting  processes  being  used;  hence  we 
should  expect  the  limit  of  t(x)  as  Cy  c.  to  exist  and  be  coincident 
with  s(x).  That  such  is  actually  the  case  can  be  shown  directly 
by  means  of  determinants;  thus  denoting  the  coefficients  of  *(x) 
by  Ai,  At,  •  •  • ,  An,  Ki,  Ki,  •  •  • .  Kn,  and  those  of  f(x)  by  ou  Ot. 
•••,  a,,  ki,  kt,  •••,  kn,  we  see  from  (55)  and  (60)  that  these 
coefficients  giay  be  expressed  as  quotients  of  determinants.  As 
Cy  -»  r<  it  is  evident  that  a,  — >  0/0,  r  =*  1,2,  •  •  • ,  n ;  thus,  applying 
L’Hospital's  rule,  we  replace  elements  involving  Cy  by  the 
derivatives  of  these  elements  at  and  have  identically 

Lim  Or  —  A r,  r  =  1,2,  •••,»»; 


hence 


l..im  kf 


r  *  I,  2,  •••,  V,  r  ^  i,j, 
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since  (56)  and  (57)  are  identically  equal.  We  thus  see  that 

Lim  {(x)  =■  «(x). 

■  •  «/-*«< 

There  is  evidently  no  difficulty  to  be  encountered  in  deriving 
analogous  relations  vvhen  groups  of  points  of  one  or  more  sets 
approach  common  limits.  For  example,  if  ((x)  is  an  algebraic 
polynomial,  and  if  all  of  the  points  of  f*(x)  approach  a  common 
limit;  then  ({x)  becomes  a  Taylor’s  expansion  of  f{x)  about  that 
point. 

8.  Formulas  Involving  a  Distributive  Operator.  The  theory 
developed  in  Section  5  involved  the  process  of  differentiation; 
however,  the  only  property  of  this  process  which  was  used  was  its 
distributive  property.  Let  us  denote  by  D  any  distributive 
operator;  •  then 

=  i:a,iri,{x),  (81) 

im\  {ml 

where  ^i(x),  ^i(x),  •  •  •,  ^.(x)  are  any  sequence  of  functions,  and 
where  oi,  ot,  ***,  a,  are  constants.  If,  now,  we  replace  the 
definition  (54)  by  the  following  definition : 

^^x)  -  D^ix),  (82) 

then  the  theory  developed  in  Section  5  applies  in  every  detail  to 
the  derivation  of  formulas  involving  a  distributive  operator; 
similarly,  if  we  replace  (54)  by  the  definition 

»(x)  *  D^x),  1,2.  •.•,*,  (83) 

the  theory  developed  in  Section  5  applies  in  full  to  the  derivation 
of  formulas  involving  the  distributive  operators  Du  £?*,  •  •  • ,  D,. 

9.  Error  Involved  in  Approximating  f(z).  I^t  us  denote  the 
error  of  approximation  by  «,  thus 

fix)  =  f(x)  +  €(x);  (84) 

*  Throughout  this  paper,  (81)  will  be  taken  at  the  definition  of  a  distributive 
operator. 
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and  let  us  suppose  that  fix)  may  be  expanded  in  a  series  of  the 
form 

fix)  =  X.  afiiiix),  .  (85) 

where  iV  is  finite  or  infinite.  Substituting  (85)  in  (57),  we  have 
•(*)  “  L  «>";(jc)  +  L  otf^iix)  -  E  «/  L  ii(x){if(ci) 

Jmt  i-lM-l  /-I  «-I 

-  L  *<(*)  L  a,Q,(cO.  (86) 

1.1 

due  to  (84).  From  (60)  it  follows  that 

E  *<(x)n,(cO  =  uj(x),  j  »  1,  2,  •  •  •,  n; 

(.1 

hence  substituting  in  (86)  we  have 

«(jc)  *  E  aiO),ix)  -  E  ^i(x)  E  (87) 

>-«+I  <-l  >-■+! 

Since  (85)  is  convergent  it  is  evident  that 

0  rs  1  H  “»«i(3f)|  ^  €o(x);  (88) 

i-«+i 

also,  supposing  fix)  to  be  such  that  (85)  may  be  operated  upon 
term  by  term  by  the  distributive  operators  which  give  rise  to  the 
expressions  0,,  it  follows  that 

0  —  I  E‘  —  *1(^0.  *  “  1.  2,  •••,»».  (89) 

>-■+1 

From  (87)  we  now  have  finally 

1  «(jc)  1  -  «o(jf)  +,51*  <(*)  I  (90) 

As  an  example  let  us  suppose  that  (85)  is  an  expansion  in  a 
px>wer  series,  and  that  the  opierators  involved  are  derivatives  of 
order  not  greater  than  7;  then  denoting  the  greatest  |y*(x)  |  in  the 
interval  bounded  by  the  two  outermost  pioints  of  the  set  0.  x,  C|, 
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•  •  • ,  by  fm*,  it  follows  that 


«.(*) 


c  "~'*f  " 

„(c0-=^=%.  •=  1.2.  -.-.n; 

n  -  y\ 

hence  (90)  becomes 

l«(*)l  -  ^fm”. 


(91) 


where  r  may  be  computed. 

10.  Uniqueness  of  Results.  Let  us  suppose  that  the  system  of 
equations  (55)  is  uniquely  determinate,  or  that  A  ^  0;  then  it  is 
evident  that  there  can  be  but  one  expression  of  the  form  (56). 
Since  A  is  also  the  determinant  of  (60),  we  see  that  (57)  is  also 
uniquely  determinate.  Again,  let  us  suppose  that  by  some 
method  there  has  been  derived  a  formula 


*(x)  *  L  Ki(x)F(Ci), 

of  the  form  (57).  which  gives  exact  results  when  applied  to  any 
function  of  the  form  (51);  then  restricting  ^(x)  to  functions  of  this 
form,  we  have 

E[*<(*)  -  *.(x)]F(c,)  =  0.  (92) 

Since  for  any  set  of  values  of  F(c<),  »  »  1,  2,  •  •  • ,  n,  (57)  may  be 
used  to  give  a  function  of  the  form  (51),  we  see  that  (92)  holds 
true  for  any  set  of  values  of  F(c,),  i  *  1,  2,  •  •  • ,  n;  hence  for  any  x 
we  have 

Ki(x)  -  ki(x)  =  0,  *  «  1,  2,  •  •  •,  «; 

and 

*(.r)  -  f(x). 

We  thus  see  that  the  formula  derived  by  the  other  method  is 
identical  with  (57). 

11.  Formulas  for  the  Approziinate  Calculation  of  Integrals. 
From  (84)  we  see  that 
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/(x)dx  -  j  f(x)dx  -I-  J'  t(x)dx;  (93) 

thus  we  consider  J*  i^(x)dx  as  an  approximation  J*  f(x)dx, 
the  error  being  J*  *(x)dx. 

We  shall  first  consider  the  case  where  {’(x)  is  fixed  by  values  of 
/(x)  at  given  points;  thus  from  (6)  we  have 


where 


rnx)dx »  E  Kj(n). 

Jm  lal 

Ki  =  £ki{x)dx. 


i  «  1.  2.  •••.  n. 


(94) 

(95) 


Here  it  is  to  be  noted  that  the  coefficients  Ki,  Kt,  •  •  • .  Kn  are 
independent  of  /(x),  and  may  be  computed  and  tabulated  once 
and  for  all  when  o,  h,  wi(x),  utix),  •  •  • ,  w,(x)  are  given.  From  (7) 
we  see  that 

=  f  w,(x)dx; 

^>.1  Jm 

hence  placing 

“  f  >^iix)dx,  j -=  1,  2,  •••,  «,  (96) 


we  have,'®  as  in  the  case  of  (7)  and  (8), 


«l(Cl) 

«i(fi) 

•  ««(Cl) 

wi(ci_i) 

«l(c»-l)  • 

•  Wi*(c<-l) 

/l 

•  /- 

wi(c»+i) 

W|(c<-n)  • 

•  a)„(Ci4.|) 

«i(c«) 

"l(c«) 

•  «»(c«) 

'*  Let  us  suppose  that  an  nth  degree  determinant  has  a  row  (or  column) 
whose  elements  are,  in  order,  ^i(x),  #t(x),  •  •  •,  ^(x),  all  the  other  elements 
being  constants;  then  if  the  distributive  operator  D  operate  upon  this  de¬ 
terminant,  the  result  is  obtained  by  replacing  the  row  (or  column)  of  elements 
♦i(x),  #i(x),  •  •  •,  ♦■(x)  by  the  row  (or  column)  2)4,(x),  D^(x),  •  •  •,  D^{x). 
This  may  be  shown  by  developing  the  determinant  by  minors  with  respect  to 
this  row  (or  column),  letting  D  operate,  and  by  then  rebuilding  the  determinant. 
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From  (97)  we  see  that  Ki  may  be  obtained  by  solving  the  follow¬ 
ing  system  of  linear  equations:  " 


4"  KtUt(Ct)  4*  •  *  *  +  KnUl{Cn)  —  It 
4-  4"  *  •  •  4"  =  /» 


^lWii(^l)  4”  4"  *  *  •  4"  Kn<an(Cn)  =  7 «. 


which  is  analogous  to  (9),  and  which  may  be  derived  by  inte¬ 
grating  each  equation  of  (9). 

By  integrating  equations  (15),  (17)  •••  (22),  (24),  (29),  (32), 
and  (33),  we  obtain  corresponding  relations  for  integration 
formulas.  In  particular  we  note  that 


a>i(ci) 

«*(<■!) 

wj(ci) 

•  '^yify-t) 

It 

A 

•  ly 

(99) 


due  to  (19)  and  (96). 

We  now  consider  the  case  where  f(*)  involves  derivatives  of 
f{x).  From  (57)  we  have  directly 


where 


r  nx)dx  =  E  KiF{r,), 

Ja  tmt 

/C,  «  ki(x)dx,  »=  1,2,  •••,«. 


(100) 

(101) 


From  (58)  we  see  that 

=  f  <ai(x)dx; 

^  >-i  •/« 

“In  the  case  where  f  (x)  ia  an  algebraic  polynomial,  the  system  (98)  has  been 
obtained  by  different  methods.  Crout:  A  Method  for  Derioint  Formulas  for  the 
Approximate  Calculation  of  Integrals,  this  Journal,  vol.  7,  p.  126;  also  vol.  8,  p. 
119. 
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hence,  defining  If  by  (96)  and  reasoning  as  with  (97),  we  have 


^‘  =  1 


Oi(ci) 

0,(c,) 

Q,(c,) 

Qi(c«_i) 

Qi(c,-,)  •  •  • 

fl«(r^*— i) 

Ii 

/, 

In 

Qi(r*+i) 

Oi(ct+i)  •  •  • 

Qn{Ci^l) 

ni(c«) 

QtiCn)  ••• 

QniCn) 

(102) 


From  (102)  we  see  that  Ki  may  be  obtained  by  solving  the 
following  system  of  linear  equations: 


A^iQ*(ci)  +  KtQt{ct)  + 


A:.0,(c,)  +  K,Qn{Ct)  + 


+  Kniil{Cn)  "=  II 

+  KnSitic,)  =  U  (103) 

+  =  Int 


which  is  analogous  to  (60),  and  which  may  be  derived  by  inte¬ 
grating  each  equation  of  (60). 

By  integrating  equations  (62)  •  •  •  (68),  (72)  •  •  •  (74),  we 
obtain  corresponding  relations  for  integration  formulas.  In 
particular  we  note  that 


«.(c.) 

nt(c,) 

•  ily{Cl) 

Hi(c*) 

n*(r.)  • 

•  Oyic,) 

•  ft^(r.^i) 

/l 

•  ly 

due  to  (65)  and  (96). 

It  is  evident  that  if  we  replace  the  definition  (54)  by  (82)  or 
(83).  the  preceding  theory  applies  in  full  to  the  derivation  of 
integration  formulas  which  involve  one  or  more  distributive 
operators. 

12.  Sirmmetrical  Integration  Formulas.  In  Section  4  a  method 

**  In  the  caae  wheie  r(x)  is  an  algebraic  polynomial,  the  system  (103)  has 
been  obtained  by  different  methods.  See  footnote  11. 
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was  developed  whereby  the  solution  of  the  system  (9)  is  greatly 
simplified  if  {"(x)  is  symmetrical.  We  shall  say  that  the  inte¬ 
gration  formula  J*  {‘(x)dx  is  symmetrical  if  {'(x)  is  symmetrical ; 

thus  comparing  (9)  and  (98)  we  see  that  if  f  (x)dx  is  symmet¬ 
rical,  we  can  apply  this  same  method  to  simplify  the  solution  of 
(98).  Here  we  make  the  substitution 


Ki=  Ut+  Vi, 


1.  2,  •  •  •,  A«. 


(105) 


K.i  =  Ui-  Vi, 

in  place  of  (47);  also,  from  (47)  and  (105)  it  is  evident  that 

f  »iix)dx. 


=  J*  Viix)dx, 


1.2. 


In  an  exactly  similar  manner  we  can  use  the  methods  of  Section 
6  to  simplify  the  solution  of  (103);  thus  in  place  of  (78)  we  have 


K,,  »  Ui,  +  V,„ 

Ki,  =  Ui,  -  Vi„ 


(106) 


which  may  be  obtained  by  integrating  (78). 

13.  Error  Involved  in  Approziinating  j*  f(z)(lx.  From  (84)  we 

see  that  the  error  involved  in  approximating  J'  f(x)dx  is 

i-J^*.(x)dx;  (107) 


hence,  supposing  that  f{x)  may  be  expanded  in  the  series  (85), 
that  this  series  is  uniformly  convergent  in  the  interval  (a,  6),  and 
that  the  functions  fa>i(x),  <di(x),  •  •  •  are  continuous  in  this  interval; 
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we  have,  integrating  (87)  noting  (96)  and  (lOH, 

«  *=  Y.  ~  ^  (108) 

^.»fl  (.1  imn+l 

Reasoning  as  in  Section  9,  it  follows  that 

0  ^  I  L  a,/yl:£«o;  (109) 

>-»+! 

hence,  noting  (89)  we  have  finally  from  (108) 

\i\  E  |ii:<|‘>(‘^0.  (110) 

14.  Uniqueness  of  Integration  Formulas.  Let  us  suppose  that 
the  system  of  equations  (103)  is  uniquely  determinate,  or  that 
A  ^  0;  also,  let  us  suppose  that  by  some  other  method  there  has 
been  derived  an  integration  formula 

tml 

of  the  form  (100),  which  gives  exact  results  when  applied  to  any 
function  of  the  form  (51);  then  restricting/(x)  to  functions  of  this 
form,  we  have 


-  Ki-]Ficd  =  0,  ♦  =  1.  2.  •••,  «. 


Since  A  ^  0.  (57)  may  be  used  to  give  a  function  of  the  form  (51) 
for  any  arbitrary  set  of  values  of  F(c<),  »  *  1,  2.  •  •  •,  «;  hence 


and 


We  thus  see  that  (100)  and  the  formula  derived  by  the  other 
method  are  identical. 

15.  Invariant  Area.  In  Section  11  it  was  shown  that  if 
f(jc)  is  fixed  by  given  points  f  f(x)dx  may  be  expressed  in  the 
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form  (94),  where  the  quantities  Ku  Kt,  •  •  • ,  /C,  are  fixed  by  the 
equations  (98).  Let  us  now  suppose  that  the  equations 

^j<rfi(ri)  "h  /'^*wi(ri)  +  •  •  •  +  Km<^icm)  —  I\ 

TCiwiCri)  4-  +  •••  +  Km<^{cm)  *  A  (111) 

/i^l«ii(rj)  +  Klf»Jn{Ct)  +  •  •  •  +  KmUmiCm)  =  /ii, 

where  m  ^  n,  are  consistent  and  determinate;  then  (98)  is 

satisfied  by  the  values  of  the  coefficients  given  by  (1 1 1)  and  by  the 
relations 

K^i  =  A:«+,  =  . . .  =  a:,  =  0;  (112) 

hence,  since  A  ^  0  this  is  the  only  solution  of  (98).  (94)  now 

becomes 


f\(x)dx^  ZKifia), 

%/M 


where  the  coefficients  Ki,  Kt,  •  •  •,  Km  are  given  by  (111).  Since 
A  ^  0,  n  points  are  required  to  fix  f(x);  but  from  (113)  we  see 

that  the  m  points  (ci, /fc,)),  •  ■  iCm,J{,Cm))  determine f(x)dx;* 


thus  it  is  evident  that 


^(x)dx  is  i 


invariant  for  the  «  func¬ 


tions  f(x)  passing  through  these  points. 

Similarly,  if  f  fx)  involves  derivatives  or  distributive  operators, 
we  suppose  that  the  equations 

•f'^lOl(Cl)  +  KtiliijCt)  +  •  •  •  -1-  KmOliCm)  **  il 
Kjiltict)  "4*  Ktiitict)  +  •••  +  KmOtiCm)  —  It  (114) 

KjQniri)  +  A’,n,(r,)  +  •  •  •  +  KmQniCm)  -  1„ 

ifvhere  m^n,  are  consistent  and  determinate;  then  proceeding 
from  (lOO)i  (103),  and  (114)  as  ^ith  (94),  (98),  and  (111),  we 
obtain  the  relation 


E  KiFCcOi 

<>i 


308 


CROUT 


{’(x)dx  is  invariant  for  the  functions  f(*)  satisfying 


the  conditions 


Z  o,Q/(c<)  »  F(c,), 


The  conditions  which  render  the  systems  (111)  and  (114) 
consistent  and  determinate  may  be  expressed  as  the  vanishing  of 
certain  determinants  '*  which  involve  h,  1%,  •••,!»  and  w<(c/),  or 
Q<(ci).  *  =  1.  2,  •  •  •,  n,  j  *  1,  2,  •  •  •,  thus  since  the  functions 
Wi(*),  Wi(*).  •••,  Unix),  or  Hif*),  12t(jc).  •••,  Unix)  are  known, 
fi,  Tt,  In  are  known;  and  these  conditions  may  be  treated  as 
conditions  subject  to  which  C|,  Ct,  "  Cm  are  initially  chosen. 

16.  Certain  Cases  of  Invariant  Area.  Let  us  first  consider  the 
case  where  fix)  is  an  algebraic  polynomial  of  degree  m  +  a;  thus 


«,(*)  «  1,  «!(*)  -  X,  •  •  •,  w*4^,(x) 


and  (111)  becomes 


/Cl  +  /C,  + 

KiCi  +  KtCt  +  •  • 


••  +Kn, 

+  Kn,Cm 


Here  «  *  m  -f  o  +  1 ;  and 


r,  -  jT  x»-'dx, 


Let  us  suppose  temporarily  that  none  of  the  quantities  Ci,  ct,  •  •  • , 
Cn,  are  zero;  and  let  us  consider  a  set  of  m  consecutive  equations  of 
(117),  the  first  being 


+  •••  +/C„c»^ 


0,1,2,  •••,a+  1. 


After  factoring  Ci*  from  the  first  column,  Ct’'  from  the  second,  •  •  • , 
and  from  the  mth  column  of  the  determinant  of  these  m 
Pascal:  Die  Delemnnanlen,  p.  197. 
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equations,  this  determinant  becomes 


a,. 


1 

I  <•* 

>  c,--‘ 


1 

Cm' 


7-0.1.2.  .--.a+l,  (119) 


since  the  determinant  involved  in  (1 19)  is  of  the  Vandermonde 
type  and  the  c’s  are  distinct;  hence  the  matrix 


1 

1 

•  1 

Cl 

Cj 

* 

•  Cm"^ 

is  of  rank  m.  The  conditions 


Cl"* 

Ct* 

••  Cm"* 

^y+i 

-0,  7-0, 1,2,  •• 

•,a,  (120) 

fy-l-m+l 

may  thus  be  taken  as  the  necessary  and  sufficient  conditions 
for  the  equations  (117)  to  be  consistent,'*  it  being  evident  from 
(119)  that  (117)  is  determinate.  Factoring  Ci"*  from  the  first 
column,  Ct*  from  the  second,  •  •  •,  and  Cm'*  from  the  mth  column 
of  (120),  noting  (118),  we  have 


1 

1 

••  1 

Cl 

c. 

*  * 

jgy+i 

dx  ~  0,  7  -  0,  1,  2,  •• 

a- 

Cl" 

Cl"  • 

•  •  Cm" 

xT+*. 

We  now  factor  x’'  from  the  last  column  of  the  integrand;  then 
noting  that  the  remaining  determinant  is  of  the  Vandermonde 
type,  we  have  finally 


X  —  C{)dx 


0. 


7  -  0,1,2,  •••,«,  (121) 


I 


}i- 


21 
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which  conditions  are  necessary  and  sufficient  for  the  integration 
formula  (113)  to  give  exact  results  when  applied  to  any  algebraic 
polynomial  of  degree  m  a. 

Had  one  of  the  quantities  Cj,  ct,  •••,£■,  been  zero,  Cm  to  fix 
ideas,  we  should  have  considered  grou()s  of  m  —  1  consecutive 
equations  of  (117)  in  exactly  the  same  way  as  before  except  that 
in  this  case  7  =  1,2,  •••,a  +  2;  hence  we  should  have  obtained 
the  necessary  and  sufficient  conditions 

f  x'' II  (x  -  f  j)dx  -  0.  7  =  1,  2,  •••,  o  +  1. 

Since  c*  =  0,  we  have  x  *  (x  —  f«);  thus  (121)  holds  true  in  this 
case  also. 

Proceeding  from  (121),  it  is  possible  to  determine  a  family  of 
algebraic  polynomials  of  degree  m  such  that  the  m  roots  of  each 
may  lie  taken  as  a  set  of  values  ci,  Ct,  *  >  * ,  Cm  which  satisfies 
the  conditions  (121).  The  extreme  case  where  n  =  2m  and  all 
of  the  c’s  are  fi.xed  by  (121)  leads  directly  to  Legendre’s  poly¬ 
nomials  and  to  Gauss’  formulas  of  integration.'*"  '* 

W’e  shall  next  consider  the  case  where  f(x)  is  a  trigonometric 
polynomial  of  degree  thus,  as  with  (34),  we  have 

a».(x)  =  «,(x)  =  •••,  «,(x)  = 

and  (111)  becomes 

X, -I-  -I-  •  •  •  +  ~  /_^ 


Kx  + Kt+ h  (122) 


-h  +  •  •  •  +  A-**-’'-  =  /^, 

symmetrical  notation  being  used  for  convenience.  As  with  (117) 

Crout:  An  Application  of  Ike  Invariant  Area  Properties  of  Aliehraic 
Polynomials  to  the  Derivation  of  Formulas  for  .Mechanical  Jnletration,  this 
Journal,  vol.  8,  p.  200. 

'*  It  is  also  possible  to  arrive  at  this  result  by  applying  a  method  which  will 
be  used  later  in  the  case  of  the  trigonometric  polynomial,  (124). 
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we  now  consider  a  group  of  m  consecutive  equations  of  (122),  the 
first  being 

+  • .  •  +  -  ly, 

7  »  —  n,  —  ifi  —  1),  (fi  —  m  + 

and  after  factoring  e*''**  from  the  first  column,  c"'*  from  the 
second,  •  •  • ,  and  from  the  last  column  of  the  determinant  of 
these  m  equations,  this  determinant  becomes 

1  1  •••  1 

fict  ...  ^ 

**<*1  ... 


^(m— DiCl  ^(w— l)if|  ,  ,  ,  1)  tfis  | 

7  =“  —  A».  —  (m  —  1)|  •  •  • .  (m  —  W  +  1),  (123) 


since  the  determinant  involved  in  (123)  is  of  the  Vandermonde 
type  and  the  c’s  are  distinct.  We  now  proceed  as  from  (1 19),  and 
finally  obtain  the  conditions 

III 

«"‘^|(«“  -  =  0,  • 

7  *  -  fi,  —  (jt  -  {fi_  —  m),  (124) 

which  are  necessary  and  sufficient  for  the  integration  formula 
(113)  to  give  exact 'results  when  applied  to  any  trigonometric 
polynomial  of  degree  m- 

We  shall  now  derive  a  family  of  algebraic  polynomials  of 
degree  m  such  that  the  m  roots  of  each  may  be  taken  as  a  set  of 
c^'s  which  satisfies  (124).  After  making  the  substitutions 


t**  »  S,  =  /3„  Oi  -  €’•,  bi  = 

(124)  becomes 

f  IJ  (*  -  0i)dz  =  0, 

7  *  —  (ai  +  1),  —  M.  —  (m  -  1).  *  •  (a»  —  »»  -  1).  (125) 

Denoting  the  sum  of  the  ^’s  taken  one  at  a  time  by  Sj,  the  sum 


if 


I- 

r 


g.  -1 
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of  the  taken  two  at  a  time  by  5t,  *  ■  *,  and  the  sum  of  then’s 
taken  m  at  a  time  by  5«,  it  is  evident  that  (125)  may  be  written 


-  U  +  1).  - 


M. 


or 


±  ■  0, 

-  (>i  -  1),  •••,  (m  -  w  -  1), 


n*i  /’*!  r*\  /•*! 

Si  I  I  +  •  •  *  ^  Sm  I  t'dz  »  I 

7  -  -  (m  +  1).  -  M.  -  (m  -  1).  •••,  (m  -  m  -  1).  (126) 


The  relations  (126)  consist  of  (2m  —  m  4-  1)  linear  equations; 
thus  in  addition  to  (126)  we  impose  the  conditions 


SlOtj.  1  "b  *  +  •  •  •  4"  m  “  a>,  (■•+»).  (127) 

j  -  1,  2,  •  •  •,  (2m  -  2m  -  1), 

and  hence  obtain  a  system  of  m  linear  equations,  which  we  solve 
for  Ji,  St,  •  •  • ,  Sm-  We  now  form  the  algebraic  polynomial 

tt"  —  4-  —  •  •  •  ±  Jm;  (128)  , 

then  it  is  evident  that  the  roots  of  (128)  are  /3i,  /3j,  /3«,.  * 

Since  5i,  St,  Sm  are  expressed  in  terms  of  the  parameters 
ay,  k,  the  polynomial  (128)  involves  these  same  parameters;  hence, 
once  the  quantities  ay, »  are  fixed,  either  arbitrarily  or  in  ac¬ 
cordance  with  further  conditions,  we  obtain  definite  numerical 
values  for  $i,  fit,  fim-  The  quantities  Ci,  c*,  •••,  Cm  are  thus 
determined,  for  "Cy  —  —  »  log  fif,  j  —  1,  2,  •••,  m.  In  the 
particular  case  where  (126)  contains  m  —  1  equations,  or 
m  —  M  +  1.  >t  is  evident  that  the  resulting  integration  formulas 
are  closely  analogous  to  those  of  Gauss  for  the  algebraic  poly¬ 
nomial. 

As  an  example  let  us  suppose  that  m  *  1.  »  2,  —  o  *  5  —  »■; 

then  from  (126)  we  have 


Si 


dz. 


FUNCTIONS  AND  INTEGRALS 


313 


which  is 

“  0. 

From  (127)  it  thus  follows  that 

or 

ai,» 

Ji  - - *  -  a*, 

“1.1 

where  o*  is  arbitrary;  thus  (128)  becomes 

'  M*  -  o*. 

fli  »  a,  /3i  »«  —  a. 

a  »  r(co8  d  +  i  sin  0), 

where  r  and  6  are  real ;  then 

Cl  »  -  *[log  r  +  *■«],  Cl  »  -  »[log  r  +  i(e  +  »•)]. 

Restricting  a  to  points  of  the  unit  circle,  which  restriction  is 
necessary  if  Ci  and  C|  are  to  be  real,  it  follows  that 

Cl  *  d.  Cl  “  S  T, 

6  being  arbitrary ;  also,  from  (122)  we  have 
K.i  -  -  t; 


and 

We  now  place 


thus  finally 


£ 


f(x)(/x  =  irf(e)  +  irf{9  +  t) 


(129) 


for  any  real  d.  It  is  evident  that  (129)  gives  exact  results  when 
applied  to  any  trigonometric  piolynomial  of  first  degree.'*  As  a 


special  case  let  us  place  ;  then  (129)  becomes 

'*  Since  restrictions  have  been  imposed  arbitrarily,  and  since  the  principal 
values  of  the  logarithm  have  been  used,  it  is  evident  that  (129)  is  not  the  most 
general  integration  formula  having  this  property. 
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It  is  evident  that  if  we  replace  i  by  1  in  (122)  •  •  •  (128),  these 
formulas  together  with  their  derivations  are  transformed  to  the 
case  where  fix)  is  a  hyperbolic  polynomial  of  degree  m- 

17.  Formulas  for  the  Approximate  Calculation  of  a  Distributive 

Operator  of  f(x).  In  Section  11  the  expression  J*  {'(x)dx  was 
taken  as  an  approximation  of  J*.f(x)dx,  and  a  theory  was  de¬ 
veloped  for  obtaining  formulas  of  the  type  J*  (ix)dx  from  known 


values  of  distributive  operators  of  fix)  at  certain  given  points; 
however,  the  only  property  of  the  integral  which  is  essential  to 
this  development  is  its  distributive  property.  It  is  thus  evident 
that  if  D  is  any  distributive  operator  such  that  Di^(x)  is  either 


another  function,  as  in  the  case  where  D  »  7-  ,  or  a  constant,  as 

dx 

in  the  case  where  ^  J*  (  Section  11  we  replace 

the  symbol  J*  (  )dx  by  D,  the  theory  of  this  section  applies  in 


full  to  the  derivation  of  formulas  for  the  approximation  of 
Df(x)  from  known  values  of  distributive  operators  of  f(x)  at 
certain  given  pmints.  Similarly,  the  theory  of  Sections  12,  13,  14, 
and  15  applies  in  every  detail  to  simplify  the  derivation,  to  limit 
the  error,  to  establish  the  uniqueness,  and  to  investigate  the  invari¬ 
ant  properties  of  such  formulas. 


MUTUAL  INDUCTANCE  AND  REPULSION  OF  TWO 
ADJACENT  DISK  COILS 

By  H.  B.  DwiiiHr  and  T.  Y.  Lu 

In  this  paper  are  presented  two  formulas,  the  first,  eq.  (I),  for 
the  mutual  inductance  of  two  very  thin,  disk-shaped,  duplicate, 
coaxial  coils,  and  the  second,  eq.  (2),  for  the  electromajjnetic 
force  between  the  coils. 

A  convergent  series  for  the  mutual  inductance  of  two  coaxial 
circles  was  given  by  Maxwell.*  This  was  extended  to  a  con¬ 
siderable  number  of  terms  by  E.  B.  Rosa  and  L.  Cohen.*  By  the 
double  integration  of  the  formula  for  two  circles,  formula  (1)  for 
two  disk  coils  is  obtained.  It  is  shown  that  for  certain  shapes  and 
positions  of  the  coils,  particularly  when  they  are  close  together, 
this  formula  has  distinct  advantages. 

The  mutual  inductance  of  two  thin.  Hat,  coaxial  coils.  Fig.  1,  is 

rmNxNt\(  \  ,  I 

2880 m‘  ^  (Am*  (Am*  / 

-  /5*  ,i4.r*\/  55*^5r*5*  161j^\ 

_  — A'+8m-  +  8-;S5-5K;;r.j 

-4(-tan-;j  (  I  j 


C«5«  301  1  . 

720w^  360m<  J^*"*”^* 


*  Electricity  and  Magnetism,  Vol.  11,  Para.  70S,  and  Sci.  Paper  169  of  the 
Bureau  of  Standards,  eq.  (10). 

*  Bulletin  of  the  Bureau  of  Standards,  Vol.  2,  1906,  eq.  (11),  p.  366.  and  Sci. 
Paper  .No.  169,  eq.  (14). 
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where  m  is  the  mean  diameter  of  the  coils, 
c  is  the  radial  depth  of  the  coils, 

5  is  the  axial  spacing, 

JVi  and  Ns  are  the  numbers  of  turns  in  the  two  coils  and  where  the 
dimensions  are  in  centimeters. 

A  very  complete  collection  of  mutual  inductance  formulas  is 
given  in  Scientific  Paper  169  of  the  Bureau  of  Standards,  by  E.  B. 
Rosa  and  F.  W.  Grover.  Four  formulas  applicable  to  disk¬ 
shaped  coils  are  given  and  their  characteristics  are  compared. 


r 

c 

L 

m 

-* 

s 

Fig.  1. — Two  Adjacent,  Thin,  Disk  Coils. 

Three  of  these  formulas,  namely,  (21)  due  to  Rowland,  (24)  due 
to  Rayleigh,  and  (28)  due  to  Lyle,  are  for  coils  at  a  considerable 
distance  apart,  and  the  formulas  become  more  accurate,  the 
greater  the  distance  between  the  coils. 

A  fourth  f6rmula.  No.  (29)  by  E.  B,  Rosa,  contains  terms  in 
cV/m^  and  using  the  notation  of  this  paper.  Conse¬ 

quently,  as  stated  on  {>age  40  of  Sci.  Paper  169,  formula  (29) 
becomes  less  exact  as  5  is  greater.  However,  it  does  not  follow 
that  (29)  is  suitable  for  small  values  of  s  in  many  cases.  It 
contains  a  series  of  terms  in  c*/s*,  c*/s*,  c*/s*,  •  •  • ,  and  accordingly 
it  is  unsuitable  for  very  small  values  of  s  such  as  would  be  obtained 
in  the  case  of  two  thin,  flat  coils  close  together,  as  in  Fig.  1. 
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Formula  (29)  contains  terms  of  the  2d,  4th  and  6th  degrees. 
In  order  that  the  formula  should  give  a  precise  result,  the  terms 
of  the  6th  degree  should  be  practically  negligible  and  should  be 
distinctly  smaller  than  similar  terms  of  the  4th  degree.  Some 
terms  of  the  6th  degree,  namely  those  in  1/a*,  are  not  included  in 
this  formula,  a  being  the  mean  radius,  and  so  the  terms  in  1/a* 
should  be  practically  negligible. 

While  it  is  desirable  that  each  user  of  a  formula  determine  the 
degree  of  precision  being  obtained  by  watching  the  values  of 
terms  of  different  degrees,  an  approximate  idea  of  the  range  in 
which  ordinary  accuracy  can  be  obtained  is  given  in  Fig.  2. 


Fig.  2. — Ranges  of  Application  of  Formulas,  for  Two  Equal  Disk  Coils. 

For  Eq.  (29)  of  Sci.  Paper  169,  the  ratio  c/s  should  not  be 
greater  than  about  1/2  and  the  ratio  5/m  should  not  be  greater 
than  about  1/3.  The  cross-section  of  the  right  hand  coil  should 
therefore  lie  within  the  unshaded  cone  shown  in  Fig.  2.  A  few 
possible  sizes  are  indicated. 

Formula  (1)  of  this  paper  contains  no  terms  with  s  in  the 
denominator,  and  so  the  smaller  5  is,  the  more  precise  is  the 
result.  The  ratio  5/m  should  not  be  greater  than  about  1/3  and 
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cjtn  should  not  be  more  than  about  1/2.  The  increase  in  the 
range  which  can  be  covered  is  shown  by  the  shaded  area  in  Fig.  2. 

In  using  formula  (1),  terms  of  the  4th  degree  should  be  practi¬ 
cally  negligible  and  should  be  distinctly  smaller  than  those  of  the 
2d  degree. 

A  direct  check  on  some  of  the  terms  of  formula  (1)  can  be 
obtained  by  putting  5  0,  in  which  case  it  becomes  a  self¬ 

inductance  formula,  namely,  the  formula  for  thin  disk  coils 
derived  by  T.  R.  Lyle.*  It  is  allowable,  in  this  way,  to  add  two 
terms  to  formula  (1),  namely  a  term  103c*/(105  X  1024m*) 
to  the  bracket  following  logn  16m*/(^*  +  c*)  and  a  term 
98579c*/(88200  X  512m*)  to  be  added  after  (301/360)(5*/m*). 
These  terms  may  improve  the  accuracy  when  the  coils  are  very 
close  together  and  stm  is  very  small.  However,  in  general  the 
additional  terms  are  not  very  useful  unless  the  corresponding 
terms  in  c*j*/m*  etc.  are  available. 

A  comparison  of  the  numerical  results  given  by  formulas  (1)  of 
this  paper  and  (29)  of  Sci.  Paper  169  can  be  made  in  cases  where 
lx>th  series  are  rapidly  convergent.  For  instance,  when  5/m  «  1/4, 
f/5  “  1/2  and  6  =  0,  both  formulas  give  M  =  l.lilrmNiNt. 

VV’hen  the  coils  are  closer  together,  as  5/m  =  1/10  and  c/5  =  1/2, 
more  significant  figures  can  be  obtained.  In  this  case,  both 
formulas  give  M  =  3.3893)rmiViiV|. 

Formula  (1)  has  been  checked  by  a  laboratory  measurement  on 
two  duplicate  disk-shaped  coils  for  which  m  =  23.56  cm., 
c  =  8.32  cm.,  5  =  4.68  cm.,  and  iV  =  516.  The  tested  value  of 
mutual  inductance  was  0.0374  henry.  The  calculated  value  by 
(1)  is  0.0366»  henry,  the  difference  being  2  per  cent. 

By  differentiating  (1)  with  respect  to  5,  the  following  formula 
for  the  force  exerted  by  the  coils  on  each  other,  is  obtained: 
Force,  in  dynes, 

irAr,.V,/,/,r/,  16m*  \/3  5  ,  7  f*5  15  5*  \ 

100  [V  m  ■*"32  m*  16  m*/ 

•See  Phil.  Trans.,  Vol.  213A.  1914,  page  421,  Sci.  Pa.  .120  of  the  Bureau  of 
Standards,  (Kige  SS7  and  Sci.  Pa.  4.S.S,  eq.  (26). 
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(2) 


where  /|  and  It  are  in  amperes.  Note  that  in  this  formula  only 
ratios  of  dimensions  are  involved.  I^rite  coils  have  larger  forces 
than  small  ones  of  the  same  proportions,  merely  because  the 
currents  are  larger. 

Formula  (2)  was  checked  by  a  laboratory  measurement  on  the 
two  coils  previously  described,  the  force  being  119.5  grams  when 
s  *=  4.68  cm.  and  the  current  was  1.42  amperes.  The  calculated 
value  of  force  is  107  grams,  .which  is  10  percent  less  than  the 
measured  value. 

Other  tests  are  described  in  the  thesis  by  T.  Y.  Lu,  Massa¬ 
chusetts  Institute  of  Technology,  1929. 

It  is  possible  that  the  formulas  described  in  this  paper  may  be 
of  use  in  connection  with  the  type  of  power  transformers  which 
are  made  up  of  flat  disk  coils,  since  the  leakage  inductance  and 
the  force  in  such  transformers  is  only  slightly  affected  by  the 
presence  of  the  iron  core,  and  *so  it  is  possible  to  get  useful 
accuracy  from  formulas  based  on  non-magnetic  cores. 


DIFFERENTIAL  PROJECTIVE  GEOMETRY  OF  A 
SYSTEM  OF  PFAFFIAN  DIFFERENTIAL 
EQUATIONS 

By  C.  L.  E.  Mcx)RE 

1.  Introduction.  Segre  '  investigated,  in  a  projective  space  of 
n  dimensions,  the  infinitesimal  properties  of  curves,  on  a  surface, 
which  pass  through  a  fixed  point.  In  particular  he  showed  that 
the  locus  of  all  the  osculating  planes  at  that  point  is  a  quadric 
cone  of  four  dimensions  having  the  tangent  plane  for  vertex  and 
lying  in  a  space  of  five  dimensions.  He  then  investigated  the 
properties  of  those  surfaces  for  which  this  cone  becomes  a  linear 
space  of  four  dimensions.  When  this  hapF>ens  the  coordinates 
satisfy  a  linear  partial  differential  equation  of  the  second  order. 
The  system  of  integral  curves  of  a  set  of  n  —  1  Pfafhan  equations, 
in  a  projective  space  of  n  dimensions,  have  many  proF>erties 
similar  to  those  on  a  surface,  and  this  note  is  concerned  with  an 
investigation  similar  to  that  of  Segre.  We  find  that  the  oscu¬ 
lating  planes  of  the  integral  curves  which  pass  through  a  fixed 
point  generate  a  quadric  cone  of  four  dimensions.  When  this 
rone  becomes  a  linear  space  of  four  dimensions  the  system  of 
integral  curves  resemble  Segre’s  surfaces  (those  whose  coordinates 
satisfy  a  partial  differential  of  the  second  order). 

The  study  of  the  geometry  of  the  Pfaffian  was  first  made  by 
Abb^  Issally  *  who  used  the  name  p>seudo-surfaces.  He  showed 
the  existence  of  geodesic  lines,  lines  of  curvature,  asymptotic 
lines  and  conjugate  systems.  In  1901,  Dali  Aqua  *  attacked  the 
problem  by  use  of  the  absolute  calculus  and  for  a  Riemannian 
space  of  three  dimensions. 

'  Su  una  classa  di  superficie  degl’  iperapazii,  atti  di  Torino,  1907. 

*  Pseudo-Surface,  Bulletin  de  la  Societe  Math,  de  France  1888;  Nouvelles 
Annales,  1900,  and  1901. 

*  Sulla  teoria  delle  congruenze  di  curve  in  una  varieta  qualunque,  annali  di 
matematica,  1901,  Vol.  VI,  series  III. 

320 


PFAFFIAN  DIFFERENTIAL  EQUATIONS 


321 


2.  Tangent  Plane  and  Osculating  Spaces.  In  the  case  of  non- 
homogeneous  co6rdinates  a  system  of  Pfaffian  equations  are 
written 

(1)  23  =  0,  >=1,  •••n-2, 

I 

but  when  we  introduce  homogeneous  coordinates  and  make  use 
of  the  usual  relation  connecting  the  codrdinates 
•+i 

(2)  L  =  1. 

1 

we  have,  on  differentiating,  an  additional  differential  equation. 
The  system  we  shall  discuss  is  that  of  n  —  1  equations  in  a 
projective  space  of  n-dimensions.  We  then,  can  solve  (1)  and 

(2)  explicitly  for  the  differentials  in  terms  of  two  of  them. 
Thus 

(3)  .  dx-  -  Ajix^  +  a  =  1,  2,  •  •  •  «  +  1. 

where  A^,  are  functions  of  all  the  variables  x'  and  satisfy  the 
relations 

^41=1,  Bi  —  0,  “  1. 

The  system  of  integral  curves  of  (3)  we  shall,  for  brevity,  denote 
by  (fi,  and  use  the  expression  curve  of  tp  instead  of  an  integral 
curve  of  (3).  From  (3)  we  see  at  once  that  all  the  curves  of  tp 
which  pass  through  a  given  point  x  are  tangent  to  the  plane 
determined  by  the  three  points  x',  Ai,  Bi.  We  then  call  the 
plane 

[A-  X  ^  0 

the  tangent  plane  to  p.  A  tangent  line  to  ^  at  x  is  determined  by 
the  points 

X,  X  +  dx, 

for  which  dx  must  satisfy  (3). 

If  the  three  points 

X,  X  +  dx,  X  +  2dx  -f  d*x 

lie  on  p,  then  (3)  and  its  differential  must  both  be  satisfied. 


322 


MOORE 


That  is, 

(3)  dxT  -  AM  +  BM, 

(4)  </**•  »  ^  ^  da*dx'  +  ^  ^  +  B^jc* 

- 

+  L^BtM)*  +  AM^  +  BjPx*. 

If  we  write 

(5)  /  -  L  «  0 

as  the  equation  of  a  hyp>erplane  passing  through  the  point  x, 
where  are  independent  of  x,  then  the  point  x  can  be  considered 
as  given  in  hyperplanar  codrdinates.  If  the  points  x  -j-  dx, 
X  +  2dx  +  tPx,  also  lie  in  the  hyperplane,  then  the  first  and 
second  differentials  of  /  also  vanish.  That  is 


(5)  /  -  L  -  0, 

(6)  L  +  dx*)  «  Y. 

-  L  UA4x^  +  BM)  »  /idx'  +  JM  =  0. 

(7)  L  Ux*  +  2dx*  +  iPx')  -  L  -  L 

+  2FMdx*  +  G<(dx*)*  +  AM  +  BM^  =  /»(dx‘)* 

+  2fx4x'dx*  +  /„(dx*)*  +  /,d»x‘  +  fM  »  0, 

where 

/i  **  /i  •= 

/ii  “  51  /ii  *  E  /it  =  ^ 

“  2?  j’ 

By  this  representation  the  tangent  plane  to  ^  at  a  point  x  is 
given  by  the  equations 


(8) 


/  -  0,  /,  -  0,  -  0. 
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These  points  cannot  be  collinear  unless  Ai  and  B{  are  propor¬ 
tional.  We  will  exclude  this  possibility  from  our  consideration. 

3.  The  osculating  plane  of  a  curve  of  ^  is  determined  by  the 
three  points,  x,  x  +  dx,  x  +  2dx  -f  d*x.  That  is,  by  the  three 
points 

/-  0. 

(9)  4-/,dx*- 0, 

/ii(d*')*  -I-  + /„(</**)*  +/,d*x'  +/,d*x*  =  0. 

We  will  first  consider  the  locus  of  this  plane  when  the  tangent 
line  is  held  fixed,  that  is,  when‘dxV<f**  “  *•  T'h*  third  equation 
of  (9)  then  becomes 

/ii(d^')*  +  =  0, 

and  consequently  the  osculating  plane  is  determined  by  the 
tangent  line  and  some  point  on  the  line  joining /i  0  and 

(10)  Suidx^y  +  2/,^x'dx*  -f  /„(dx*)*  -  0. 

Therefore  the  locus  is  an  St  and  since  it  is  determined  by  the 
tangent  line  and  the  two  points  /i  »  0,  (10)  we  see  that  it  is 
determined  by  the  points 


(8)  /  =  0,  /i  »  0,  /,  =  0, 

(10)  /i,(dx‘)‘  +  2/„dx‘dx»  +f„{dx*y  »  0 

We  then  have  the  theorem :  The  locus  of  the  osculating  planes  of  the 
curves  of  tp  which  issue  from  a  fixed  point  in  a  fixed  direction  is  an 
ordinary  space  of  three  dimensions  which  contains  the  tangent  plane. 

If  now  we  allow  the  tangent  line  to  vary,  the  osculating  planes 
will  be  the  locus  of  the  three  space  (8),  (10)  above,  where  dx'ldsA 
is  allowed  to  vary.  If  dx^jdx^  is  allowed  to  vary,  the  locus  of 
(10)  is  at  once  seen  to  be  a  conic.  Then  the  desired  locus  is  seen 
to  be  that  of  an  St  which  joins  the  tangent  plane  to  the  pdints  of 
the  conic  (10)  and  is  therefore  a  quadric  cone  Vy  of  four  di¬ 
mensions..  Hence:  The  locus  of  the  osculating  planes  of  the  curves 
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of  ^  which  pass  through  a  fixed  point  is  a  quadric  cone  V**  of  four 
dimensions  which  has  the  tangent  plane  for  vertex. 

This  cone  lies  in  the  five  space  determined  by  the  six  points 

/  =  0.  /,  «  0,  -  0. 

/it  “  0.  fit  0,  /jj  *=  0. 

Hence:  The  points  of  <p  near  a  fixed  point  to  infinitesimals  of  the 
second  order  lie  in  a  space  of  five  dimensions. 

4.  We  will  next  investigate  the  locus  of  the  osculating  St  of  the 
curves  of  ip  which  pass  through  a  fixed  point  x.  The  hyperplane 
will  then  contain  the  four  points  ‘ 

X,  X  +  dx,  X  +  2dx  +  d*x,  X  -f  3dx  +  3d*x  +  d*x. 

The  expression  for  <Px  is  obtained  by  differentiating  (4)  and 
substituting  from  (3).  Using  the  above  notation,  we  see  that  the 
hyperplane  will  contain  the  four  points. 

/.-  0. 

(12)  /,dx‘ +/idx»  »  0, 

/„(dx>)*  +  Ifitdx'dx*  +ftt(dx»)*  +/,d«x'  +/,d*x*  =  0. 

(13)  /m(dx‘)*  +  3/,„(dx>)yx*  +  3/.„dx>(dx*)*  -H/,«(dx*)* 

+  ilfudx'  +  ^„dx*)d*x‘ 

+  {A  ,idx‘  +  2/Mdx*)d*x*  +  /id*x‘  +  /id*x*  «  0, 


where  fi,  ft,  fiu  fit,  ftt  have  the  same  meaning  as  before  and 


First  hold  the  osculating  plane  fixed  (i.e.  hold  dx',  dx*,  (fix', 
(f*x*  constant)  and  consider  the  locus  when  d*x',  d*x*  are  allowed  to 
vary.  As  before  we  can  write  dx'ldxi*  =«  k  and  /i  *  —  kfi. 
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Then  the  last  term  of  (13)  becomes  and  conse¬ 

quently  when  (d*ac‘  —  kd*x*)  varies  (13)  will  generate  the  line 
joining  the  points  /i  0  to  the  point  obtained  by  equating  the 
remainder  of  (13)  to  zero.  Then  the  locus  will  join  the  osculating 
plane  to  the  points  of  this  line  and  therefore  generate  an  St. 
This  St  is  then  determined  by  the  points 

(8)  /  -  0.  /,  -  0,  /, «  0. 

(10)  /n(dx‘)*  -I-  -|-  /„(djc»)»  »  0, 

(14)  /„,(dx>)»  +  3fn,(dx^y  +  3/,„d*‘(d**)*  -f  /,„(d**)* 

-I-  (2/„dx‘  -I-  At^x*)<Px^  -I-  (Audx^  -I-  2ft^)tPx*  =  0. 

Thus  we  see  that  the  St  contains  the  tangent  plane  and  the  locus 
the  osculating  planes  in  the  Axed  direction  dz'/dx*.  If  now 
are  allowed  to  vary  (14)  will  describe  the  plane  determined  by  the 
three  points 

(15)  /,n(d*‘)*  +  3fn,(dx^)*dx*  -|-  3/,„dx'(d**)*  +  fn,(dx^)*  -  0. 

(10,)  2/„d*‘  -f-  »  0,  Aiidx>  +  2f„dx»  =  0. 

Finally  the  complete  locus  will  be  described  by  the  joining  the 
seven  points  (8),  (10),  (10,),  (15).  If  dx^dx!*  is  allowed  to  vary 
(10)  will  describe  a  conic  (15)  a  cubic,  (10,),  two  ranges  of  points, 
all  projectively  related  by  means  of  the  parameter  dx'/rfjc*.  The 
locus  will  then  be  a  variety  F,’'  of  degree  seven.  Hence  the 
theorem :  The  locus  of  the  osculating  3-spaces  to  the  curves  of  ip  which 
pass  through  a  fixed  point  x  will  generate  a  Vt’  containing  a  simply 
infinite  set  of  linear  spaces  of  six  dimensions.  This  Vj'  evidently 
lies  in  the  10-space  determined  by  the  eleven  points 

/  *  0,  /,  “  0,  /f  =  0,  fii  *  0,  ftt  ■“  0,  i4it  “  0, 

•dfi  =*  0, /jii  *  0, /ill  ■■  0, /m  »  0, /til  *  0. 

If  i4ii  i4t,,  the  set  of  Pfaffians  (3)  are  integrable  and  the 
above  loci  become  those  discussed  by  Segre  * 

In  this  case 

t  —  A  —  A 
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and  (lOj)  become 

/iirfx'  +/iidx*  *  0,  /ndx‘  =  0. 

The  line  joining  these  two  points  is  seen  to  be  tangent  to  the 
conic  (10)  and  the  locus  is  at  once  seen  to  be  that  of  the  St  joining 
the  p>oints 

/*0,  /,  »0.  /,  =  0, 

fiidx^  +/iidx*  =  0,  /iidx‘  +/»jdx*  =  0, 

/i..(dxO*  +  3/„,(dx>)*dx*  +  3/,„dx'(dx*)«  +/«,(</**)*  =  0. 

This  locus  is  a  V$'  which  agrees  with  Segre's  result. 

5.  Singularities.  We  will  now  turn  our  attention  to  the 
singularities  of  the  intersection  of  with  the  hyperplanes  passing 
through  the  point  x.  That  is.  the  curves  of  ^  which  lie  in  a 
hyperplane  through  x.  Let  the  hyperplane  be 

/  =  E  =  0. 

If  we  indicate  a  point  of  <p  near  to  x  and  lying  in /,  by 

jf  +  djc  +  ^<f*x  -f-  gd*x  +  •  •  • 

and  substitute  from  equation  (4)  we  have 
fidx'  +ftd3^ 

+  \Lfu(dx^)*  +  IjMfdx'dx*  +/„(dx*)*] 

+  3[/.i.(rfx')*  +  3/„,(dx«)*rfx* 

.  +  .y,„djc'(rfx*)*  +  /,„((ix*)*]  +  . .  • 

+  /.rf*x>  +/,d»x»  +  (2/„dx‘  +  A^idx‘)iPx^ 

+  (^„dx>  +  2/„dx*)d»x*  +  •  ■ .  -  0. 

If  /i  and  ft  do  not  vanish  then  the  direction  of  the  curve  of 
intersection  is  given  by 

/,dx*  +  »  0, 

and  the  curve  has  a  simple  point  at  x. 


PFAFnAN  DIFFERENTIAL  EQUATIONS 


327 


If  the  hyperptane  passes  through  the  tangent  plane,  then 
/i  *  0,  /i  =»  0  and  the  directions  of  the  curve  of  intersection  are 
given  by 

(10)  /ii(d*‘)*  +  2/„djc‘d**  +  »  0, 

and  therefore  the  curve  of  intersection  has  a  double  point  whose 
tangents  are  determined  by  the  values  of  dx'Idx*  satisfying  the 
above  equation. 

If  the  hyperplane  F>asses  through  the  space 

f  =  0,  /i  =  0,  /i  =»  0,  fit  *  0,  /i|  =*  0,  /ij  =  0,  .4 1*  =s  0,  i4 ji  ™  0, 

then  the  curve  of  intersection  will  have  a  triple  point  at  x  and  the 
directions  of  the  tangents  are  given  by  the  values  of  dx'Idx* 
satisfying 

fmidx^y  +  3fii,(dxydx*  +  +/„,(djc*)*  =  0. 

In  a  similar  manner  multiple  points  of  higher  order  can  be 
obtained. 

If  a  curve  of  <p,  p>assing  through  x  and  lying  in  /  has  a  double 
point  with  distinct  tangents  then  the  osculating  planes  to  the  two 
branches  of  the  curve  will  lie  in  the  Vt*.  These  are  the  planes  in 
which  /  cuts  this  cone.  If 

fiiftt  -  fit*  »  0. 

the  double  point  will  have  coincident  tangents.  The  hyperplane 
will  then  be  tangent  to  the  cone  1^4*. 

6.  Spaces  of  Three  Dimensions.  If  we  limit  ourselves  to  a 
space  of  three  dimensions  the  system  of  equations  (3)  reduces  to 
two.  The  tangent  line  to  a  curve  of  <p  passing  through  x,  is  the 
'  line  joining  the  points 

/=0,  /,dx‘ 0. 

For  this  case  we  can  determine  the  direction  of  a  tangent  line 
which  will  have  three  nearby  points  of  ^  on  it.  Let  three  nearby 
|x>ints  be 

/=0,  0. 

+  2/„djc'djc*  + /„(d**)*  +/,d*x‘  +/,d*x»  «  0. 
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It  is  evident  that  the  tangent  line  which  contains  these  three 
points  will  .be  the  lines  joining  x  to  the  points  of  intersection  of 
the  tangent  plane  with  the  conic 

/„(d*')*  +  +/„(dx*)*  -  0.- 

The  directions  dx^ldx^  for  which  this  happens  is  given  by 

\xABMdx^)*  +  2fitdx^dx>  +fu{dx»y\  -  0 
or 

(16)  Z)(dx')*  +  ID'dx^dx*  +  V{dx*)*  -  0 
where 

D^\x  A  B  E\, 
ly  •  \x  A  B  F|, 

Z)"  \x  A  B  G\, 

These  directions  are  the  asymptotic  directions.* 

The  polar  form  of  (16) 

(17)  r>djc'&c‘  +  D'idx^Sx*  +  dx*6x^)  +  =  0 

determines  the  conjugate  directions  having  the  property  of 
conjugate  directions  of  surfaces  in  ordinary  3-space.  That  is,  ^ 
the  tangent  planes  to  ^  at  points  x,  x  -H  <fx  will  intersect  in  a  line  , 
whose  direction  3x*/jx*  satisfies  (17).  This  can  be  proved  in  the 
usual  way. 

7.  Degeneration  of  the  Cone  Vt*.  So  far  we  have  considered 
only  the  case  where  the  locus  of  the  osculating  planes  of  curves  of 
^  passing  through  a  fixed  point  is  a  non-degenerate  cone  Vt*  and 
now  we  wish  to  consider  what  happens  in  case  this  cone  becomes 
a  linear  space  of  four  dimensions.  This  will  happen  when  the 
six  points  (M)  saitsfy  a  linear  relation  i.e.,  lie  in  an  S*.  The  cone 
then  lies  in  this  S4  and  being  of  four  dimensions  will  coincide  with 
the  St  itself.  Let  the  linear  relation  be 

(18)  -|=  bFf,  -f-  cG^  -j-  cA^  -h  fiB„  -1-  Ax“  “  0. 

Multiplying  these  equations  by  and  summing  on  a  we  have 

(19)  c/ii  -f  bfit  +  cfn  +  e/i  +  g/i  +  A/  «  0. 

*  Dair  Aqua,  note  J. 
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In  a  space  Si,  of  four  dimensions,  we  see  that  <p  will  always 
satisfy  (18)  and  in  a  s{>ace  St,  of  three  dimensions,  two  such 
equations  are  always  satisfied.  For  a  space  of  hi(;her  dimensions 
(18)  will  be  satisfied  when  and  only  when  the  determinants  of  the 
matrix 

\\E  F  G  A  B  x\\ 

vanish. 

For  example,  if  (3)  is  of  the  form 
dxT  «  ^.(x',  X*  •  •  • 

where 

<fii  —  ft  4*1  ~  ff I  ^1*0,  *  1. 


if 


we  see  that  equation  (18)  takes  the  simple  form 

G.  »  0. 

In  this  case,  through  each  p>oint  passes  a  straight  line  which 
belongs  to  the  system  ip. 

If  equations  (3)  have  the  fofm 

dx!"  =  ^.(x*)dx*  +  \^.(x')</x*, 

where 

^1=1,  =  0,  ^*  **  0,  =  li 

it  is  seen  at  once  that  two  equations 

£,  «  0,  G„  =  0 

are  satisfied. 

We  will  now  limit  ourselves  to  the  case  where  there  is  a  single 
equation  (18)  satisfied  by  the  quantities  E„,  G„  A„,  x*. 

As  we  saw,  this  relation  can  be  written  in  the  form  (19)  and  if  we 
take  a  hyperplane  which  passes  through  the  tangent  plane,  the 
tangents  at  the  double  point,  in  x,  are  given  by  (10).  Now  (19) 
is  the  condition  that  the  directions  given  by  (10)  separate  har* 
monically  the  directions  determined  by 

(20)  f(dx')*  -  Wx'dx*  +  a(dx*)*  *  0. 
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These  latter  directions  depend  only  on  the  coefficients  of  (18)  and 
not  on  the  particular  hyperplane  passing  through  the  tangent 
plane.  Hence  we  have  the  theorem:  The  pair  of  tangents,  at  a 
point  X,  to  the  curves  of  <p  having  a  double  point  in  x  are  not  all  the 
pairs  to  tangents  through  x,  but  only  the  pairs  of  an  involution  whose 
double  lines  are  given  by  (20). 

The  two  directions  of  (20)  are  those  for  which  the  double  tan¬ 
gents  coincide.  The  directions  of  (20)  we  will  call  the  charac¬ 
teristic  directions  and  the  envelope  of  these  directions,  the  charac¬ 
teristics  of  ifi. 

The  curves  of  tp,  which  pass  through  a  point  x,  form  a  surface 
whose  coordinates  jf'(tt,  r),  Jf*(tt,  v),  at  the  point  x,  satisfy  the 
equation 

(18')  -h  bxu,^  -f  cx„*  -f  ex,*  +  fx,*  +  Ax*  =»  0, 

because  at  this  point  all  the  osculating  planes  to  the  curves  of  tp 
lie  in  an  St  and  consequently,  the  curves  of  the  surface  passing 
through  *  have  the  same  property.  Equation  (18')  is  the 
condition  that  this  should  happen.  Consequently,  at  this  point 
the  surface  will  have  the  same  characteristic  directions  as  (p. 

The  tangent  plane  at  a  point  x  is  determined  by  the  three 
points, 

X,  A,  B, 

and  the  tangent  plane  at  the  nearby  point  x  dx,  where  dx  is  a 
direction  in  the  tangent  plane,  is  determined  by  the  three  points 

X  +  Adx^  -I-  .Sdx*,  A  +  Edx^  +  Fdx»,  B  +  Fdx^  +  Gdx*. 

If  equation ^(18)  is  satisfied  these  two  planes  will  lie  in  an  St.  Let 
us  take  one  of  the  coordinate  4-space8  to  coincide  with  the  54. 
The  condition  that  these  two  nearby  tangent  planes  should  have  a 
line  in  common  i.e.,  lie  in  an  Si  is  that  t/x’/dx*  be  so  determined 
that  the  points 

Edx*  -|-  Fdx*,  Fdx'  +  Gdx* 
lie  in  the  tangent  plane  at  x.  This  condition  is 

^x.  A,  B,  Edx^  Fdx!*,  Fdx^  +  Gdx*j]  =  0, 
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or  • 

[xA  BE  -^[x  A  BE  -\-[xABF  G](<ix*)»  =  0. 

If  now  from  (18)  we  solve  for  the  ratios  of  the  coefficients  we  get 
a  :b  :  c  =  [x  A  B  F  C]:  -  [x  A  B  E  G']:[x  A  B  E  F'] 
and  therefore,  the  above  condition  becomes 

(20)  c(dx')*  ~  bdx'dx'  -f  a(dx^)*  =  0. 

This  shows  that  the  tangent  planes  at  two  nearby  points  on  a 
characteristic  intersect  in  a  line  or  that  tangent  planes  at  all 
points  of  a  characteristic  form  a  developable  surface. 

If  we  choose  coordinates  so  that  at  x  the  directions  of  the 
characteristics  coincide  with  the  x*  and  x*  directions,  we  have 
o  =  0,  c  =  0.  From  this  we  see  that  if  b  does  not  vanish,  the 
point  Fmust  lie  in  the  tangent  plane,  i.e.,  Fis  linearly  expressible 
in  terms  of  x,  ^4,  B.  The  tangent  plane  at  the  nearby  pioint  in 
the  direction  of  the  characteristic  will  be  determined  by  the  three 
points. 

X  +  Adx‘,  A  ,4-  Edx‘,  B  4-  Fdx*. 

It  is  then  obvious  that  the  first  and  last  points  lie  in  the  tangent 
plane  at  x.  So  dx'  ->  0,  we  see  then  that  the  line  of  intersection 
of  the  two  planes  is  the  line  joining  x  and  B.  This  is  the  direction 
of  the  second  characteristic  through  x.  We  then  have  the 
theorem : 

1/  the  system  tp  satisfies  (18)  there  is  then  a  double  system  of 
curves,  two  through  each  point,  such  that  the  tangent  planes  at  points 
of  a  curve  of  one  set  form  a  developable  surface  whose  generators  are 
tangent  to  the  other  set. 

8.  Parabolic  Case.  If  equation  (18)  satisfies  the  relation 

(21)  6*  -  4oc  =  0, 

we  will  call  the  equation  of  p>arabolic  type.  In  this  case,  the  two 
systems  of  characteristics  coincide  and  this  system  of  character¬ 
istics  have  the  characteristic  property  of  asymptotic  lines  of  a 
surface  in  ordinary  space  of  three  dimensions,  viz.  tangent  planes 
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at  two  nearby  points  of  a  characteristic  intersect  in  a  tangent  line 
to  the  characteristic. 

We  will  next  find  the  condition  that  a  tangent  plane  to  ifi  will 
contain  three  nearby  points.  Let  the  three  points  be  given  by 
(5).  (6),  (7).  The  tangent  plane  to  ip  at  the  point  x  is  defined  by 
/  *  0,  /i  *  0.  /i  *  0.  If  the  curve  of  which  (5),  (6).  (7)  are 
three  nearby  points  is  to  have  the  tangent  plane  for  osculating 
plane  it  is  necessary  that  the  tangent  plane  contain  the  point 
(10)  /..(dx*)*  +  2/„dx*dx*  +  fnidx*)*  -  0. 

For  the  points  (5),  (6)  and  fi<Px'  +  «  0  already  lie  in  the 

tangent  plane.  Then  the  condition  that  the  tangent  plane 
contain  the  points  (5),  (6),  (7)  is 

(22)  /„**  +  2*/„  +  /„  +  eft  +  g/,  -b  A/  =  0. 

where 

k  s=  dx'ldx^. 

This  condition  is  both  necessary  and  sufficient.  Hence:  If  a 
parabolic  equation  of  type  {ZZ)  is  satisfied,  then  through  each  point 
passes  a  curve  of  ip  whose  osculating  plane  coincides  with  the  tangent 
plane,  and  conversely. 

Now  two  conditions  are  necessary  for  ip  to  have  a  tangent  line 
at  each  point  having  three  ptoint  contact  with  ip.  (a)  The  point 
(10)  must  lie  in  the  tangent  plane;  (b)  for  some  choice  of  d*xVd*x* 
the  p>oint  (7)  must  lie  on  the  tangent  line.  The  point  (7)  lies 
on  the  line  joining  (10)  to 

/,d«x'  -|-/,d»x*  -  0, 

and  consequently  if  (22)  is  satisfied,  then  when  d’x'/d’x*  varies, 
the  point  (7)  will  describe  a  line  in  the  tangent  plane.  This  line 
will  cut  the  tangent  line  drawn  in  the  direction  dxVdx*.  Thus,  if 
condition  (a)  is  satisfied,  condition  (6)  is  satisfied  also.  Hence; 
The  necessary  and  sufficient  condition  that  ip  have,  through  each 
point,  a  tangent  line  having  three  point  contact  with  ip  is  that  a 
parabolic  equation  of  type  (22)  be  satisfi^. 

From  the  form  of  (22)  we  see  that  the  directions  of  the  tangents 
with  three  point  contact  coincide  with  the  direction  of  the 
characteristic  through  the  point. 


DYNAMICAL  SYSTEMS  WITH  INTEGRALS  QUADRATIC 
IN  THE  VELOCITIES* 

By  Philip  Franklin 

Motions  of  a  particle  in  a  plane  under  conservative  forces 
possessing;  an  integral,  other  than  that  of  energy,  quadratic  in  the 
velocities  may  be  found  by  a  method  due  to  Bertrand,*  which 
leads  to  a  second  order  partial  differential  equation.  This 
equation  was  integrated  by  Darboux,*  who  showed  that  in  the 
general  case,  the  only  systems  of  this  type  are  problems  of 
Liouville’s  type,  provided  that  the  parametric  curves  are  taken  as 
suitable  ellipses  and  confocal  hyperbolas.  In  the  present  note, 
the  special  cases  left  out  are  investigated,  and  it  is  found  that  they 
merely  lead  to  the  limiting  cases  of  the  confocal  ellipses  and 
hyperbolas,  i.e.  confocal  parabolas,  the  parametric  curves  for 
polar  coordinates,  or  those  for  ordinary  Cartesian  coordinates. 

The  connection  of  our  result  with  the  notion  of  conditional 
integral  *  introduced  by  Birkhoff,  and  a  theorem  of  his  on 
conditional  integrals  is  indicated. 

For  the  sake  of  completeness,  we  recall  the  argument  of 
Darboux.*  As  our  system  is  conservative,  the  forces  are  derivable 
from  a  piotential  energy  function  V,  and  the  equations  of  motion 
may  be  written 

(1)  mx"  -=  -  dV/dx  «  -  V.,  my'  »  -  dV/dy  «  -  V,. 

We  seek  systems  which  possess  an  integral  of  the  form 

(2)  Px'*  +  Qx'y'  -f-  Ry'*  +  Sy'  -|-  Tx'  +  K/m  =  constant, 

'  Preaented  to  the  American  Mathematical  Society  at  Bethlehem,  Dec.  27, 
1929. 

^Journal  de  Math.,  (i),  XVII,  (1852),  p.  121. 

'Archive*  N^eiiandaiies,  (ii),  VI,  (1901),  p.  371.  Darboux'*  note  i* 
e**entially  reproduced  in  Whittaker’s  Analytical  Dynamic*,  (1904),  p.  321. 

'  Birkhoff,  Dynamical  Systems,  1927.  (A.  M.  S.  Colloquum,  vol.  IX),  pp. 
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where  P,  Q,  R,  S,  T,  K  are  functions  of  x  and  y.  On  differenti¬ 
ating  (2),  and  using  (1),  we  find  the  relation: 

(3)  *'*/>,  +  +  <?.)  +  +  R.)  +  y*/?. 

+  x'*r.  -I-  xy(r,  +  5.)  +  y*S,  +  x^lm{K,  -2PV.-  QV,) 
-I-  y/m(Ky  -  QV,  -  2RV,)  -  \/m{TV,  +  5K,)  -  0. 

•  Aax,y,  x',  y'  may  be  taken  arbitrarily,  this  equation  is  an  identity 
in  ail  the  variables,  and  we  may  equate  the  coefficients  of  the 
terms  in  the  primed  variables  to  zero.  The  first  four  give: 

(4)  P.  «  0,  P,  +  Q.~  0,  <?,=)-/?.-  0,  R,  -  0. 

Hence: 

-  »=  R„  -  2a, 

since  P  involves  y  only  while  Q  involves  x  only.  Thus: 

(5)  P  “  oy*  +  6y  +  c,  /?  *  ox*  -f  dx  -f-  «, 

Q  ^  —  2axy  —  bx  —  dy  f, 

a,  b,  c,  d,  e,  J  being  constants. 

The  second  degree  terms  in  (3)  lead  to: 

(6)  T, »  0,  5,  -  0,  r,  +  5,  «  0. 

Hence: 

“  *5#  “  i!» 

since  T  involves  y  only  while  S  involves  x  only.  Thus: 

(7)  5  -  -  gx  +  A.  r  -  g.v  +  k, 
g,  h,  k  being  constants. 

The  terms/ of  (3)  independent  of  x’  and  y'  give  in  view  of  (7), 

(8)  {gy  +  A) K.  +  (-  gx  +  A) K,  =  0. 

If  g  »  0,  we  may  take  the  point  A/g,  —  kig  as  a  new  origin,  and 
reduce  this  equation  to  the  form : 


whose  solution  is 

(9) 


yV.  -  xV,  =  0, 
K-/(x*  +  y). 
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If  g  ^  0,  while  k  and  k  are  not  both  zero,  we  may  take  new 
codrdinate  axes  parallel  to  the  lines  hy  -j-  kx  =  0,  kx  —  ky  ^  0, 
and  reduce  equation  (8)  to  the  form : 

V,  «  0. 

whose  solution  is 

(10)  V  »  /(x). 

If  f  “  A  «  it  “  0,  our  integral  contains  no  terms  linear  in  the 
velocities.  In  other  cases,  the  terms  linear  in  the  velocities  are 
themselves  an  integral,  and  (9)  and  (10)  are  in  accord  with  the 
general  theorem  *  that  any  dynamical  system  which  possesses  an 
integral  linear  and  homogeneous  in  the  p,-,  possesses  an  ignorable 
coordinate,  if  the  proper  extended  point  transformation  is  made. 
In  our  case  we  have  the  theorem: 

Theorem  I.  Any  motion  of  a  particle  in  a  plane  under  con¬ 
servative  forces,  possessing  an  integral  linear  in  the  velocities, 
possesses  an  ignorable  codrdinate  6,  when  a  suitable  system  of  polar 
codrdinates  is  introduced,  or  an  ignorable  codrdinate  y,  when  a 
suitable  system  of  Cartesian  codrdinates  is  intfoduced. 

In  the  cases  just  considered,  the  terms  of  (2)  quadratic  in  the 
velocities  may  be  any  linear  combination  of  the  square  of  the 
linear  integral,  and  the  kinetic  energy. 

We  now  turn  to  the  more  general  case,  where  there  is  no 
integral  linear  in  the  velocities.  Here  5  T  *  0,  so  that  we 
have  merely  equation  (5)  and  the  conditions  derived  from  the 
first  degree  terms  of  (3) : 

(11)  K,  -  2PV,  -  QV^  =0.  K„-  QV,  -  2JiV,  -  0. 

The  condition  of  integrability  for  this  pair  of  equations  in  K  is 
that  the  values  of  and  as  derived  from  the  two  equations 
be  equal,  or: 

(12)  2PV^-h2V,P,-hQV„-hQ,V, 

=  2PV,,  -h  2R,V,  +  (?.K.  +  QV„. 


*  Cf.  Whittaker,  p.  318. 
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In  view  of  (5),  this  becomes: 

(13)  {V^  -  V„)(- 2axy  -  bx  -  dy  +  f) 

+  2  Vg,(a^  —  cui^  -j-  by  —  dx  +  c  —  e) 

+  V,(6ay  +  3b)  +  V’,(  —  6ax  —  3d)  “  0. 

We  shall  simplify  this  by  a  change  of  cobrdinates,  and  notice 
that  the  quadratic  integral,  by  (5)  is: 

(14)  a(yx'  —  xy')*  +  {bx'  —  dy')(yx'  —  xy^) 

4-  ex'*  -b  /xV  +  ey^  4-  K/m  constant. 

When  o  ^  0,  we  have  the  case  treated  by  Darboux.  We  notice 
that  when  the  origin  is  shifted  to  the  point  —  djla,  —  bjla,  the 
second  group  of  terms  in  (14)  drops  out.  We  may  then  rotate 
the  axes  so  as  to  be  the  principal  axes  of  the  conic 

(15)  rx*  +  /xy  +  <7*  «  1, 

using  the  c,J,  and  e  from  the  reduced  form,  and  this  will  drop  out 
the  term  in  x'y\  while  it  will  not  affect  the  first  term  since 
(yx'  —  xy')  is  invariant  under  a  rotation.  Thus  the  integral  is 
reduced  to 

(16)  o(yx'  -  xy')*  4-  cx**  +  ey"*  Kjm  =  constant. 

If  we  introduce  a  new  constant  p,  by 

(17) 

the  partial  differential  equation  (13)  takes  the  form: 

(18)  xy(K„'-  r«)  +  (y*  -  X*  -f  />*)K„  +  3yK.  -  3xK,  -  0. 
The  differential  equation  for  the  characteristics  is 

(19)  xy(dy*  —  dx*)  +  (x*  —  y*  —  fP)dxdy  =  0. 

This  may  be  integrated  by  noting  that  when  x*  and  y*  are  taken 
to  be  the  variables,  it  is  a  Clairaut  equation.  When  p  is  not 
equal  to  zero,  the  integral  curves  are  the  confocal  ellipses  and 
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hyperbolas  given  by: 

(20)  -/>*)-  1. 

On  taking  the  parameters  of  these  confocals,  A  and  B  as  new 
variables,  we  have 

(21)  X  -  AB/p,  y  =  \lp<{A'  -  -  B*), 

and  equation  (18)  takes  the  form: 


(22)  (B*  -  A*)  Vab  +  2BVa-  2A  Vb  =  0. 

This  is  readily  integrated,  successively,  and  gives  as  the  integral: 

(23)  (A*  -  B')V  ^  fiA)  -  g{B). 

From  (21),  we  find  that  the  kinetic  energy, 

(24)  r  -  m/2(x'*  +  y'*) 


p*)  '  (/>*  -  B*) 


]• 


and  a  comparison  of  this  with  the  potential  energy  function, 
given  by  equation  (23), 

f(A)-i’iB) 


(25) 


A'  -  B* 


shows  that  the  motion  is  of  Liouville’s  type. 

When  p  is  equal  to  zero,  the  integral  curves  of  (19)  are  the 
lines  through  the  origin,  and  the  concentric  circles  orthogonal  to 
them,  whose  equations  may  be  written: 

(26)  X*  +  y«  -  r*, 
y  =  X  tan  0. 

We  take  the  parameters  of  these  curves,  polar  coordinates,  as  the 
new  variables,  so  that 

(27)  X  =»  r  cos  6,  y  —  f  sin  0, 

and  transform  equation  (18),  with  p  equal  to  zero,  into: 
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On  integrating  this  twice,  we  find  for  the  integral, 

(29)  r*V  •  fir)  -  gid). 

Since,  in  this  case,  we  may  write  the  kinetic  energy  in  the  form : 


and  the  potential  energy  function,  as  given  by  (29),  is: 

(31) 


the  motion  is  of  Liouville’s  type  in  this  case,  also. 

We  next  consider  the  reduction  of  the  int^ral  (14)  to  simpler 
form  when  a  is  equal  to  zero.  We  assume,  for  the  present,  that  b 
and  d  are  not  both  equal  to  zero,  and  notice  that  in  this  case  a 
rotation  of  the  axes  which  makes  the  y  axis  parallel  to  the  line 
bx  —  dy  ^  0  will,  in  effect,  make  </  =  0  and  6^0.  We  may 
then  shift  the  origin  to  the  point  f/b,  (e  —  c)/b  and  the  integral 
(14)  will  assume  the  form: 

(32)  bx'iyx'  —  xy)  +  e{x'*  -f-  y'*)  +  Kim  »  constant. 

The  partial  differential  equation  (13)  is  in  this  case: 

(33)  *(  V„  -  V„)  -H  2y  +  3  T.  -  0. 

The  differential  equation  for  the  characteristics  is 

(34)  xdy  —  lydxdy  —  xdx*  *  0. 

This  may  be  integrated,  either  from  its  homogeneity,  or  by  noting 
that  it  is  a  Clairaut  equation  when  x*  is  taken  as  a  new  variable  in 
place  of  X.  The  integral  curves  are  the  confocal  parabolas  given 
by: 

(35)  X*  +  2i4y  -  /I*  =  0. 

On  introducing  the  parameters  of  these  confocals,  A  and  B,  as 
new  variables,  we  have 
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and  equation  (33)  is  transformed  into: 

(37)  Vab{A  -  5)  -  7^  +  K,  -  0. 

This  is  readily  integrated,  successively,  and  we  find  for  the 
integral : 

(38)  {A  -  B)V  =  f{A)  -  g{B). 


We  may  obtain  the  kinetic  energy  from  (36),  and  so  write 

(39)  r.=(x'-  +  y'-)==(^-S)[^-f]. 

This,  compared  with  the  potential  energy  function  of  (38). 


(40) 


f(A)  -  g{B) 
A  -  B 


shows  the  motion  to  be  again  of  Liouville  type. 

We  have  left  the  investigation  of  the  integral  (14)  when  a,  b  and 
d  are  all  zero.  We  may  make /  equal  to  zero,  by  rotating  the  axes 
into  parallelism  with  the  principal  axes  of  the  conic  (15),  and  the 
integral  (14)  is  then  reduced  to  the  simpler  form: 

(41)  ex'*  +  ey'*  +  Kim  =  constant. 

If  c  and  e  were  equal,  this  would  reduce  to  the  energy  integral,  so 
that  we  may  assume 

(42)  c  -  e  ^0, 

and  write  as  the  partial  differential  equation  (13)  in  this  case, 
7^  “  0,  so  that 

(43)  7  =  fix)  +  giy). 

Thus  the  motion  is  again  of  Liouville  type. 

Our  discussion  is  now  complete,  since  all  possible  cases  have 
been  treated.  We  obtained  the  expressions  (25),  (31),  (40)  and 
(43)  by  excluding  the  cases  where  an  integral  linear  in  the 
velocities  existed.  We  may,  however,  remove  this  restriction, 
since  the  earlier  forms  (9)  and  (10)  are  special  cases  of  the  forms 
(31)  and  (43).  We  summarize  our  results  in: 
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Theorem  II.  Any  motion  of  a  particle  in  a  plane  under 
conservative  forces,  possessing  an  integral  quadratic  in  the  velocities 
distinct  from  the  energy  integral  is  of  LiouvilU's  type  when  a  suitable 
family  of  parametric  curves  is  introduced. 

Depending  on  which  of  four  types  of  integral  is  present,  the 
proper  parametric  curves  will  be  a  family  of  confocal  ellipses  and 
hyperbolas,  a  family  of  confocal  parabolas,  the  lines  and  circles  of  a 
polar  codrdinate  system,  or  the  lines  of  a  rectangular  Cartesian 
coordinate  system. 

The  forms  for  the  kinetic  and  potential  energy  are  given  in 
equations  (24),  (25),  (30),  (31),  (39),  (40),  and  (43). 

A  well  known  example  of  the  elliptic  case  is  the  motion  of  a 
particle  attracted  to  two  fixed  centers  according  to  the  inverse 
square  law,  and  also  acted  on  by  an  attracting  center  midway 
between  the  other  two  centers  and  in  line  with  them  attracting 
according  to  the  direct  distance  law,  as  well  as  forces  parallel  to 
the  join  of  the  two  first  points  and  their  perpendicular  bisector, 
each  of  these  last  two  sets  of  parallel  forces  being  inversely 
proportional  to  the  cube  of  the  distance  from  the  other  line.  In 
this  case  we  have: 

. ^ . 

(44)  -/>)*  +  y*  V(X  +  p)*  +  y* 

+  tt(x»  +  y*)  -H  ^  -I-  ^  • 

If  the  co()rdinates  of  (21)  are  introduced,  the  expression  just 
written  is  the  special  case  of  (25)  with : 

(45)  fiA)^\s-ht)A  - up*A*-\-uA*-rf^/A*+wp‘/(A*-p^), 
g(B)-=(t-s)B-up*B*+uB*-vp>IB*+wp^liB*-p^). 

It  is  easy  to  give  special  examples  of  the  other  types,  for  which 
the  forces  have  a  simple  physical  interpretation.  Thus  if  a 
particle  is  acted  on  by  a  center  attracting  according  to  the 
inverse  square  law,  and  in  addition  is  acted  on  by  two  systems  of 
forces  parallel  to  two  perpendicular  axes  through  this  center,  in 
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the  one  case  inversely  as  the  cube  of  the  distance  to  the  other  line, 
and  in  the  other  case  by  a  constant  force,  we  have  the  parabolic 
case.  Here 


(46) 


If  the  cobrdinates  of  (36)  are  introduced,  the  e.Ypression  just 
written  is  the  special  case  of  (40)  with: 


(47)  f(A)  =  wA*/2  -I-  2/  +  v/A. 

g(B)  =  wB’/2  +  v/B. 


A  special  example  of  the  polar  coordinate  case  would  be  a 
particle  attracted  to  a  fixed  center  by  any  function  of  the  distance 
law,  and  also  acted  on  by  any  number  of  sets  of  forces,  each  set 
being  perpendicular  to  a  fixed  line  through  the  origin,  and  in¬ 
versely  proportional  to  the  cube  of  the  distance  to  this  line.  The 
Cartesian  case  is  simply  that  in  which  the  piarticle  is  acted  on  by 
forces  p>arallel  to  two  fixed,  perpendicular  lines,  the  force  piarallel 
to  either  line  being  a  function  of  the  distance  to  the  other  line. 

As  the  problems  we  are  discussing  all  have  only  two  degrees  of 
freedom,  and  pxesess  two  integrals,'  namely  that  of  energy,  and 
the  one  under  consideration,  they  are  soluble  by  quadratures 
This  is  also  evident  from  the  fact  that  they  are  of  the  Liouville 
typie.  We  may  deduce  an  interesting  converse  fact.  For,  if  a 
system  is  of  Liouville  typie,  it  is  known  to  have  an  integral 
quadratic  in  the  velocities  Consequently,  if  it  is  conservative, 
it  is  of  the  typie  we  are  considering,  and  we  have: 

Theorem  III  The  only  motions  of  a  particle  in  a  plane  under 
conservative  forces,  which  are  of  LiouoiUe's  type,  are  of  this  type 
when  referred  to  a  suitable  system  of  elliptic,  parabolic,  polar  or 
Cartesian  codrdinates 

Birkhoff*  has  defined  as  a  “conditional”  int^ral  of  a  dy¬ 
namical  system,  an  integral  which  only  holds  for  one  piarticular 
value  of  the  energy  constant.  For  conservative  systems  with 
two  degrees  of  freedom,  he  shows  that  when  a  conditional  integral 
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linear  in  the  velocities  is  at  hand  the  system  can  be  "trans¬ 
formed”  into  a  system  with  an  ignorable  codrdinate,  for  which 
the  potential  energy  function  is  g'ven  by  (10)  above,  while  when  a 
conditional  integral  quadratic  in  the  velocities  is  at  hand  the 
system  can  be  "transformed”  into  a  system  for  which  the  po¬ 
tential  energy  function  is  given  by  (43)  above.  These  results  at 
first  sight  seem  to  be  in  contradiction  to  ours,  since  they  do  not 
take  account  of  our  remaining  types,  and  in  the  sense  in  which  we 
have  used  the  notion  of  transformation  in  this  paper,  our  types 
can  not  be  transformed  one  into  another. 

The  explanation  of  the  paradox  is  the  type  of  transformation 
used  by  Birkhoff.  Having  fixed  the  energy  constant,  he  confines 
his  attention  to  the  set  of  trajectories  belonging  to  that  constant, 
so  that  his  "  transformations  ”  of  the  system  are  transformations 
of  a  subset  of  trajectories  of  the  system. 

It  is  interesting  that  the  extension  of  the  notion  of  integral,  to 
that  of  conditional  integral  holding  for  a  particular  value  of  the 
energy  constant,  does  not  lead  to  anything  essentially  new  in  the 
case  of  integrals  linear  and  quadratic  in  the  velocities.  In  such 
cases,  the  set  of  trajectories  for  that  value  of  the  constant  are 
transformable,  under  a  change  of  cobrdinates  and  time  whose 
effect  on  the  remaining  trajectories  of  the  system  is  not  taken 
account  of,  into  a  set  of  trajectories  for  a  p>articular  value  of  the 
energy  constant,  of  the  two  simplest  types  of  system  we  have 
found  above. 

As  an  example,  consider  the  dynamical  system  for  which 

(48)  . 

K-  -  \IF{A,B). 

The  problem  of  finding  the  trajectories  for  a  given  energy  con¬ 
stant,  h,  where: 

(49)  r  -I-  K  «  A, 

is  the  energy  integral  is  equivalent  *  to  that  of  the  geodesics  for 
•Cf.  Birkhoff,  1.  c.,  p.  39;  Whittaker,  1.  c.,  p.  249. 
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the  surface  with  linear  element: 

(50)  ds*  =  (A  -I-  llF)F(dA*  +  dB*), 

=  (1  +  hF)(dA*  +  dB*). 

Unless  F(A,B)  is  of  special  form/  for  values  of  A  different  from 
zero  this  arc  element  will  correspond  to  a  surface  whose  geodesic 
problem  has  no  integrals  linear  or  quadratic  in  the  velocities. 
When,  however,  A  equals  zero,  we  have  the  linear  integrals: 

(51)  FA'  *=  Cl,  FB'  =  c, 
connected  by  the  energy  relation 

(52)  Cl*  +  c*  -  1. 

For  this  value  of  the  energy  constant,  the  trajectories  map  on  the 
straight  lines  in  a  plane,  traversed  with  constant  velocity,  under 
the  type  of  transformation  used  by  Birkhoff. 

The  geodesic  representation  of  reversible  dynamical  systems,* 
at  once  reduces  problems  on  conditional  integrals  to  similar 
problems  on  geodesics,  and  the  normal  forms  for  reversible 
dynamical  systems  with  two  degrees  of  freedom  are  consequences 
of  the  geometric  theorems,^  that  a  surface  whose  geodesic  problem 
possesses  a  linear  integral  is  applicable  to  a  surface  of  revolution, 
while  when  a  quadratic  integral  is  at  hand,  distinct  from  the 
energy”  quadratic  integral,  the  surface  is  either  one  whose 
element  of  arc  can  be  put  into  the  form  of  Liouville: 

(53)  ds*  -  {J(A)  -  g(B)2(dA*  +  dB*), 
or  the  form : 

(54)  ds*  »  lA/{B)  +  g{B)yAdB.  ' 

The  second  type  only  gives  rise  to  a  real  surface  when  it  is  a 
special  case  of  the  first,  and  appears  when  the  two  quadratic 
integrals  have  a  common  linear  factor.  In  Birkhoff 's  discussion, 

*G.  Darboux,  Lecona  aur  la  Theorie  generate  dea  Surfaces,  Paris,  1894, 
vol.  3,  pp.  29,  33,  or  F.  Maaaieu,  Paris  Thesis,  1861. 
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he  is  dealing  with  real  dynamical  systems,  with  kinetic  energy 
reducible  to  the  form 

x'*  +  /* 

by  real  transformations,  so  that  to  have  this  case  the  additional 
quadratic  integral  would  have  to  contain  the  factor  x  ±  iy.  The 
case  escapes  when  he  makes  the  assumption,  justifiable  for  real 
dynamical  systems,  that  terms  can  only  combine  by  containing 
the  factor  (x'*  +  y'*)',  in  systems  (54)  they  combine  in  virtue 
merely  of  containing  linear  factors  of  this  expresson. 
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